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Abstract

Electron diffraction and imaging are very sensitive to the valence-electron distribution in materials at small scattering angles. We take
advantage of the large dimension of the unit-cell along thec-axis of YBa2Cu3O7 and Bi2Sr2CaCu2O81d superconductors, to study the
distribution of charge carriers, crucial to understanding the superconducting behaviors in these complex systems. Electron pile-up associated
with a structural modulation in Bi2Sr2CaCu2O81d was imaged at an atomic resolution. Charge transfer normal to thea–b plane in YBa2Cu3O7

and Bi2Sr2CaCu2O81d was accurately measured and plotted using formal valences as a reference. The results were compared with the
electronic structures based on first principle calculations.q 1999 Published by Elsevier Science Ltd. All rights reserved.
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1. Introduction

Most bulk and microstructural properties of a material
depend directly on the bonding between its constituent
atoms. Thus, to provide a fundamental description of the
physical behavior of a material, such as superconductivity,
it is essential to understand its electronic structure on a
subatomic scale, especially the spatial distribution of the
valence electrons that bind the atoms together. The impor-
tant correlation between the occurrence of superconductiv-
ity and the number of valence electrons, counting the
number of electrons outside a filled inner-shell per atom,
was first noticed by Matthias (1957). In high-temperature
superconductors, electron holes are charge carriers. The
holes are known to be confined to the CuO2 plane, but
their relationship to the magnetic and superconducting prop-
erties still remains elusive. The recent discovery of the
charge stripes in highTc superconductors and related mate-
rials (Tranquada et al., 1995) suggests that, below a certain
temperature, the electronic carriers become localized onto
specific sites, which display long-range order throughout the
crystal structure to form charge ordering that is directly

associated with the superconductivity mechanism. This
observation once again pointed out the significance of
understanding bonding, ionicity and valence-electron distri-
bution in a crystal lattice. Nevertheless, our knowledge of
crystal bonding and charge distribution is often derived
from theory or indirect evidence rather than from direct
experimental measurements. Meaningful experimental
data can be obtained only when the accuracy in the measure-
ment of the charge distribution is far higher than the differ-
ence between crystal models consisting of neutral atoms and
ions. Accurate measurement of the distribution of the
valence electrons are prerequisite to understand the super-
conducting properties of the cuprates from microscopic first
principles.

The charge distribution between adjacent atoms, which
depends on bond length and the symmetry of the atoms’
arrangement and their electronic characteristics, determines
the bonding and ionicity of the crystal. In general, the elec-
tronic structure and crystal structure are strongly coupled
and they are constrained by each other. Electron distribution
in materials are traditionally studied with X-ray diffraction
techniques, and electronic energy levels and their symmetry
by emission and absorption spectroscopy with incident X-
rays and electrons (Nu¨cker et al., 1989, 1995; Fink et al.,
1994). In transmission electron microscopy (TEM), the
limited studies of electronic structure in high-temperature
superconductors have focused on the near-edge structure of
the oxygen K-edge and the copper L-edge using electron
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energy-loss spectroscopy, mainly to utilize its small probe
to study structural defects. The strength and uniqueness of
the electron diffraction and imaging techniques in determin-
ing charge distribution in these complex crystals have not
received the same attention. In this article, we first discuss
the sensitivity of incident-electrons for detecting valence
electrons in materials, and the great advantage and potential
of studying charge distribution with TEM. As an example,
we examine how the charge ordering in Bi2Sr2CaCu2O81d

(Bi/2212) can be revealed in high-resolution images. We
then describe a novel electron diffraction technique we
developed recently (Zhu and Tafto, 1997; Tafto et al.,
1998) to determine charge distribution by accurately
measuring electron diffraction intensities as a function of
crystal thickness, and the associated error analysis. Finally,
we present the results of our measurements of the distribu-
tion of charge density and charge transfer in YBa2Cu3O72d

and Bi/2212 superconductors.

2. Charge density and charge transfer

A good approximation in the study of the electronic struc-
ture of materials is to assume that when atoms are put
together to form a crystal, only the valence electrons are
rearranged. The term “valence”, which is sometimes ambig-
uous, in this sense describes the number of bonding elec-
trons per atom; material chemists prefer the term “formal
valence”. For ionic crystals, the formal-valence assignment
can be found in chemical tables, and that works well for the
synthesis of oxides, for example, to explain many chemical
and physical properties and phenomena. Frequently, elec-
tron-structure calculations agree with these assignments.
Although highTc oxides exhibit many metallic properties,
the formal valence has been used to describe the actual ionic
charge of the materials.

The spatial distribution of valence electrons can be
measured experimentally. In X-ray and electron diffraction,

the electron density of the diffracting crystal varies periodi-
cally along any direction through the lattice, similar to the
periodic distribution of atoms. The electron density,r , at the
point r in the unit-cell can be expressed as a Fourier series:

r�r� � 1
V

X
g

Fx
g exp�22pig·r �: �1�

Here, V is the volume of the crystal unit-cell andg the
reciprocal vector of the lattice planes.Fx

g is a Fourier coeffi-
cient, or the structure factor of the reflectiong measured
with X-rays, and is defined by:

Fx
g �

X
i

f x
i �s� exp�2Bis

2� exp�22pig·r � �2�

wheres� sinu=l, u is the scattering angle andl the wave
length of the incident beam.f x

i is the scattering amplitude of
X-rays andBi the Debye–Waller factor of theith atom. If we
use formal valence as a reference, the valence-electron
distribution, or the charge transfer, can be determined
directly by Fourier transform:

