2.3 The Case of a Planar Wiggler

In this section we will obtain the FEL equations with a planar wiggler, which is

more practical one.
In the planar wiggler the vector potential is in the horizontal direction so electrons
wiggle in the horizontal direction. The physics is exactly the same as helical wigglers but

the potential has the form:

A= A xcos(k,2) Eqn2.3-1

Similar to the helical case the canonical momentum is conserved, therefore in the
wiggler the mechanical momentum has the form

P,=0gw, =p, - eA =-eA, cosk,z Egn 2.3-2

We convert the variable from time to longitudinal position, and get

L =- ﬂcos(sz) Egn 2.3-3
dz mcg

The transverse velocity is

b. =V o K @d—X:- 5cossz
¢ cdt dz g Eqn 2.3-4
where K © % as defined before.

Energy Exchange:

As explained previously in section 2.2, we expect the interaction between the
electrons and a radiation field (in the presence of a wiggler field) to produce an energy
exchange between the electrons and an electromagnetic field. Therefore we introduce a
signal electromagnetic field similar to helical wiggler case.

The equation of motion

dg.
mczi:e%EX

dz dz Egn 2.3-5
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We define the electric field similarly to the helical wiggler case (except for the
polarization). In the planer wiggler the electric field would be linearly polarized, with the
electric field in the wiggling plane (here assumed to be the x-z, or horizontal plane.)

E,(zt)= % E(z,t)e® ") +cc (w, =k.,) Eqgn 2.3-6

The magnitude of the electric field amplitude E(z,t) varies slowly on the scale of /W

Therefore we will neglect its derivative, and write Eqn 2.3-5 as

~cosk, ze' ™" +cc Eqgn 2.3-7

Phase Equation:
From the expansion of cos(k,z) we have two phase factors

i (KyZ+Ksz- Wgt;)

e and gl i) Eqn 2.3-8

Let’s define the phase y  , in similarity to the helical wiggler case, as
Yy =k,z+Kkz- w, Egn 2.3-9

We neglect the second term in the phase equation for now. If we differentiate the

equation with respect to zwe get
dy .
Yok vk - mp +k -k 1 Eqn 2.3-10
dz (g)_ b,
dt”’
Where the parallel velocity is
2 1
b, =\b?- b.? =[1- giz ;—Zcosz(sz)]2 Egn2.3-11
After performing a Taylor expansion we get
2 + 2 2

b, " aL+ 12 L ~cos’ (k,,2) :1+1 K Cof (k.2)

9° 2 Eqn 2.3-12

If we take the average over one wiggler period we obtain

2
1+K7

bH ’ lavr @-+

2

ZY Eqn 2.3-13
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The resonance condition is obtained when k, +Kk; - kst “ar =0, and the average y j

does not change after a period. If we convert parallel velocity into g we get the resonant

condition for g =g,

2 2
k, + k- k.@Q+ =0P k, =k Egn 2.3-14
W S s( 292 ) W S 292 q
2
1+K7
Thus the resonant wavelengthis | (=1, 5 22
g

Next we consider energies near the resonance, that is g is close to, but not equal .

For g; * g,, Eqn 2.3-10 becomes

KZ
R "
Y, k, (- gL) - k, —2—cos2k,z Eqgn 2.3-15
dz 2 K?
1+
2

The electron motion in the resonant frame (the frame which is moving with the center of

the electron bunch), that isy ; as afunction of x, can be obtained by integrating Eqn 2.3-3

and the second term of Eqn 2.3-15. This plot, exhibiting the ‘figure of 8 phase oscillations
is shown in Figure 2.3-1:

Figure 2.3-1 The electron’s “Figure of 8" motion in the resonant frame
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We define phase q;

K2

qj Oy i +%Sin(2sz)

1+—
2 Egn 2.3-16

This variable is convenient, since we remove the oscillatory term, which is characteristic of
a planar wiggler, and obtain a ‘smooth’ phase variable, very similar to the helical wiggler

case. Then derivative of gj becomes

dg. 2 C+ . 2k (9, -
W _y a g_z):kw(g, go)(?, go)@ w95 - 90) Eqn 2.3-17
dz g; g; 90
K2
We also define the parameter b © LZ for smplicity.
ey

In the plane perpendicular to the magnetic field (the ‘wiggle plane’), the electrons move in

awiggling motion as shown Figure 2.3-2.

X

Figure 2.3-2 The electron’s motion in the laboratory frame, in the wiggle plane (x-z)
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If we take the second term into account in the phase equation then K b K[JJ] as
only difference where [JJ] = J,(b) - J,(b)and J,and J, are the Bessel functions
Thus the equation of motion becomes

dqj :2kng -9
dz 9o Eqn 2.3-18
da. _
% _ kD, (E€" +cc)
dz 9o Eqn 2.3-19
where
_ &K[JJ]
D, = 4k, mc?
w Eqgn 2.3-20

The solution of these equations is similar to the helical case.
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