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Statistical description of hadron yields 

J. Rafelski and B. Muller, Phys.Rev.Lett.48:1066,1982 

STAR whitepaper, NPA757(2005) 

A. Andronic, P.Braun-Munzinger, J.Stachel, Phys. Lett. B 673 (2009) 142 
A. Andronic, P.Braun-Munzinger, K.Redlich, J.Stachel, Phys. Lett. B 652 (2007) 259; B 678 (2009) 350; arXiv:1002.4441 



mT slope vs mass 
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Nu Xu, QM2008 STAR whitepaper, PRL92(2004) 

Nu Xu’s plot 

Teff = T+1/2mβ2 



Radial flow 

F. Retiere and M. Lisa PRC70; PHENIX PRL88 

STAR PRL92 

Spectral shape depends on PID mass 
Higher mass => larger inverse slope 
More central => larger inverse slope 
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Blast Wave 

E. Schnedermann, J. Sollfrank, U. Heinz, nucl-th/9307020, PRC48 (cited 364) 

F. Retiere, M. Lisa, PRC70 

Assumptions: 
1) Local thermal equilibrium  Boltzmann distribution 
2) Longitudinal and transverse expansions (1+2) 
3) Radial flow profile ρ(r)∝Atanh(βm(r/R)n ), (n=1) 
4) Temperature and <β> are global quantities 
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BGBW: Boltzmann-Gibbs Blast-Wave 



Limitations of THE BlastWave 
STAR PRC71 
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STAR PRL99 

• Strong assumption on local thermal 
equilibrium 

• Arbitrary choice of pT range of the spectra 
(low and high cuts) 

• Flow velocity <β>=0.2 in p+p 
• Lack of non-extensive quantities to 

describe the evolution from p+p to central 
A+A collisions  

• example in chemical fits:  
canonical to grand canonical  ensemble 

• mT spectra in p+p collisions: 
Levy function or mT power-law 

• mT spectra in A+A collisions: 
Boltzmann or mT exponential 

• What function can capture these features? 
 



Does macroscopic hydrodynamic approach fail? 
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• By varying the switching temperature at which the hydrodynamic output is converted  
to particles for further propagation with the Boltzmann cascade we test the ability  
of the macroscopic hydrodynamic approach to emulate the microscopic evolution  
during the hadronic stage and extract the temperature dependence of the effective  
shear viscosity of the hadron resonance gas produced in the collision.  
We find that the extracted values depend on the prior hydrodynamic history and  
hence do not represent fundamental transport properties of the hadron resonance gas.  

• We conclude that viscous fluid dynamics does not provide a faithful description of  
hadron resonance gas dynamics with predictive power, and that both components of  
the hybrid approach are needed for a quantitative description of the fireball expansion  
and its freeze-out.   
---------------------   Song, Bass and Heinz, arXiv: 1012.0565 

1. Hybrid of microscopic cascade + viscous hydrodynamics  
2. Non-equilibrium hydrodynamics  



Viscous Correction in Hydrodynamics 

Zebo Tang, Kun Jiang, Zhangbu Xu 8 

Dusling, Moore, Teaney, PRC 81 (2010) 

Roy Racey et al., 1301.0165 



Tsallis Statistics 
• Nice web based notebooks: Tsallis Statistics, Statistical Mechanics 

for Non-extensive Systems and Long-Range Interactions  
http://www.cscs.umich.edu/~crshalizi/notabene/tsallis.html 

• http://tsallis.cat.cbpf.br/biblio.htm 
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Negative Binomial Distribution: κ=1/(q-1) 
 
Temperature fluctuation: q
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G. Wilk: arXiv: 0810.2939; C. Beck, EPL57(2002)3 

http://www.cscs.umich.edu/~crshalizi/notabene/tsallis.html
http://tsallis.cat.cbpf.br/biblio.htm


It is all about the q-statistics 

• Why is this relevant to us (Heavy-ion physics)? 
– We have dealt with Boltzmann distribution 

But the spectra are clearly non-Boltzmann  
– It is easy to make a change 
– It is easy to compare 
– Change mT exponential to mT power law 
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Tsallis statistics in Blast Wave model 
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Where ρ=Atanh(βm(r/R)n), n=1 ;  any of the three integrals is HypergeometryF1 
β: flow velocity 

With Tsallis distribution, the BlastWave equation is:  



