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Outline
1. Introduction and motivation 

2. Demonstration of multi-particle collectivity with proof of principle 
parton model 

K. Dusling, MM, R. Venugopalan PRL 120, 042002 (2018) [arXiv:
1705.00745], PRD 97, 016014 (2018) [arXiv:1706.06260]  

3. Demonstration of hierarchy of v2 and v3 across small systems in 
CGC EFT at RHIC, and Nch dependence at the LHC 

MM, V. Skokov, P. Tribedy, R. Venugopalan, arXiv:1805.09342 

4. Simple power counting argument for vn multiplicity dependence 
at LHC 

MM, V. Skokov, P. Tribedy, R. Venugopalan, in preparation
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Initial State Flow
At high energy → high density gluon matter described by 
the Color Glass Condensate Effective Field Theory
McLerran, Venugopalan, PRD 49 (1994), Iancu, Venugopalan hep-ph/0303204 

High gluon density in QCD generates 
dynamical saturation scale, Qs

Intuitive picture of CGC: 
Nucleus becomes saturated with high 
occupancy gluons for kT<Qs 
For kT ≫ Qs smooth matching of 
framework to pQCD

~1/Qs

This talk: CGC has “flow” in line with observations

Note: Very strongly correlated system. Dependence on 
coupling drops out

Q2
s ⇠ A1/3s�
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A parton model
Consider eikonal quark scattering off dense nuclear target 
with color domains of size ~1/Qs

Lappi, PLB 744, 315 (2015); Lappi, Schenke, Schlichting, Venugopalan, JHEP 1601 (2016) 061; Dusling, MM, 
Venugopalan PRL 120 (2018), PRD 97 (2018)

4

Work in dilute-dense limit: Qs(target) ≫ Qs(projectile)



A parton model
Consider eikonal quark scattering off dense nuclear target 
with color domains of size ~1/Qs

U(x) = Pexp

⇣
� ig

Z
dz+Aa�

(x, z+) ta
⌘ x

... ... ...

p? ⇠ ⇤QCD

p+ � p�

p? ⇠ Qs

A�

Lappi, PLB 744, 315 (2015); Lappi, Schenke, Schlichting, Venugopalan, JHEP 1601 (2016) 061; Dusling, MM, 
Venugopalan PRL 120 (2018), PRD 97 (2018)

Bjorken, Kogut, Soper, PRD (1971), Dumitru, Jalilian-Marian,PRL 89 (2002)
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Quark coherent multiple scattering off target represented by 
Wilson line phase

Work in dilute-dense limit: Qs(target) ≫ Qs(projectile)



A parton model
Consider eikonal quark scattering off dense nuclear target 
with color domains of size ~1/Qs

U(x) = Pexp

⇣
� ig

Z
dz+Aa�

(x, z+) ta
⌘ x

... ... ...

p? ⇠ ⇤QCD

p+ � p�

p? ⇠ Qs

A�

Lappi, PLB 744, 315 (2015); Lappi, Schenke, Schlichting, Venugopalan, JHEP 1601 (2016) 061; Dusling, MM, 
Venugopalan PRL 120 (2018), PRD 97 (2018)
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Target scattering:  
Dipole operator D(x,y)

Single quark inclusive distribution

Projectile: Wigner function

Bp = 4 GeV�2*Single scale to defines projectile

⌧
dNq

d2p

�
'
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)
⌘�

4from HERA DIS fits

Quark coherent multiple scattering off target represented by 
Wilson line phase

Work in dilute-dense limit: Qs(target) ≫ Qs(projectile)



Generalizing for multiple particle correlations for simple model 
of multi particle correlations

x4
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hD...Di
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A parton model

Introduced novel method to 
compute arbitrary 

Wilson line correlators in MV 
- arXiv:1706.06260



                itself is not well defined. Average over classical 
configurations and over all events using MV model

Generalizing for multiple particle correlations for simple model 
of multi particle correlations

McLerran, Venugopalan, PRD 49, 3352, 2233 (1994)
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A parton model

Introduced novel method to 
compute arbitrary 

Wilson line correlators in MV 
- arXiv:1706.06260



                itself is not well defined. Average over classical 
configurations and over all events using MV model

Generalizing for multiple particle correlations for simple model 
of multi particle correlations

McLerran, Venugopalan, PRD 49, 3352, 2233 (1994)
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A parton model

Introduced novel method to 
compute arbitrary 

Wilson line correlators in MV 
- arXiv:1706.06260



CMS-PAS-HIN-16-022Dusling, MM, Venugopalan PRL 120 (2018)