Dr�r � � rm�r �2 rf �r � � 1
V

X
g

�Fx
gm 2 Fx

gf � exp�22pig·r �:

�3�
Here, the subscript m refers to the ideally measured values
of the X-ray structure factors,Fx

gm, and of the electron
densityrm(r) in the crystal, andf refers to the corresponding
calculated values assuming atoms with assigned formal
valence. In principle, if we can accurately measureFx

gm,
we should be able to determine the charge distribution.
Charge distribution has been determined using X-ray and
electron diffraction, but earlier only for systems with simple
crystal structure and a small unit-cell, such as MgO (Zuo et
al., 1997). The question we encountered was: does electron-,
or X-ray-diffraction have sufficient sensitivity and accuracy
to determine the structure factors that are sensitive to a
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Fig. 1. Scattering amplitude of electron and X-ray diffraction,fe andfx, respectively, for the Cu atom and Cu1 ion. The vertical dashed lines show the innermost
reflection positions of Bi/2212. Note, the huge difference in sensitivity to the rearrangement of the valence electron at small scattering angles between electrons
and X-rays.



minute change of charge distribution in complex crystal
with a large unit-cell?

3. The sensitivity of electron probe to valence electrons
in crystals

3.1. Electron scattering amplitudes of a charged atom at
small scattering angles

When an incident electron beam interacts with a crystal in
a diffraction experiment, unlike X-rays that only see elec-
trons surrounding an atom, the high-energy electrons with
an energy range 100–1000 kV see the electrostatic potential
of an atom with a positively charged nucleus screened by a
negatively charged electron cloud. Thus, the scattering
amplitude of an atom for incident electrons at small scatter-
ing angles is determined mainly by the net charge of the
atom, rather than by the total density of electrons. In other
words, the electrostatic potential is strongly influenced by
ionicity and charge transfer in the crystal. The difference in
sensitivity to charge transfer between electrons and X-rays
can be revealed by the Mott formula:

f e�s� � 8p2m0e2

É2

1
s2

� �
�Z 2 f x� �4�

where the superscript e denotes the scattering amplitude for
electrons, corresponding tox for X-ray. Z is the charge of
the nucleus,m0 the rest-mass of an electron,É is Planck’s
constant, ande the charge on the electron. Since incident X-
rays interact with electron clouds in materials,fx is deter-
mined by the spatial distribution of electrons around the
atom. Near the forward direction wherefx is close toZ,
small changes infx can drastically alterfe. For an individual
charged atom, or an ion, the electron scattering amplitude
near forward direction (s < 0) approaches infinity (see Fig.
1), but not for a crystal if the neutrality over a crystal unit-
cell is considered (see Section 3.2). Fig. 1 compares the
scattering amplitude of an electron and an X-ray diffraction
for a Cu atom and a Cu1 ion. For scattering angles smaller
than says� 0.08 Å21, there is a huge difference in sensi-
tivity to the ionicity of an atom, i.e. the rearrangement of the
valence electrons, between incident electrons and X-rays.

In high-temperature superconductors, the density of
charge carriers, or electron holes is typically considerably
less than 1% of the total density of electrons (294 electrons
per unit-cell for YBa2Cu3O72d and 1536 electrons for a Bi/
2212 sub-unit-cell). This poses great difficulties in accu-
rately determining the distribution of charge carriers using
X-rays. On the other hand, YBa2Cu3O72d and Bi/2212 have
large crystal unit-cells, and their low-order reflections are at
very small scattering angles. The 001 and 002 reflections of
YBa2Cu3O72d , and the 002 and 004 reflections of Bi/2212,
marked by the dashed lines in Fig. 1, are especially sensitive
to the ionicity of electrostatic potential of the crystals. With
the large unit-cells and high local concentration of electron

holes in these superconductors, electron diffraction and
imaging using these inner reflections are expected to reveal
information on the charge distribution in these materials. By
studying the intensity (amplitude and phase) of these reflec-
tions, or rather their structure factors, which can be deter-
mined by replacing the scattering amplitude of X-rayf x

i with
that of electronf e

i in Eq. (2), we can map the valence-elec-
tron distribution in these superconductors.

3.2. Structure factors of ionic crystals near the forward
direction (s< 0)

One controversy in electron diffraction concerns the scat-
tering amplitude at small scattering angles. It appears diffi-
cult to accept that there is no singularity ats� 0 for an ionic
crystal with overall charge neutrality because of the singu-
larity for individual ions. Many electron microscopists have
experienced the catastrophe that happens when the electrons
are not conducted away so that the specimen gets charged
up. We now show that this does not happen, if we consider a
crystal unit-cell with charge neutrality. The atomic scatter-
ing amplitude near the forward direction can be expressed
as:

f e�s�s!0 � 8p2m0e2

É2

1
s2

� �
�Z 2 �Z 1 n 2 ks2��: �5�

Here n is the number of valence electrons on the charged
atom (positive for anions and negative for cations), andk is
a constant. Thus, the structure factor of the crystal in the
forward direction is:

Fe
000� 8p2m0e2

É2

1
s2

� �X
i

2 ni 1 kis
2
: �6�

Because of charge neutrality in the unit-cell, the sum over
ni is zero, and the structure factor becomes

Fe
000� 8p2m0e2

É2

X
i

ki ;

which is a finite number. To demonstrate the validity of our
argument, let us examine a simple ionic crystal, MgO.
Based on the scattering amplitudes of Rez et al. (1994),
we calculated its mean inner potential in the forward direc-
tion: UMgO

000 � F000=pVc � 12:2 V: To evaluatek , we simply
considered the difference in the X-ray scattering amplitudes
of O22 ats� 0.05 compared withs� 0, givingk � 164.64.
The same procedure was also used for the Mg21 cation. The
calculated mean inner is close to that measured using inter-
ferometry (Gajdardziska-Josifovska et al., 1993).