Fit results in Au+Au collisions 
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Au+Au 60—80%:  
<β>=0 
T      = 0.114 +- 0.003 
q      = 1.086 +- 0.002 
chi^2/nDof = 138/ 123 

Au+Au 0—10%: 
<β> = 0.470+- 0.009  
T = 0.122 +- 0.002  
q = 1.018 +- 0.005  
chi^2/nDof = 130 / 125 

STAR PRL97 
STAR PRL99 
STAR PRL98 
STAR PRL92 



How is result different from BGBW? 
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Central Au+Au collisions 
BGBW: underpredict low mass particles at high pt  
              overpredict high mass particles at high pt 

Peripheral Au+Au collisions 
BGBW: underpredict low mass particles at high pt  
              underpredict high mass particles at high pt 



Dissipative energy into flow and heat 
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More thermalized 

1. Decrease of q1, closer to Boltzmann 
2. Increase of radial flow (00.5) 
3. Increase of temperature  
4. T, β∝ (q-1)2, NOT  linear (q-1)  



No flow pattern in J/ψ spectra 
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No sign of flow at SPS either 
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Results in p+p collisioins 
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<β> = 0 
T = 0.097+- 0.010  
q = 1.073 +- 0.005  
chi^2/nDof = 55 / 73 

<β> = 0  
T = 0.0889+- 0.004  
q = 1.100 +- 0.003  
chi^2/nDof = 53 / 66 

STAR PLB615 
STAR PLB637 
STAR PLB612 
STAR PLB616 
STAR PRC72 
STAR PRC75 



How is result different from BGBW? 
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BGBW: underpredicts higher pt yields for all mesons in p+p 
Baryons and mesons are created differently in p+p:  
baryons from gluons and popcorn model? 



Baryon and meson are different classes 
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STAR PRC75 

In p+p collisions, the mT spectra of baryons and mesons are in two groups 
Maybe we should not call p+p system as a whole global system 
However, equilibrated toward more central Au+Au collisions 



Observations from the q-statistics 

• Fit spectra well for all particles 
with pT<~ 3 GeV/c 

• Radial flow increases from 0 to 
0.5c  

• Kinetical freeze-out temperature 
increases from 90 (110) to 130 
MeV 

• q-1 decreases from 0.1 to 0.01 
• T and β depend on (q-1)2 

• p+p collisions are very different, 
split between mesons and 
baryons 

• Tsallis statistics describes the data 
better than Boltzmann-Gibbs statistics 

• Radial flow is zero in p+p and 
peripheral Au+Au collisions 

• Evolution from peripheral to central 
Au+Au collisions:  
hot spots (temperature fluctuation) 
are quenched toward a more uniform 
Boltzmann-like distribution 

• dissipative energy into heat and flow, 
related to bulk viscosity 

• Energy conservation is a built-in 
requirement in any statistical model 
(that is where you get the 
temperature) 
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Extend to high pT 
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 Blast-Wave with Tsallis Statistics 
Z. Tang et al., PRC 79 (2009) 051901 

PHENIX, arXiv:1005.3674 



Fit to p+p Spectra in 200 GeV  

Zhangbu Xu 22 



Beam Energy Dependence (i) 
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Beam Energy Dependence (ii) 
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mT scaling 
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Breaking of mT scaling 
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Conclusions and Outlook 

• Non-equilibrium effects are needed to 
describe the spectra in p+p collisions 

• Non-zero radial flow (breaking of mT scaling) 
is observed at 900GeV and 7TeV p+p collisions 

• Study of d+Au and p+Pb, and high multiplicity 
p+p events are on-going 

Zebo Tang, Kun Jiang, Zhangbu Xu 27 



Data references (p+p) 
• 200 GeV RHIC data (STAR+PHENIX) 
• charged pions, protons and anti-protons(STAR) 

(Phys.Lett.B637:161-169,2006) 
• K0S, lambda, lambdabar, xiMinus, xiPlus(STAR) (Phys. Rev. C 75, 

064901(2007)) 
• piZero(Phenix) (Phys. Rev. D 76, 051106 (2007)) 
• KPlus, KMinus(Phenix) (Phys. Rev. C 74, 024904 (2006)) 

 
• 540 GeV data (UA2, UA1) 
• pion, kaon, proton, charged particles(UA2, 1983) (Banner M, 

Bloch P, Bonaudi F, et al. Inclusive charged particle production at 
the CERN pp collider[J]. Physics Letters B, 1983, 122(3): 322-
328.)  

