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Introduction

Beam energy scan: Explore the QCD phase diagram 

Critical Point ?

Early Universe • Determine phase structure 
• Find or exclude critical point 
• Study QGP properties at  

finite baryon density

To compare heavy-ion 
experiments to fundamental 
theory detailed information 
about the initial conditions 
and the space time 
evolution of the system  
are needed!



Building blocks
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3+1D viscous relativistic fluid dynamics

Realistic fluctuating initial state with 
distributions of all conserved charges

Equation of state at finite baryon density

Microscopic description of hadronic stage

δf corrections at finite baryon density



Initial Conditions



Initial conditions - 3DMC-Glauber
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Introduce a simple extension of the  
Monte Carlo (MC) Glauber model to determine

event-by-event entropy and baryon density in 3 dimensions

Transverse distribution:!
!
Nucleon collisions are determined using their position in the 
transverse plane (sampled from Woods-Saxon distribution) 
and the nucleon-nucleon cross section 
!
We implemented black disk and Gaussian wounding



Initial conditions - 3DMC-Glauber
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Probability for a nucleon with rapidity yP to get rapidity y 
after collision with another nucleon with rapidity yT: 
!

+(Þ, Þ*, Þ/) = �
cosh(Þ� Þ/)
sinh(Þ* � Þ/)

+ (� � �)�(Þ� Þ*)

where we treat λ as a free parameter  
(it is related to the nucleon-nucleon cross section)

Implement an MC version of the Lexus model
S. Jeon and J. Kapusta, PRC56, 468 (1997)

Idea: Nucleon rapidity distributions in heavy ion collisions  
follow via linear extrapolation from p+p collisions 
!
Distribution in p+p collisions is parametrized and fit to data



Initial conditions - 3DMC-Glauber with quarks
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All this can also be done with constituent quark 
!
Constituent quark initial positions in the transverse plane  
are sampled from a 2D exponential distribution around the 
nucleon center 
!
Their rapidities are sampled from nuclear parton distribution 
functions (in this talk we will use CTEQ10 and EPS09) 
!
Their cross sections can be determined geometrically to 
reproduce the nucleon-nucleon cross sections 
!

constituent quarks



Initial conditions - 3DMC-Glauber with quarks

8

Entropy density is then deposited between the collided 
nucleons / constituent quarks using a Gaussian profile in the 
transverse plane and a constant distribution (with Gaussian 
edges) in the (space time) rapidity direction 
! �

Ã = ��.�GeV
�
Ã = ���GeV

energy density (upper) and baryon density (lower) distributions
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Hydrodynamics



Hydrodynamics
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MUSIC with shear and bulk viscosity and all nonlinear terms that 
couple bulk viscous pressure and shear-stress tensor 

Explicitly solve                     and                   along with �ê/ ê� = � �ê�
ê
	 = �

���̇ + � = ��� � ����� + ��ëëê��ê�

�ëë̇�ê�� + ëê� = ���ê� � �ëëëê�� + ��ë�ê
� ë��� � �ëëë�ê

� ���� + �ë���ê�

The transport coefficients  
are fixed using formulas derived  
from the Boltzmann equation near the conformal limit
G. S. Denicol, S. Jeon and C. Gale, Phys. Rev. C 90, 024912 (2014)

��, ���, ��ë, �ë, �ëë, ��, �ëë, �ë�

bulk shear



Viscosities
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In a first calculation we use:  
• constant shear viscosity η/s=0.1 
• bulk viscosity:

S. Ryu, J. -F. Paquet, C. Shen, G.S. Denicol,  
B. Schenke, S. Jeon, C. Gale, e-Print: arXiv:1502.01675 

G. S. Denicol, U. W. Heinz, M. Martinez,  
J. Noronha and M. Strickland,  
Phys. Rev. D 90, 125026 (2014); 
Phys. Rev. Lett. 113, 202301 (2014)

TC is shifted with μB as in the EoS 
(see next part…) 



Equation of state



Constructing the equation of state (EoS)
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Lattice QCDHadron resonance gas

interpolate

connect at TC 
(connecting temperature)

Energy-momentum and NB conservation at freeze out requires: 
!
EoS of hydrodynamics must match that of kinetic theory at 
freeze out 
!
This requires kinetic freeze-out temperature Tkin < TC



Constructing the equation of state (EoS)

14

Taylor Expansion

Cannot deal with complex Fermion determinants on lattice,  
so Taylor expand around zero baryon chemical potential  
!
!
!
because of matter-anti-mater symmetry only even powers appear 
similarly for energy density and entropy density 
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For net-baryon density we have
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Constructing the equation of state (EoS)
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Smooth matching (cross over)

As a first try, we match the HRG and lattice EoS smoothly 
!
!
!
In the future one can introduce a critical point here.