We note that although the scattering amplitude of the
individual charged atoms approaches infinity fors < 0,
the structure factor and the mean inner potential are finite,
when the number of negative and positive elementary
charges is equal. Nevertheless, in published tables on scat-
tering amplitudes for incident electrons, one frequently
encounters finite scattering amplitudes ats � 0 for ions;
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this is misleading because these tabulated values are not the
real ionic-scattering amplitude of electrons ats� 0, but only
the last term�8p2m0e2�=�É2�·k in Eqs. (5) and (6). We note
that the problem of singularity for individual ions can be
taken care of, when the Mott formula is used stringently by
considering the whole crystal and by conversion from X-ray
scattering amplitudes.

3.3. The effects of charge distribution and lattice
displacement on structure factors

We measure amplitude and phase of reflections in

electron diffraction experiments. For thin crystals, the inten-
sity is proportional touFgu2. As shown in Eq. (2), the struc-
ture factor Fg can also be calculated if the scattering
amplitude of the charged atom and atomic coordinates are
known. Fig. 2 shows the change in calculated (00l) structure
factor for electrons and X-rays, after moving 0.02 holes
from the BaO plane to the CuO plane per YBa2Cu3O7

unit-cell. The lines show the positions of Bragg reflections.
Here, we defineDFe � Fe

c 2 Fe
n andDFx � Fx

c 2 Fx
n, and

the additional subscript n and c refer to before and after the
charge rearrangement, respectively. TheF000 normalized
difference in structure factors is huge for electron at small
scattering angles, and it exponentially decay with the
increase in the order of the reflections. (Note, moving 0.02
holes from CuO2 to CuO plane gives the same trend;
however, the 003 reflection intensity will be smaller than
that of the 004, because the rearrangement of holes spans 1/
3 of the unit-cell along thec-axis). In contrast, the difference
in structure factor for X-ray is very small even for low-order
reflections. It is clear that electron diffraction has a greater
sensitivity than X-ray diffraction in addressing the valence-
electron distribution in a crystal with the Bragg reflection at
a small reciprocal distance.

Another advantage of studying charge distribution at
small scattering angles in electron diffraction experiments
is that the accuracy of the atomic coordinates becomes
unimportant, i.e. a small lattice displacement only influ-
ences the intensity of reflections far out in the reciprocal
space. This fact can be easily revealed by calculating the
structure factor for a crystal with one atom being moved
from r to r 1 Dr. For a centro-symmetric crystal with and
without a small displacementDr, the difference in structure
factorDFg can be expressed as:

DFg � fg exp2pig·�r 1 Dr �2 fg exp2pig·r

� fg�cos 2pg·�r 1 Dr � 2 cos 2pg·r �2 ifg�sin 2pg·�r 1 Dr �
2 sin 2pg·r �

� 22fg sin�pg·Dr ��sinpg·�2r 1 Dr �1 i cos�pg·�2r 1 Dr ��
�7�

DFg

fg

�����
�����
2

� DFg·DFp
g

f 2
g

� 4 sin2 pg·Dr :

When the displacementDr is small (g·Dr p 1), DFg
increases monotonically. To clearly demonstrate the trend
of the variation in diffraction intensity with the reciprocal
lattice g, DFg was normalized by the scattering amplitude
fg, and plotted in Fig. 3 with a displacementDr � 0.1% of a
unit-cell dimension along thec-axis. In the case of
YBa2Cu3O7, this displacement amounts to 0.011 A˚ . Fig. 3
shows the negligible change in the difference structure
factor, or the difference intensity, due to the lattice displace-
ment at small scattering angles (s , 0.1 Å21). Comparing
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Fig. 2. 000-beam normalized difference-structure-factorDF/F000 (before
and after moving 0.02 electron holes from the BaO plane to the CuO plane
per YBa2Cu3O7 unit-cell) as a function of the order of the 00l reflections for
YBa2Cu3O7. The vertical lines represent the position of the Bragg peaks (d-
function). Note, the scales of the vertical axis are the same for electrons and
X-rays, showing that the electron diffraction has a greater sensitivity than
X-ray diffraction to the valence-electron distribution in a crystal with Bragg
reflections at a small reciprocal distance.

Fig. 3. Normalized difference in intensity (DFg/fg)
2 (with and without a

0.1% lattice displacement along thec-axis) as a function of scattering angle,
showing the effect of small displacement on structure factor.



Figs. 1 and 2 with Fig. 3, we note the complementarity of the
displacement of atoms over short distances and the charge
transfer over large distances. The significant influence of
charge transfer on electron diffraction intensity occurs at
small scattering angles, and displacement of atoms occurs
at large scattering angles. X-ray and neutron diffraction
intensities are similarly influenced by displacement of
atoms, while the sensitivity at small angles to charge trans-
fer is unique for electron diffraction.

