2.6 The High Gain FEL: 1-D Theory

In this section we will solve the Coupled Vlasov-Maxwell equations (Egn 2.5-9
and Egn 2.5-10) in 1-D for f,=d(g- g,).

Wedrop N, ? because of the 1D solution. Therefore the equations become

(—+ﬂ—)E——d:d Egn 2.6-1
(1429 90 = D2 Mo Eqn 2.6-2
dt 9o 9 Tg
We define the Fourier Laplace Transforms of E and F.
¥
Et.q) = ¢flae ' ™E(t.q) Egn 2.6-3
-¥
F(t.q.9) = ¢floe™F(.q.9) Egn 2.6-4
-¥
E(W,q) = ¢pte™ E(t ,q) Eqn 2.6-5
0
F(W,0,9) = ¢pte™ F(t,a,9) Eqn 2.6-6
0
The Fourier Laplace transforms of the Eqn 2.6-1 and Egn 2.6-2 are
(-iIW+iq)E = 5 CHoF + Et =0) Eqn 2.6-7
9o
Ciw+i29" 9y =P Mo g 7y Eqn 2.6-8
9o 9 T9
If we separate F in Eqn 2.6-8 and plug into Eqn 2.6-7 we can get the expression for E
asfollows:
[W- q- (2r )3%]5 =S Eqgn 2.6-9
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where S(W,q) =iE(t =0)- 5 @wdg Eqgn 2.6-10

go W_ 29 - gO
9o

Eqgn 2.6-9 can also be written as:
[WP - WAg- (2r)%]E =W'S Eqn 2.6-11

The inverse Fourier Laplace transforms of this equation is 3 order partial differential

equation: envelope equation

ﬂlt« iW,%« -iq Thus
3 2
[ﬂ’l 4 ﬂ’l i % (2r)*JE =0 Eqn 2.6-12

Initial conditions given by WS

The physical meaning of Wand q
E ~ e"™"% Therefore the electric field is
E.eiksz— iwgt e iW +iqq eiksz— iwt — e VWK, z+ig(k,,z+ksz- wgt+bsin 2k, z) +iksz- iwgt

— ei(ks+qks+qkw—\I\,k\,‘,)z+iqbs'n 2sze— iwg (1+q)t Eqn 26-13

As we understand from Egn 2.6-13 g represents the frequency change

Dw =w,q Therefore q= Dw Egn 2.6-14
W,

is detuning

In Egn 2.6-13 the term e * represents the growth rate.
g k2 = g I RWkzgImWk,2 Eqn 2.6-15
So Re(W) isjust a phase shift rate and Im(W) is growth rate.

z

Let e™Wkiz = g2l Eqn 2.6-16

Then power is ~|E|”* ~e" Therefore we can define L as gain length
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1

L. =— = Egn 2.6-17
¢ 2ImWk,, a

Pierce Parameter r

(2r)° =~ 2D:D Eqn 2.6-18

0

_ mnec’K[ 3]
AT,

D, = eK[JJ] Eqn 2.6-19
4k, mc?

(2r)*= w Eqgn 2.6-20
4k, mg,
To evaluate we use
m =20, z,=377w, mc’=0.511x10%V
C
enc e K]
kWZ rmZ 4903

The pierce parameter is dimensionless

Amy
W- m2 i = WAmp =1

%ﬂzev Y

2r) =2,

Characteristic equation and scaled growth rate
For a fixed detuning q, the solution of the envelope equation is the sum of three

terms.

SIWE o WG - WA
et gWMd o'V

Wi, Wo, W5 are solutions of W - gqw?- (2r)°=0

We define we 2r1 and po 9 - _DW Eqgn 2.6-21
2r  2rw,

To simplify the equation.
Thenweget 1°-DI%2-1=0
When p =0 (resonance)

1°=1
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Figure 2.6-1 The roots of the cubic equation in| providing the growth rate

One solution grows with rate @ one decays and the other one oscillates.
2

Im(W) =2r Im(l ) = 2r % =3r Egn 2.6-22

Therefore we obtain simple expression for the gain length

Lo Ll Eqgn 2.6-23
¢ 2ImWk, 43

or | u = 43r Eqn 2.6-24
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