
Yi Yin

Critical dynamics and search for QCD 
critical point

RHIC & AGS Annual Users' Meeting, 
BNL, June. 7th, 2016

1 Project Narrative

1.1 Introduction

1.1.1 Physics background: The QCD phase diagram

The study of strongly interacting matter is one of the key missions of the US nuclear physics
program as articulated in the 2007 Long Range Plan. Experiments at RHIC and recently also at
the LHC have revealed several interesting and unexpected properties of the Quark Gluon Plasma
(QGP), most prominently its near perfect fluidity. The QGP created at LHC and top RHIC
energies consists of almost as much antimatter as matter characterized by the nearly vanishing
baryon number chemical potential µ

B

[1]. Lattice calculations [2, 3] show that QCD predicts
that under these condition the transition from the QGP to a hadron gas occurs smoothly as a
function of decreasing temperature, with many thermodynamic properties changing dramatically
but continuously within a narrow temperature range around the transition temperature T

c

=
154 ± 9MeV [4, 5, 3, 6]. This transition is referred to as the crossover region of the phase
diagram of QCD, see Figure 1.
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Figure 1: A sketch illustrating the experimental and the-
oretical exploration of the QCD phase diagram. Although
the matter produced in collisions at the highest ener-
gies and smallest baryon chemical potentials is known to
change from QGP to a hadron gas through a smooth
crossover, lower energy collisions can access higher baryon
chemical potentials where a first order phase transition line
is thought to exist. The reach of the BES-II program com-
ing at RHIC is shown, as are the trajectories on the phase
diagram followed by the cooling droplets of QGP produced
in collisions with varying energy. The present reach of lat-
tice QCD calculations is illustrated by the yellow band.

In contrast, quark-gluon plasma
at large baryon number chemical po-
tential may experience a sharp first
order phase transition as it cools,
with bubbles of quark-gluon plasma
and bubbles of hadrons coexisting at
a well-defined co-existence temper-
ature, similar to bubbles of steam
and liquid water coexisting in a boil-
ing water. This co-existence region
ends in a critical point, where the
baryon number chemical potential is
just large enough to instigate a first
order phase transition. It is not yet
known whether QCD has a critical
point [7, 8, 9, 10, 11], nor where in
its phase diagram it might lie. Model
calculations typically predict the ex-
istence of a critical point, but do not
constrain its location. Model inde-
pendent lattice QCD calculations, on
the other hand, become more dif-
ficult with increasing µ

B

and, thus
do not yet provide definitive answers
about the existence of a Critical
Point. However, new methods intro-
duced within the past decade have provided some hints [8, 10, 12]. While these theoretical
calculations are advancing through both new techniques and advances in computing, at present

1



Beam energy scan and search for the QCD 
critical point
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• A success paradigm for heavy-ion collisions: Lattice E.O.S +hydro.

• New ingredients near critical point: critical statics + critical dynamics.



Critical Fluctuations and Static Universality

• Fluctuations of critical mode     : scale with correlation length        
near a critical point.

• Higher cumulants: stronger dependence on   , universal 
pattern in sign (Stephanov, 2009, 2011)  from static 
universality (the same as 3d Ising model).          

• Static universality is not enough and non-equilibrium effects 
are unavoidable (z=3):



Example: non-equilibrium Skewness

Decreasing beam energy

Equilibrium non-equilibrium

• “Sign puzzle” of skewness: “remembrance of things 
past” (S. Mukherjee,  R. Venugopalan and YY, 1506.00645, 
PRC; 1512.08022, QM proceedings). 

Time evolution of cumulants (memory)

Critical slowing down.
Mukherjee-Venugopalan-Yin
dP

d⌧
= F [P ]

+
dn

d⌧
= L[n,n�1, . . .]

3 4

M. Stephanov (UIC) QCD Phase Diagram and BES BNL 2015 16 / 17

 



• Critical dynamics: enemy or friend?

• Naively, it is our enemy: non-equilibrium effects require detailed 
modeling.  

• Friend: new signatures for the presence of a critical point!

• Reminder of this talk: two examples

• Off-equilibrium universal behavior of critical cumulants (S. 
Mukherjee,  R. Venugopalan and YY,1605.09341).

• Phenomenological consequences of enhanced bulk viscosity 
near the QCD Critical Point  (A. Monnai S. Mukherjee and YY,
1606.00771).



Off-equilibrium universal behavior of 
critical cumulants



New physics hidden in an old paper

• Consider a trajectory passing the critical point first discussed 
in Berdnikov-Rajagopal-1999 and study the evolution of non-
equilibrium correlation length. 



Q:  when do non-equilibrium effects become important?

A: relaxation time becomes longer than the “quench” time.

• Kibble-Zurek time (Kibble, domain growth in early universe,
1976,  Zurek, Superfluid, 1993): an emergent time scale for 
non-equilibrium dynamics. 



• A simple approximation: the evolution is frozen .                               

• Kibble-Zurek dynamics:                  determine the length and 
time scale of the non-equilibrium evolution.                 

• For example:                  and 



• Let us rescale Gaussian cumulants determined from Berdnikov-
Rajagopal model by            . 