4. High-resolution imaging of charge ordering

The key to imaging charge ordering using TEM is to use
the high sensitivity of electron probe to the valence electron
at small scattering angles. This is especially appealing for
Bi/2212 superconductor which has a superlattice of dimen-
sions 0.54× 2.6× 3.1 nm3 due to its structural modulation.
The low-order reflections associated with the superlattice,
such as 011 and 002, are at very small scattering angles.
Although HREM have played an important role in

determining the atomic positions of the modulated structure
since the discovery of Bi/2212 (Horiuchi et al., 1988), the
periodic black-cage-like contrast associated with the double
BiO layers observed in thea-axis projected atomic images
(Fig. 4) has long puzzled researchers. The displacive nature
of the modulation, apparently due to the insertion of extra
oxygen Od in the BiO layer, is well established. Neverthe-
less, the modulation induced displacement, or the deviation
in atomic coordinates from the sublattice of the crystal, as
determined by neutron and X-ray diffraction (Imai et al.,
1988; Gao et al., 1993), did not generate such contrast in
calculated high-resolution images. Traditionally, experi-
mental electron-diffraction patterns and electron-micro-
scope images are compared with calculations, which
assume that the atoms are neutral; in most cases this is a
good approximation for small crystal unit-cells with inter-
planar spacings less than 0.5 nm, as demonstrated by
Gemming et al. (1997). However, for a crystal with a
large unit-cell, such as Bi/2212, this may not be so, and
the effect of charge transfer over a long distance can be
significant. The insertion of the extra oxygen Od in the
BiO double layer certainly causes lattice displacement and
rearrangement of the local charge distribution. To under-
stand the charge component of the modulation, we focused
on studying very thin areas of the crystal to minimize the
multiple scattering experimentally, and also carried out
dynamical calculations of electron diffraction and images
using a multislice approach, and taking multiple scattering
into account.

The model we used for the calculations was based on the
charge assignment for Bi/2212 sublattice by Gupta and
Gupta (1994) (see Table 1), however, we extended it into
a three dimensional superlattice structure using the atomic
coordinates determined by neutron and X-ray diffraction
(Gao et al., 1993). We assumed that the holes were evenly
distributed in CuO2 plane, while electrons in the BiO plane
were modulated along theb- and c-axis with a body-
centered symmetry, as shown in Fig. 5(a), where the large
dots for electronse2 represent high occupancy. With
reference to formal valence, this model shows a pileup of
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Fig. 4. An experimental HREM image of the displacive and charge modu-
lation in Bi/2212, viewed along the [100]-axis. The embedded image (four
superlattice cell) is the calculated one based on the structure model shown
in Fig. 5(a). Crystal thickness of 2.7 nm and defocus of2 50 nm were used
in the calculations. Note, the black-cage contrast represent pile-up of elec-
trons.

Table 1
Charge assignments for YBa2Cu3O7 and Bi2Sr2CaCu2O8, based on formal valence and models from electronic-structure calculations

YBa2Cu3O7

Model Y BaO CuO2 CuO

Ba O Cu O Cu O
Pickett 1 3 1 2 2 1.69 1 1.62 2 1.69 1 1.62 2 1.69
Ionic 1 3 1 2 2 2 1 2 2 2 1 2 2 1

Bi2Sr2CaCu2O8

Model Ca BiO SrO CuO2

Bi O Sr O Cu O
Gupta 1 1.598 1 0.996 2 0.887 1 1.786 2 1.36 1 1.647 2 1.4905
Ionic 1 2 1 3 2 2 1 2 2 2 1 2 2 2



electron charge in the region of the BiO double layer where
the atomic planes expand along the c-direction; this agrees
with the notion that electron doping increases the Bi–O
distance (Pham et al., 1993). The embedded image in Fig.
4 is a calculated image, based on the structural model shown
in Fig. 5(a), and matches well with the experimental obser-
vation. A crystal thickness of 2.7 nm and objective-lens
defocus of 2 50 nm were used in the calculation. Compar-
ison with the calculated images based on models consisting
of neutral atoms suggests that the black-cage contrast is
indeed associated with electron charge-cluster in the BiO
layers. Such a charge modulation was related to charge

stripes in Bi/2212 to understand superconductivity mechan-
ism (Bianconi et al., 1996).

Interpretation of high-resolution images is often compli-
cated since they strongly depend on imaging conditions, and
some of the experimental parameters, such as thickness and
defocus, are difficult to determine. In contrast, interpretation
of diffraction is rather straightforward. Fig. 6(a) shows a
selected area diffraction pattern of the (100) zone of Bi/
2212. The superlattice reflections are clearly visible. We
emphasize that even in very thin areas where multiple scat-
tering is negligible, the intensity of the super-reflections
near the forward direction, such as 011, are quite strong.
These super-reflections should not be visible in a kinema-
tical diffraction pattern if the superlattice is formed solely by
the displacive modulation, and the associated displacements
are not extremely large.