• kaon, K0S (Alner G J, Alpg?rd K, Anderer P, et al. Kaon 
production in pp reactions at a centre-of-mass energy of 540 
GeV[J]. Nuclear Physics B, 1985, 258: 505-539.)  

• pionZero(pT<=40 GeV/c, 1.0<|eta|<1.8), pionZero(pT<=15 
GeV/c, |eta|<=0.85), eta(3<=pT<=6 GeV/c, |eta|<=0.85) 
(Banner M, Bloch P, Bonaudi F, et al. Inclusive particle 
production in the transverse momentum range between 0.25 
and 40 GeV/c at the CERNSp\ bar pS collider[J]. Zeitschrift f¨¹r 
Physik C Particles and Fields, 1985, 27(3): 329-339.)  

• pionZero(1.5<pT<4.5 GeV/c, <|eta|>=0) (Banner M, Bloch P, 
Bonaudi F, et al. Inclusive< i> ¦Ð</i>< sup> 0</sup> production 
at the CERN p-p? collider[J]. Physics Letters B, 1982, 115(1): 59-
64.)  

• K/pion, pbar/pion (Alexopoulos T, Allen C, Anderson E W, et al. 
Mass-identified particle production in proton-antiproton 
collisions at sqrt [s]= 300, 540, 1000, and 1800 GeV[J]. Physical 
Review D, 1993, 48(3): 984.)  

• charged particles(UA1,1982) (Arnison G, Astbury A, Aubert B, et 
al. Transverse momentum spectra for charged particles at the 
cern proton-antiproton collider[J]. Physics Letters B, 1982, 
118(1): 167-172.) 

• 0.9 TeV pp collisions at LHC data:  
• pionPlus, pionMinus, KPlus, KMinus, proton, pbar(CMS) (Chatrchyan 

S, Khachatryan V, Sirunyan A M, et al. Study of the inclusive 
production of charged pions, kaons, and protons in pp collisions at\ 
sqrt {s}= 0.9, 2.76,\ mbox {and} 7~\ mbox {TeV}[J]. The European 
Physical Journal C, 2012, 72(10): 1-37.)  

• K0S, lambda, Xi(CMS) (Khachatryan V, Sirunyan A M, Tumasyan A, 
et al. Strange particle production in pp collisions at\ sqrt {s}= 0.9 
and 7 TeV[J]. Journal of High Energy Physics, 2011, 2011(5): 1-40.)  

• pionZero(ALiCE) (Abelev B, Abrahantes Quintana A, Adamov¨¢ D, et 
al. Neutral pion and ¦Ç meson production in proton¨Cproton 
collisions at and[J]. Physics Letters B, 2012.)  

• charged particles(CMS) (Charchyan S. Charged particle transverse 
momentum spectra in pp collisions at\ sqrt {s}= 0.9 and 7 TeV[J]. 
2011.) 
 

• 7 TeV pp collisions at LHC data:  
• pionPlus, pionMinus, KPlus, KMinus, proton, pbar(CMS) (Chatrchyan 

S, Khachatryan V, Sirunyan A M, et al. Study of the inclusive 
production of charged pions, kaons, and protons in pp collisions at\ 
sqrt {s}= 0.9, 2.76,\ mbox {and} 7~\ mbox {TeV}[J]. The European 
Physical Journal C, 2012, 72(10): 1-37.)  

• K0S, lambda, Xi(CMS) (Khachatryan V, Sirunyan A M, Tumasyan A, 
et al. Strange particle production in pp collisions at\ sqrt {s}= 0.9 
and 7 TeV[J]. Journal of High Energy Physics, 2011, 2011(5): 1-40.)  

• pionZero, Eta(ALiCE) (Abelev B, Abrahantes Quintana A, Adamov¨¢ 
D, et al. Neutral pion and ¦Ç meson production in proton¨Cproton 
collisions at and[J]. Physics Letters B, 2012.)  

• charged particles(CMS) (Charchyan S. Charged particle transverse 
momentum spectra in pp collisions at\ sqrt {s}= 0.9 and 7 TeV[J]. 
2011.) 
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Does nonextensive contradict coalescence? 

• No, macroscopic vs microscopic 
• Coalescence is non-extensive (T. Biro et al.) 
• In fact, this non-extensive approach may 

provide a foundation for discussing entropy 
issues  (Wilk, Biro, Tsallis, Maroney et al.)  

• Can we describe/predict LHC results? 
• J/Ψ, φ v2 and RAA 
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