• The peak value now looks universal, but time-dependence does 
not.

• A step forward: let us rescale time by         ! 

Scaling with length is not enough



• We illustrated the existence of a scaling function:

• NB: the study of non-equilibrium dynamical scaling is a 
new frontier in critical dynamics. 

(   : non-universal inputs)



• What does Kibble-Zurek scaling imply for search for QCD 
critical point via Beam energy scan program?

• To-do list:

• Formulating and testing scaling hypothesis for non-
Gaussian cumulants (done!).

• Generalizing non-equilibrium scaling for trajectories 
away from the critical point (done!).  

(S. Mukherjee,  R. Venugopalan and YY,1605.09341). 



Demonstration: off-equilibrium 
scaling for kurtosis.



Our vision: “observables sensitive to critical dynamics in heavy-ion 
collisions should be expressible as universal scaling functions, thereby 
providing powerful model independent guidance in searches for the 
QCD critical point” (S. Mukherjee,  R. Venugopalan and YY,1605.09341). 

• Connecting to experimental observables in progress !



Bulk viscous effect near the QCD 
critical point



Hydrodynamics near a critical point
• If QCD critical point is probed by a heavy-ion collision, can we identify 

other signals in addition to fluctuation measures?

• Specifically, how would critical behavior of transport coefficient affect bulk 
evolution and produced particle spectrum.

• In particular, bulk viscosity strongly depends correlation length:                 . 



Bulk viscous effect
• Considering second order viscous hydro. (Israel-Stewart theory) with finite 

baryon density.

• Bulk viscous pressure will grow. The growth of bulk pressure is limited by finite 
time effects (c.f. Song-Heinz, 2009 ).

• The behavior of        near a critical point is unknown in literature. We argue (A. 
Monnai, S. Mukherjee and YY, 1606.00771):

(Navier-Stokes limit)



Hydro. Set-up
• We solved 1+1 (non-boost invariant longitudinal) hydro. with bulk viscous 

term only.

• E.O.S: lattice QCD with Taylor expansion. 

• Initial condition: CGC (energy density) + Valence quark dist. (baryon 
density).

• Implementing critical behavior:

• We compare evolution with and without critical point at fixed beam 
energy (17 GeV).



Growth of bulk viscous pressure

• Tracking evolution along a trajectory with fixed spatial rapidity :
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ical behavior of ⌧
⇧

has not been discussed in literature
before.

To summarize, ⇣ and ⌧
⇧

determines the relaxation of
pressure towards its equilibrium value in long time limit,
and, near a critical point, this relaxation process is gov-
erned by the relaxation of the slowest critical modes. In
particular, for the QCD critical point belonging to the
dynamical universality class of model-H, we, therefore,
have

⇣ ⇠ ⌧
⇧

⇠ ⌧� ⇠ ⇠3 . (6)

With the critical behaviors ⇣ and ⌧
⇧

at hand, we are now
ready to study their influences on hydrodynamic evolu-
tion near the QCD critical point.

III. SET-UP FOR HYDRODYNAMIC
EVOLUTION
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FIG. 1. Dependence of initial energy density, ✏I(⌘) (a), and
initial baryon number density, nI

B(⌘) (b), normalized by their
corresponding values at ⌘ = 0, on the spatial rapidity, ⌘.

In this exploratory study we consider 1+1 dimensional
Israel-Stewart hydrodynamics with longitudinal expan-
sion along the z-direction [28]. The temperature, baryon
density and fluid velocity only depend on the proper time

⌧ =
p
t2 � z2 and spatial rapidity ⌘ = arctan(z/t), and

the fluid velocity is given by uµ = (u⌧ , u⌘, 0, 0).
We numerically solve the 1+1 dimensional non-boost-

invariant viscous hydrodynamic equations, Eqs. (3).
The spatial rapidity dependence of the initial energy
and baryon number densities are obtained by extrapo-
lating color glass models [29–32] to the fixed beam en-
ergy

p
s = 17 GeV, see Fig. 1. The normalizations and

parameters in those models are tuned to roughly imitate
the rapidity distributions of the charged hadrons and the
net baryon number of the most central Pb-Pb collisions
at SPS near mid-rapidity at the corresponding beam en-
ergy. The initial state model used in this study might
not be completely realistic for heavy-ion collisions at the
lower energy. However, they su�ce for this illustrative
study. Since at this beam energy the two incoming nu-
clei take longer to pass through each other, we start the
hydrodynamic evolution at ⌧

th

= 1.5 fm/c. We further
assume u⌘(⌧

th

) = 0 and ⇧(⌧
th

) = 0.
Hydrodynamical equations are closed by providing

an equation-of-state (EoS), p(µB , T ), ✏(µB , T ) and
nB(µB , T ). The EoS is constructed out of the second-
and fourth-order net-baryon number fluctuations com-
puted using lattice QCD [33–35], and by matching onto
that obtained from a hadron resonance gas model at low
temperatures [36, 37]. As our sole focus is on the e↵ects
of the critical enhancement of bulk viscosity, for simplic-
ity, we do not include any critical behavior in the EoS
itself.
For further quantification this critical enhancement, we

consider two cases with the same initial condition. In the
first case, denoted by “no-CP”, we solve (3) by assuming
that the QCD critical regime is far away from the evolu-
tion trajectories in the µB-T plane. In the second case,
denoted by “CP”, the location and width of the criti-
cal region are chosen to make some evolution trajectories
pass through the critical regime.
To study the hydrodynamic evolution near the crit-

ical point we implement critical behaviors of ⇣ and ⌧�
within a chosen critical region. First, we define the QCD
critical region as the area enclosed by equal correlation
length contour ⇠(µB , T ) = ⇠