Fig. 6(b) and (c) are calculated diffraction patterns for
neutral atoms and charged atoms, respectively for neutral
atoms and charged atoms, based on many-beam dynamical
diffraction theory. The difference is significant. The diffrac-
tion pattern for neutral atoms only shows the sublattice (00l)
reflections near the forward direction, and the 011 reflec-
tions of the superlattice are invisible. This is in good agree-
ment with Fig. 3, since displacive modulation should not
alter the intensity of the reflections at small scattering
angles. Nevertheless, the diffraction pattern calculated for
charged atoms shows strong intensity for the 011 and 022
superlattice reflections (Fig. 6(c)), consistent with the
experimental observation shown in Fig. 6(a). Thus, it is
clear that, for a very thin crystal, the innermost superreflec-
tions visible near the forward direction result from the
charge component of the modulation.

The intrinsic difference in intensity distribution of the
inner reflections in the selected area diffraction patterns in
Fig. 6(b) and (c) also suggests a significant change in the

L. Wu et al. / Micron 30 (1999) 357–369362

Fig. 5. (a) Structure model of the supercell (0.54× 2.6 × 3.1 nm3) projected along thea-axis in Bi/2212. Both lattice displacement and charge ordering
associated with the modulation are included. For electron,e2, the large circles correspond to high occupancy; (b) crystal structure of YBa2Cu3O7; (c) and Bi/
2212, showing their layer characteristics along thec-axis.

Fig. 6. Selected area diffraction pattern in a thin Bi/2212 crystal: (a)
experimental observation; (b) calculated pattern based on the model
consisting of neutron atoms; and (c) calculated pattern based on the
model consisting of charge atoms, as shown in Fig. 5(a).



superlattice image, if a very small aperture covering only
the innermost super-reflections is used to image the modu-
lation. Inverse Fourier transformation of Fig. 6(b) gave only
a one-dimensional lattice image along thec-axis, while for
Fig. 6(c), a two-dimensional lattice pattern was generated.
As reported previously (Zhu and Tafto, 1996), careful
experiments using such a small aperture in very thin crystal
regions did show two-dimensional body-centered superlat-
tice images when the crystal was viewed along thea-axis, in
agreement with the black-cage pattern in Fig. 4.

5. Quantitative measurements of charge density and
charge transfer

Because high-resolution images change with imaging
conditions, quantitative measurements of charge distribu-
tion still rely on diffraction experiments (Gjonne and Boe,
1993). Efforts to study charge distribution using electron
diffraction can be traced back to early 70s (Anstis et al.,
1973). In recent years, convergent electron beam diffraction
(CBED) techniques, especially with the aid of a field-emis-
sion source and energy filter, have been used to accurately
determine structure factors by comparing detailed features
(e.g. the intensity and position of high-order-Laue-zone
lines) in the observed and calculated CBED disks (Tsuda
and Tanaka, 1995; Terasaki et al., 1979; Vincent et al.,
1984). Such quantitative, high precision CBED studies
can reveal important information about bonding and ionicity
for small unit-cell crystals (Zuo et al., 1988; Zuo, 1993;
Matsuhata et al., 1994; Zuo et al., 1997).

Conventional CBED techniques are not suitable for
studying crystals with a large-unit-cell, partly because of

the overlap of the CBED disks. In determining charge distri-
bution for high-temperature superconductors, we recently
developed a new CBED method to simultaneously record
diffraction intensity of many reflections as a function of
crystal thickness (Zhu and Tafto, 1997; Tafto et al., 1998).
Unlike conventional CBED methods, which focus the probe
on the sample to retrieve structural information for different
beam orientations, we focus the electron probe above or
below the sample. By doing so, we were able to form
shadow image for many reflections simultaneously, that
contain not only orientation information, but also thickness
profile, orPendellösungplots. The thickness profile usually
starts from zero up to a maximum that can range from 10 nm
to several hundred nanometers, depending on the distance
from the specimen to the beam crossover. Fig. 7(a) is an
experimental shadow-image or a diffraction pattern from a
wedge Bi/2212 crystal, using the Fuji Imaging Plate system
with our new 300 kV JEOL 3000F field-emission micro-
scope, together with a line scan of the intensity shown
above. Because of the short reciprocal vectors along the
cp-axis, we achieve parallel recordings of oscillating diffrac-
tion intensities (PARODI) as a function of thickness and
excitation error (or incident-beam direction) for 30 reflec-
tions in a one-second exposure. The orientation of the edge
of the wedge relative to the reciprocal-lattice row is unim-
portant, but it is most convenient to make a line scan when
the edge is normal to theg. In each disk in Fig. 7(a), the top-
left side of the shadow image corresponds to vacuum, as
easily seen in the 000 disk. Fig. 7(b) shows an enlarged
diffraction disk of the 0014 reflection from Fig. 7(a), after
a , 208 anti-clockwise rotation, and is compared with a
calculated one (Fig. 7(c)). The thickness in the disk
increases from left to right. The intensity oscillation, or
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Fig. 7. (a) Experimental PARODI pattern of the (00l) systematic row, showing diffraction intensity as a function of crystal thickness in Bi/2212. A line scan of
the intensity is also included. (b) An enlarged disk of the 0014 reflection. Note, the disk is rotated anti-clockwise about 208 from (a), and the thickness increases
from left to right. (c) Calculated intensity of the disk pattern (b) based on many-beam dynamic diffraction theory. (d) A line scan from a thick map, mapped
using electron energy-loss spectroscopy, showing the linear increase in the thickness of a wedge we studied.



Pendellösungfringes, originates from the increase of thick-
ness, and its period normal to the wedge scales with the
extinction length.