*
/�

=
�
�

�
�� tanh

/� /
(ê	)
Ŝ/


�
*HRG(/)

/�
+
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�
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/� /
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*lat(/Ã)
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*
/�

ê	[�i6] /[�i6]

TC: connecting temperature 
ΔTC: width of overlap area 
Ts: temperature shift 
 /Ã = /+ `[/
(�) � /
(ê	)]



Constructing the equation of state (EoS)
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Smooth matching (cross over)

As a first try, we match the HRG and lattice EoS smoothly 
!
!
!
*
/�

=
�
�

�
�� tanh

/� /
(ê	)
Ŝ/


�
*HRG(/)

/�
+
�
�

�
�+ tanh

/� /
(ê	)
Ŝ/


�
*lat(/Ã)
/�Ã

based on the chemical  
freeze-out line (c=1)
Cleymans et al, PRC73, 034905 (2006)

For the connecting line we use 
c=d=0.4, ΔTC=0.1 TC(0) 

/
(ê	) = �.���GeV � V(�.���ê�	 + �.���ê�	)
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Constructing the equation of state (EoS)
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Smooth matching (cross over)

As a first try, we match the HRG and lattice EoS smoothly 
!
!
!
*
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=
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�
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�� tanh
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*HRG(/)

/�
+
�
�

�
�+ tanh

/� /
(ê	)
Ŝ/


�
*lat(/Ã)
/�Ã

Parameters P0lat and χB(2) are determined from the lattice: 
Borsanyi et al, JHEP1011, 077 (2010) 
Borsanyi et al, JHEP1201, 138 (2012)

χB(4) is obtained from the 
ratio χB(4)/χB(2) in a HRG and 
parton gas model 
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Constructing the equation of state (EoS)
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Taylor expanded lattice EoS is a polynomial in μB, but HRG 
is exponential in μB. 
!
To allow for a smoother matching we parametrize the lattice 
pressure the following way, which reproduces the Taylor 
expansion up to the second order 
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19.6 GeV collision - hydrodynamic evolution
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200 GeV collision - hydrodynamic evolution
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Freeze-out



δf corrections in the presence of net baryons
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Grad’s 14 moment method
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4 10

particle i’s baryon quantum number

�	ê �ê�      and        are determined by the self-consistency 
conditions 
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A. Monnai, T. Hirano, PRC80, 054906 (2009); Nucl. Phys. A847, 283 (2010)

=0
(no baryon diffusion)



δf corrections in the presence of net baryons
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�v � = �v ��(� ± v ��)(L��
	
ê«

ê
� + �ê�«

ê
� «

�
� )

A. Monnai, T. Hirano, PRC80, 054906 (2009); Nucl. Phys. A847, 283 (2010)

After tensor decomposition and one finds

Grad’s 14 moment method

�	ê = ���Õê

�ê� = (	�Ŝê� + 	̃�ÕêÕ�)� + 	ëëê�

where the coefficients are computed in kinetic theory 
!
We parametrize them as functions of T and μB 
Note: Results of net baryon density are very sensitive to accuracy 
of the bulk-δf parametrization



First results: charged hadron distributions

24PHOBOS Collaboration, Phys. Rev. Lett. 91, 052303 (2003); Phys. Rev. C 74, 021901(R) (2006) 
BRAHMS Collaboration, Phys. Rev. Lett. 88, 202301 (2001) 
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First results: net baryon distribution
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BRAHMS Collaboration, Phys. Lett. B677, 267-271 (2009) 
BRAHMS Collaboration, Phys.Rev.Lett. 93 (2004) 102301 

A. Monnai, B. Schenke - in preparation
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Conclusions

• Heavy ion collisions at moderate energies  
require sophisticated modeling 

• Discussed necessary building blocks to develop a  
comprehensive simulation that allows comparison of  
theoretical calculations to experimental data  
(e.g. event-by-event fluctuations of various conserved 
quantities or the energy dependence of directed flow) 

• Equation of state a finite μB  
• Initial state with fluctuations of entropy and baryon density in 3D 
• Precisely parametrized δf corrections at finite μB

Outlook



Outlook

• Lots to do! 
• Study all kinds of observables including flow, net-baryons, 

particle ratios, fluctuations of conserved charges, … 
• Include hydrodynamic fluctuations 
• Modify the EoS to include a critical point - study effect on 

observables 
• Include baryon diffusion 
• Include a microscopic hadronic rescattering stage  
• Include multiple conserved currents (B,Q,I,S) 
• Include the Chiral Magnetic Effect