0

, where ⇠
0

is the value of
the correlation length at the edge of the critical regime
(c.f. Fig. 2). Within this critical region we use

⇣ = ⇣
0

✓
⇠

⇠
0

◆
3

, and ⌧
⇧

= ⌧0
⇧

✓
⇠

⇠
0

◆
3

, (7)

in accordance with Eq. (6). ⇣
0

and ⌧0
⇧

are the bulk viscos-
ity and bulk relaxation time outside the critical region,
respectively. Our choice for the (T, µB)-dependence of
⇣
0

and ⌧0
⇧

are motivated by the holographic model based
results of Refs. [38, 39]

⇣
0

= 2

✓
1

3
� c2s

◆
e+ p

4⇡T
, (8a)

⌧0
⇧

= C
⇧

18� (9 ln 3�p
3⇡)

24⇡T
. (8b)



Suppression of effective pressure 
(softening)

• Effective pressure in the critical regime is reduced.

• Bulk viscous effects influence flow observables. 



Charged particle number distribution

• Evolution with a critical point exhibits sizable 
difference.

• Difference is sensitive to the rapidity 
window.



Baryon number distribution: similar

(Initial condition)



Implications

• Flow observables: complementary and correlated 
to fluctuation measures.

• Enhanced bulk viscous effect effectively  softens 
the pressure. (“anomalous pressure” in data?) 

26

2. Quantum Chromodynamics: The Fundamental Description of the Heart of Visible Matter

The trends and features in BES-I data provide compelling 

motivation for a strong and concerted theoretical 

response, as well as for the experimental measurements 

with higher statistical precision from BES-II. The goal 

of BES-II is to turn trends and features into definitive 

conclusions and new understanding. This theoretical 

research program will require a quantitative framework 

for modeling the salient features of these lower energy 

heavy-ion collisions and will require knitting together 

components from different groups with experience 

in varied techniques, including LQCD, hydrodynamic 

modeling of doped QGP, incorporating critical 

fluctuations in a dynamically evolving medium, and more.

Experimental discovery of a critical point on the QCD 

phase diagram would be a landmark achievement. The 

goals of the BES program also focus on obtaining a 

quantitative understanding of the properties of matter 

in the crossover region of the phase diagram, where it 

is neither QGP nor hadrons nor a mixture of the two, as 

these properties change with doping.

Additional questions that will be addressed in this 

regime include the quantitative study of the onset 

of various signatures of the presence of QGP. For 

example, the chiral symmetry that defines distinct 

left- and right-handed quarks is broken in hadronic 

matter but restored in QGP. One way to access the 

onset of chiral symmetry restoration comes via BES-II 

measurements of electron-positron pair production in 

collisions at and below 20 GeV. Another way to access 

this, while simultaneously seeing quantum properties 

of QGP that are activated by magnetic fields present 

early in heavy collisions, may be provided by the slight 

observed preference for like-sign particles to emerge 

in the same direction with respect to the magnetic field. 

Such an effect was predicted to arise in matter where 

chiral symmetry is restored. Understanding the origin 

of this effect, for example by confirming indications that 

it goes away at the lowest BES-I energies, requires the 

substantially increased statistics of BES-II.

NEW MICROSCOPES ON THE INNER 
WORKINGS OF QGP
To understand the workings of QGP, there is no 

substitute for microscopy. We know that if we had a 

sufficiently powerful microscope that could resolve the 

structure of QGP on length scales, say a thousand times 

smaller than the size of a proton, what we would see 

Figure 2.10: The top panel shows the increased statistics anticipated 
at BES-II; all three lower panels show the anticipated reduction in 
the uncertainty of key measurements. RHIC BES-I results indicate 
nonmonotonic behavior of a number of observables; two are shown in 
the middle panels. The second panel shows a directed flow observable that 
can encode information about a reduction in pressure, as occurs near a 
transition. The third panel shows the fluctuation observable understood 
to be the most sensitive among those measured to date to the fluctuations 
near a critical point. The fourth panel shows, as expected, the measured 
fluctuations growing in magnitude as more particles in each event are 
added into the analysis.

are quarks and gluons interacting only weakly with each 

other. The grand challenge for this field in the decade 

to come is to understand how these quarks and gluons 

conspire to form a nearly perfect liquid.

Microscopy requires suitable messengers that reveal 

what is happening deep within QGP, playing a role 

analogous to light in an ordinary microscope. The 



Summary

• Critical dynamics: one of the least explored regime, many interesting 
questions awaiting us. 