There are distinct advantages of our PARODI method: (1)
dozens of reflections (30 reflections in Fig. 7(a)) in large
unit-cell crystals can be recorded simultaneously, thereby
ensuring that the exposure and the crystallographic direction
of the incident beam are exactly the same for all reflections;
(2) the increase in intensity can be followed at a very small
thickness, where the relationship between the structure
factors and the intensities is simple, and where the problems
of normal and anomalous absorption are minimized; (3)
since the probe is not focused on the sample, the beam
damage is much less than in conventional CBED; (4) the
discrete data-points in each reflection acquired from differ-
ent thicknesses are considered to be independent, due to the
strong dynamical coupling of the different diffracted beams,
resulting in a very high ratio of the number of observations
vs the number of variables. This is very important in the
fitting process giving a high level of confidence.The inten-
sity distribution of the shadow image within the disks
depends strongly on the crystal thickness. To simplify the
analysis, an ideal wedge with a linear increase in thickness
is desirable. If we start from zero thickness, the linear
increase in thickness warrants the possibility of using only
one additional variable, the maximum thicknesstmax, to
obtain a large number of intensity data points for different
thicknesses. In practice, a good wedge is not very difficult to
find, especially when the probe is close to the sample, or the
illuminated area is small. The shape of a wedge can be
revealed by acquiring a thickness map of the area of interest
using an electron energy-loss spectroscopy, based on the
relationshipt � l ln�It=I0�, wheret is the thickness,I0 the
integrated intensity of zero-loss peak,I t the total intensity of
the spectrum, andl the inelastic mean free-path of the
crystal. Fig. 7(d) is a line scan from a thickness map,t/l ,
showing the linear increase in thickness of a wedge we
studied.

The intensity distribution of the shadow image also
depends on excitation error, as in the conventional CBED.
For the (00l) reflections in high-temperature superconduc-
tors, the influence of the excitation error to the intensity
distribution is very small, however, because of the small
convergent beam angle we had to use to avoid overlap of
the reflection disks. It is evident from Fig. 7(b) and (c) that
there is little variation in intensity with respect to the change
in the excitation error, or to the change of the position within
the disks along the direction parallel to the specimen edge,
where the thickness of the crystal is constant. Thus, with the
crossover of the beam away from the specimen, a line-scan
perpendicular to the edge of the wedge gives intensity oscil-
lations mainly as a function of the crystal thickness.

Our goal is to determine the valence-electron distribution
in the crystals from electron diffraction data, especially the
structure factors of the low-order reflections that are very
sensitive to the rearrangement of the charge. We measured

structure factors from electron diffraction experiments, then
convertedFe

g to Fx
g before performing the inverse Fourier

transform using Eq. (1) to obtain the charge densityr . In SI
unit, the conversion can be expressed as:

Fx
g �

X
i

Zi exp�2Bis
2� exp�22pig·r �2 41:78s2Fe

g: �8�

The inaccuracy of X-ray structure factors at small scatter-
ing angle in determining valence-electron distribution is
attributed to the large number of total electrons in the
unit-cell. What is important for us is the difference between
the measured structure factors and those calculated for ions
of formal valency. We thus avoid the large contribution
from the core electrons when we convert back from the
difference in structure factors between the measurement
and ionic model for electrons to that for X-rays to obtain
Dr in Eq. (3):

Fx
gm 2 Fx

gf � 241:78s2�Fe
gm 2 Fe

gf �: �9�
To quantify the intensity oscillation, we calculated the

shadow image of the reflections using many-beam dynami-
cal multislice, as well as the Bloch wave approach. We
found that although both approaches gave similar results,
the multislice approach is easier for image calculations,
while the Bloch-wave approach is easier for diffraction
calculations. For this approach, the intensity of the
diffracted beam in a thin crystal can be expressed as
(Howie, 1978):

Ig �
X
j;j 0

C�j�0 C�j�g C�j
0�p

0 C�j
0�p

g exp�2pi�g�j� 2 g�j
0��z� exp�2mz�

�10�
wherem is an absorption parameter andz the crystal thick-
ness.C�j�g represents thegth excitation coefficient of thejth
Bloch wave andp denotes complex conjugate.g andC�j�g are
eignvalues and eigenvectors to be determined by the
relation ACg � gCg; here,A is the structure matrix whose
off-diagonal elements depend on the crystal potential and
diagonal elements on the orientation of the incident beam.
We developed our own computer codes, and the calcula-
tions usually included more than 50 reflections.

We compare the measured intensity-thickness profiles
with calculated ones. We then refined the measurements
by systematically changing the charge distribution in
calculations, and thus, the structure factor of the low-order
reflections, until good agreement was achieved. To evaluate
the goodness of the agreement, we also developed an error
analysis procedure to derive the “best fit” between calcu-
lated and observed intensities. We use theR factor defined
by:

R�

X
gi ;tj

Iobs 2 Icalj jX
gi ;tj

Iobsj j × 100%
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where gi �i � 1;2;…� is the reciprocal lattice andtj �j �
1; 2;…;50� represents the partition of the specimen thick-
ness. We note that thisR factor differs from the one used in
traditional crystallography (Rietveld, 1969), where no varia-
tion with thickness is considered. In our approach, the
discrepancies between calculated and observed intensities
were summed up over all reflections and thicknesses.
Because the diffraction intensity is very sensitive to the
thickness, fitting the intensity profile for the entire range
of thickness is not a trivial task. The resultingR may not
be a small value. However, the “best fit” is chosen when a
global minimum value ofR is reached.

