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2.7 The Initial Value Problem in 1-D Theory 

In this section we will consider the initial conditions and solve the electric field. 

In the previous part we had obtained the expression for Fourier Laplace transform of E 

(Eqn 2.6-9). Using that expression, we can get the equation below 
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We assume initially there is no energy modulation so we assume F~  is proportional to 

delta function: 
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There are two initial conditions. 

1) The first one is the Amplifier case where there is radiation initially but no distribution 

change in the electron bunch: 

0)0(~,0)0(~ ==≠= ττ FE  

2) The second one is SASE case where there is no radiation initially so it starts from 

noise: 0)0(~,0)0(~ ≠=== ττ FE  

2.7.1 FEL Amplifier: 

 
Here we solve the first case where we have initial radiation but no density 

modulation. In this case )0(~ == τEiS  Therefore Eqn 2.7-1becomes  

)0(~ == τEgE &&          Eqn 2.7-4  

Where  
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If we take the inverse Laplace transform of the Eqn 2.7-4 we get 

)0(~~),(~ == ττ EgqE &&          Eqn 2.7-6 

The Inverse Fourier transform of g&& can be calculated using residue integral. 

 (Remembering ρλ2=Ω  and 
sw

wq
ρρ 22
∆=≡∆ ) 

When τ>0 the integral becomes equal to summation of residues around the poles. 
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The physical meaning of g~&& is the gain of the electric field 

Limiting cases: 

1) 0=τ ,  1
3
1

3
1

3
1~ =++=g&&  which is the beginning of the wiggler.  

2) 0=∆ ,  1>>ρτ  first term dominates 

 
Figure 2.7-1 The roots of the cubic equation in λ, providing the growth rate 
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Figure 2.7-2 Gain vs. wiggler length (log scale) 

  

Synchrotron rotation Frequency and Saturation 

 
As described in section 2.2 the synchrotron frequency is the oscillation frequency 

between the energy modulation and the phase. As the field grows the synchrotron 

frequency also grows. This means, as the bucked height shown in Figure 2.7-3 increases, 

the energy spread of the beam increases due to the interaction with the radiation. Thus the 

whole picture just expands. However when we reach the saturation the field can no 

longer grow. The energy spread causes over bunching as shown in Figure 2.7-4 and 

electrons cannot lose energy any more.  

 
Figure 2.7-3 Electrons phase space plot in the exponential growth regime. The figure on 

the right shows growth in both electron modulation and bucket size. 
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Figure 2.7-4 Electrons phase space plot at the saturation regime. The modulation and the 

separatrix are shown. The separatrix does not grow and the electron distribution starts 

executing a synchrotron oscillation. 

 

 

 
Figure 2.7-5 The FEL gain along the wiggler, showing start-up, the exponential regime 

and saturation 
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Saturation condition  

Given the growth rate ρ3)Im( =Ω  FEL reaches the saturation condition when 

sΩ=Ω)Im( . The solution of the pendulum equations for saturation yields that  
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We can calculate Electric field as  
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Thus the power density 
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Using the definition of ρ   
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Saturation power  
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where A is the cross section area. 

cAn0  is the number of electron/sec, thus 0
2

0 . γmccAn  is the electron beam power Pe. As a 

result we achieve the simple expression for the saturation power as 

es PP ρ≅          Eqn 2.7-15  
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2.7.2 1-D SASE Theory 

In this section we are going to explain the other initial condition which is SASE 

case where 
0)0(~,0)0(~ ≠=== ττ FE        Eqn 2.7-16  

 

We had defined 
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g&&  in Eqn 2.7-5. We obtain g~&&  by inverse Fourier-

Laplace transform of this expression. 
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The meaning J0 is transverse current and 
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Therefore inverse Fourier-Laplace transform of Eqn 2.7-19 gives us 

∫ == γτ
γ

ττ dqF
D

qgqE ),0(~),(~),(~

0

1&        Eqn 2.7-22 

and    ')',()'(),( 0 θθθτθθτ dgJE −= ∫ &       Eqn 2.7-23 

is the convolution integral. 