6. The valence-electron distribution of YBa2Cu3O7 and
Bi2Sr2CaCu2O81d

Fig. 5(b) and (c) shows the crystal structure of
YBa2Cu3O7 and Bi2Sr2CaCu2O81d , respectively, both
consisting of sequence of layers along thec-axis. Since
we limited our study to the intensity profiles of the (00l)
systematic reflection row, only the charge transfer between
the layers was investigated. Table 1 shows the charge
assignments based on first-principle electronic-structure
calculations by Pickett (1989) and Gupta and Gupta
(1991; 1994). Note, for YBa2Cu3O7, the assigned charge
by the Gupta model for Cu and O varies with their consti-
tuent atom in the plane, while, by the Pickett model,
identical charge was assigned to the same element. For
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Fig. 8. (a) Experimental PARODI pattern of the (001) system row in
YBa2Cu3O7; (b) a line scan of the intensity from (a); (c) calculated intensity
profile with the best fit to the experiment, together with the difference
profile; (d) calculated intensity profile based on the Gupta model; and (e)
calculated intensity profile based on the Pickett model.

Fig. 9. Plot of charge-density distributionr along thec-axis for YBa2Cu3O7, together with the plot of charge transferDr derived from the measurement, and
the Gupta mode using formal valence as a reference.



comparison, the formal valence assigned for the ionic model
of Bi 31, Sr21, Ca21, Y31, Ba21, Cu21, O2 and O22 was also
included in the table. In the calculations, we used atomic
positions that were determined by neutron and X-ray
diffraction (Jorgensen et al., 1990; Gao et al., 1993), and
the scattering amplitudes for X-ray diffraction from the
International Tables of Crystallography (1992) for most
atoms and ions, but for O22 we used values of Rez et al.
(1994). We converted these amplitudes to scattering ampli-
tudes for electrons by the Mott formula.

6.1. YBa2Cu3O7

Fig. 8(a) shows an experimental PARODI pattern of the
00l reciprocal lattice row in a nominal YBa2Cu3O7 sample.
The corresponding line scan is shown in Fig. 8(b), after
subtracting background around the strong beam in the
forward direction. The thickness range was 0–50 nm, with
(003) as the center of the Laue circle. Fig. 8(c) is the calcu-
lated intensity profiles with the best fit to the experiment.
Adjustable experimental parameters were the thickness
range, the incident beam direction, and absorption para-
meters.

We compared the experiments with two charge distribu-
tion models based on first-principle calculations by Pickett
(1989) and Gupta and Gupta (1991), as shown in Fig. 8(d)
and (e), respectively. The calculated intensity profiles for

both models show poor agreement with the experiment (Fig.
8(b)). For instance, the intensity variation at the thickness
range of 40–60 nm in the 000 disk, which is very sensitive
to the charge distribution, does not agree with the experi-
ment. The agreement for the ionic model is even worse.
Through an error analysis procedure, theR value we calcu-
lated for the ionic model was 50.7, and 40.2 and 43.8 for the
Gupta and Pickett model, respectively. We note that the
calculated intensity could be brought within an acceptable
range of the experimentally measured one by extremely
small adjustments to the models’ structure factors of the
low-order reflections, which illustrate great sensitivity of
the electron diffraction to the charge distribution. The values
of the electron structure factors of the 001 and 002 of
YBa2Cu3O72d change drastically, in going from a purely
ionic model to the model based on the electronic structure
calculation. On the other hand, structure factors of reflec-
tions farther out in reciprocal space are only modestly influ-
enced by the valence-electron distribution. However, the
sensitivity of electron diffraction at these low angles is so
high that by making the small changes relative to the model
(Gupta and Gupta, 1991) indicated in Fig. 8(d), the calcu-
lated diffraction patterns approached the experimental ones
with the smallestR value of 16.8. Relative to the Pickett
model (Pickett, 1989), this modification amounts to moving
per unit-cell, 0.3 electrons from the BaO layer to the Y
layer, and 0.05 electrons from the CuO2 layer to the CuO
layer. Based on the best fit, we obtained the 001 and 002
structure factors to the values2 3.4^ 0.9 and 2 4.0^

1.1 Å, respectively. These accuracies in electron diffraction
correspond to accuracies of the X-ray structure factors of 0.1
and 0.4 electron, respectively.

Fig. 9 plots the measured charge densityr for
YBa2Cu3O7, with the horizontal axis as the position of the
(00l) lattice planes for one unit-cell. Note, the shoulder on
intensity peak in the CuO2 plane results from the small
deviation of the Cu and O sites projected on to thec-axis.
The charge-density plot suggests that BaO planes have large
number of total electrons, while the electron densities in the
CuO, CuO2 and Y plane are similar, about 60% of that in the
BaO plane. Fig. 9 also shows the difference charge-density
profiles between the Gupta model and the ionic model, and
that between the measurements and the ionic model. They
represent the charge transferDr , or valence-electron distri-
bution, in the crystal using formal valence as a reference.
Integrating both difference profiles over the unit-cell of
1.168 nm along thec-axis results in a zero net-charge-trans-
fer, suggesting charge neutrality over the dimension of the
unit-cell. The difference profiles indicate that there is an
appreciable discrepancy between the Gupta model and the
measured valence-electron distribution. The charge transfer
in the Y and BaO planes in the Gupta model is quite small,
as expected from the model in which these planes are nearly
fully ionic in character, while our measurements show that
there is significant excess of electrons in the Y and defi-
ciency of electrons in the BaO plane. The relatively large
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Fig. 10. (a) Experimental PARODI pattern of the (001) system row in Bi/
2212; (b) a line scan of the intensity from (a); (c) calculated intensity profile
with the best fit to the experiment, together with the difference profile; (d)
calculated intensity profile based on the Gupta model; and (e) calculated
intensity profile based on the ionic model.