The distribution function was given as .).(0 ccFeff i ++≅ θ  

sfreqauncieother ),0( +== − θθτ ifeF   
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As we mentioned earlier in section 2.5, during the FEL process, the components that are 

proportional to phase factors other than θie  can be neglected because they will be off 

resonance. Therefore we can write Eqn 2.7-21 as 

∫ == γθτ
γ

θ dF
D

J ),0()(
0

1
0 ∫ =≅ − γτγθ

γ
θ dfe

D i )0,,(
0

1      Eqn 2.7-24 

Then the convolution integral (Eqn 2.7-23) becomes a summation because of the 
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The contribution from every electron evolves from a delta function to a greens function 

g& . The sum is over these green functions with a phase factor jie θ−  for each electron. 

SASE power  

Now we would like to calculate the SASE power. The expression for power is as 

follows: 

A
Z

E
P

0

2

2
=           Eqn 2.7-26 

(A=beam cross section area) 

Since E is a summation over all electrons SASE power would be ensemble average of all 

electrons. 
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Thus the power is 
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where )( 0 Annl =  

 

The power spectrum  

Now we would like to calculate θ′ integral in Eqn 2.7-28 to get power spectrum. 

g&  is the inverse Fourier-Laplace transform of g~&  
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Plugging this in Eqn 2.7-28 and taking the proper integrals gives us  
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We can get rid of the integral by differentiating both sides with respect to q (
w

dwdq = and 

c
wks = ) and obtain the expression for power spectrum. 
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Thus we need to calculate the Green’s function ),(~ θτg&  

From Eqn 2.7-18 we can see that 

gig &&& Ω−=       where ρλ2=Ω  

In the previous section we had driven the expression for g~&&  by calculating the inverse 

Fourier-Laplace transform. Similarly we can do the same thing for g~& . 
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We plug Eqn 2.7-18 in Eqn 2.7-32 we obtain 
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 When we do the same ρλ2=Ω  and 
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∆=≡∆  change of variables and we get same 

contour integral except the nominator will be proportional to λ. We will have same poles 

so that summation of residues will be   
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From this expression we can also see that  
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For 12 <<ρτ we get the spontaneous radiation solution which yields  
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For the end of the wiggler ( ww Lk=τ ) 
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Note that cen
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I
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03)2( =∝ρ         Eqn 2.7-38  

therefore the spontaneous emission is linearly dependent on the charge.  
 
 

 Qualitative description of spontaneous radiation bandwidth and opening 

angle 

 We can plot the power spectrum using Eqn 2.7-37 as follows: 

 
Figure 2.7-6 The power spectrum of the spontaneous radiation. 
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This plot is only for one frequency detuning value. Since the process starts from the noise 

in reality there is no specific frequency detune so we need to integrate over all detune 

values. 
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Therefore total power spectrum will be  
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Also 
ww NN

18895.0 ≅ is the full width at half maximum (FWHM) bandwidth of the 

Spontaneous radiation spectrum. 

The wavelength as function of opening angle θ is as follows: 
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High gain limit  

 In the High gain limit τρλ12ie −  term dominates in Eqn 2.7-34 thus  
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 SASE power (1-D) 

 The power spectrum expression for this case is  
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By integrating over all frequencies we obtain 
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Relation to the noise power:  

The power can be expressed as  
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where noise power is  
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 SASE Bandwidth 

Full width of SASE is  
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using the definition of wσ  from Eqn 2.7-48. 
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Therefore when  

Gw LL 4>  SASE bandwidth is larger than spontaneous radiation when  

Gw LL 4<  exponential growth term is not dominating yet. 

 

 Saturation length for SASE 

 We had obtained the expression esat PP ρ≅  where 0
2

0 . γmccAnPe =  is the electron 

beam power.     

From Eqn 2.7-47 we have  
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where clc lnN =  is the number of electron in the coherence length.  

The coherence length is given as 2
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At saturation  
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Example: 

5.3 µm SASE at ATF at BNL 

LG=37 cm     λw=3.3 cm   I0=110 Amp λs=5.3*10-6 m 

910*5.2=
x

e x
  23≅x  

In general saturation length is roughly 20LG.  

 