positive value ofDr , especially the measured one, in the
CuO chain planes implies that sufficient electrons are trans-
ferred into the planes. This transfer apparently is mainly
from the CuO2 planes, but may also be from the BaO planes.
For YBa2Cu3O7, Brown (1991) concludes, using bond-
valence considerations on the crystallographic data from
neutron diffraction (Jorgensen et al., 1990) that we used in
this study, that there are 0.3 electron holes per CuO2 unit in
the CuO2 planes. The electronic structure calculations
Pickett (1989) and Gupta and Gupta (1991) suggest 0.24
and 0.28 holes, respectively, and our experimental study
suggests 0.25 electron holes per CuO2 unit.

6.2. Bi2Sr2CaCu2O81d

Fig. 10(a) is an experimental PARODI pattern, showing
the variation of the diffraction intensities with the thickness
for the (00l) reflections in Bi2Sr2CaCu2O81d . The illumi-
nated area covers a thickness range of 0–60 nm (tmax �
60 nm) with the center of the Laue circle at 001. The corre-
sponding line scan of the intensity in Fig. 10(a) is shown in
(b). Fig. 10(c) shows the calculated intensity using 51 beams
with the best fit of the 002 and 004 structure factors withR�
16.9. The agreement for areas with smalltmax usually is
better, because there is a much less dynamical coupling of
the diffracting beams, as we reported previously fort �
0–6 nm (Wu et al., 1999). Note, a small deviation in the
intensity of high-order reflections, such as 0012, in certain

thickness range between the experiment, and the best fit has
insignificant influence on the accuracy of the measurement
of the charge distribution. The calculated intensity (Fig.
10(d)) based on the Gupta model (Gupta and Gupta, 1994)
shows small deviation with the experiment, withR� 39.3.
In contrast, the purely ionic model can be completely ruled
out because its intensity of the 002 reflection is too low,
while that of the 004 is much too high, theR value we
derived reaches 79.6. The best-fit intensity profile to the
experiment, Fig. 10(c), was achieved by a very small adjust-
ment to the intensity profile of the Gupta model, Fig. 10(d),
moving 0.144 electron from the SrO layer to the BiO layer
and 0.056 electron from the SrO layer to the CuO2 layer per
unit-cell. Through quantitative refinement, we concluded
that for Bi2Sr2CaCu2O8 the value of the structure factor of
the 002 and 004 reflection are1 15^ 10 and 2 5 ^ 5 Å,
which after conversion to X-ray structure factors, are
2157.9^ 0.4 and 1.65̂ 0.8 electrons, respectively.

Fig. 11 shows the measured charge distributionr along
the c-axis in Bi/2212 over one unit-cell dimension. The
lattice planes are labeled above the charge density peaks.
We note that there is a high, well-separated electron-density
distribution around the double BiO layers and very low
density in CaO. The density in the CuO2 and SrO layers
are similar, less than half of that in the BiO layers. Below
the charge-density plot are two difference charge-density
profiles, showing the discrepancy in charge transferDr
based on the measurements and the Gupta model, using
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Fig. 11. Charge density distributionr along thec-axis for Bi/2212 together with the charge transferDr determined from the measurement and the Gupta
model, using formal valence as a reference.



the formal valence as a reference. Both the Gupta model and
the experimental observations indicate excess valence elec-
trons associated with the BiO double layer, consistent with
the HREM observations. It is interesting that the highest
charge transfer occurs in the interstitial position, rather
than in the BiO layers, suggesting possible covalent-bond-
ing character of the BiO double layers. Both profiles also
indicate that Ca is nearly completely ionic with negligible
charge transfer, similar to the Y plane in YBa2Cu3O7. There
are some minor differences between the Gupta model and
the experimental observations. TheDr profile from the
measurement implies that the valence distribution in the
CuO2 and SrO planes is near equal, while that from
the Gupta model suggests that there are more electron trans-
ferred into the SrO plane than into the CuO2 plane.

7. Conclusion

We demonstrated that high-energy electron probe is one
of the most sensitive techniques for determining structure
factors and charge distribution at small scattering angles. It
can be used to study extremely small changes in the
valence-electron distribution, even in complex crystals
containing atoms of high atomic numbers with a high
density of core electrons, such as the high-temperature
superconductors. For example, the movement of 0.05 elec-
tron holes per unit-cell of YBa2Cu3O7 between the CuO
chain and the CuO2 plane that corresponds to rearranging
1 out of 5000 electrons in the crystal, changes the 001
structure factor of electron diffraction by 1 A˚ , while we
determine this structure factor with an accuracy of 0.9 A˚ .
Electron diffraction and imaging, especially combined with
electron energy-loss spectroscopy, can be a unique and
powerful tool to reveal electronic structure of materials of
complex systems.
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