Multi-particle quark 
correlations

v n
{2

}

Qs2 [GeV2]

Ordering in two particle Fourier harmonics similar to data
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ATLAS EPJC 77 (2017)

c2{4} becomes negative for increasing Qs 

Qs2 [GeV2]

Multi-particle quark 
correlations

Mild dependence on maximum integrated p⟂

c 2
{4

}

c 2
{4

}
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Dusling, MM, Venugopalan PRD 97 (2018)



Dusling, MM, Venugopalan PRL 120 (2018)
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No inverse scaling by number of domains in CGC and data

Multi-particle quark 
correlations
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8



Scale dependence

Scaling with inverse number of domains seen only for large

c 2
{2

}

Two dimensionless scales:          , the number of domains,  
and the ratio of resolution scales,                    .    

Q2
sBp

Q2

s/(p
max

? )2

⇠ (Q2
s)

�0.18

⇠ (Q 2
s )�0.95

Small 

Large 
pmax

?

: probe resolves area less than domain size(pmax

? )2 & Q2

s

: probe coarse graining over multiple domains (pmax

? )2 . Q2

s

Dusling, MM, Venugopalan PRD 97 (2018)
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Symmetric Quark Cumulants
Symmetric cumulants: mixed harmonic cumulants

Dusling, MM, Venugopalan PRD 97 (2018)

SC(n, n0) = hei(n(�1��3)�n0(�2��4))i � hein(�1��3)ihein
0(�2��4)i

Bilandzic et al, PRC 89, no. 6, 064904 (2014) 

SC
(n

,n
’)

n=2,n’=3

n=2, n’=4

SC
(n

,n
’)

Qs2 [GeV2]
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Collectivity from parton model

Dusling, MM, Venugopalan PRL 120 (2018)

For computational reduction, consider Abelian version

collectivity not unique to hydrodynamics

v 2
{m

}

Qs2 [GeV2]

v2{2}

v2{4},v2{6}, 
v2{8},v2{LYZ}

v 2
{m

}
CMS PRL 115 (2015) 012301
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v2{2} � v2{4} ⇡ v2{6} ⇡ v2{8}Clear demonstration that 



Comparison to glasma graphs

Dusling, MM, Venugopalan PRD 97 (2018)

Glasma graph approximation, valid 
only for     adjfklaj, only considers 
single gluon exchange

Gelis, Lappi, McLerran NPA 828 (2009)

Glasma graphs have very 
strong correlations, close to a 
Bose distribution (as in a laser) 

x

x̄

y

ȳ

Dumitru, Gelis, McLerran, Venugopalan, NPA 810 (2008),  
Dusling, Venugopalan PRL 108 (2012), PRD 87 (2013)

p? > Qs

Multiple scattering suppresses higher 
cumulants       c2{2}<0

c 2
{4

}
Qs2 [GeV2]
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The role of glue?

Zeus and H1 - arXiv:1112.2107

Previous discussion only included quarks 
scattering off CGC… 

What about gluons, which are dominant at small x or 
high energies?
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Dilute-dense CGC EFT
Determine initial gluon densities with 
MC-Glauber+IP-Sat (IP-Glasma IC) Color charge densityKowalski, Teaney, Phys.Rev. D68 (2003),  
Schenke, Tribedy, Venugopalan PRL 108 (2012)

Generates negative binomial 
distributions from first principles, 
not an input! 
Schenke, Tribedy, Venugopalan PRC 86 (2012)  
McLerran, Tribedy NPA 945 (2016)

Good agreement found with STAR d
+Au multiplicity distribution

Compute scattering of gluons off 
saturated nuclear target in dilute-
dense CGC 
Kovner, Wiedemann PRD 64 (2001) 
Dumitru, McLerran NPA 700 (2002), 
Blaizot, Gelis, Venugopalan NPA 743 (2004) 
McLerran, Skokov NPA 959 (2017)

MM, Skokov, Tribedy, Venugopalan arXiv:1805.09342 
STAR PRC 79 (2009)
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Hierarchy of anisotropies 
across systems

System size dependence at RHIC captured by CGC initial state 
gluon correlations 

Gluons

15

MM, Skokov, Tribedy, Venugopalan arXiv:1805.09342



Fixed centrality bin ⟼  larger average Nch for larger systems  
⟼  larger average Qs ⟼  more correlations

Hierarchy of anisotropies 
across systems

System size dependence at RHIC captured by CGC initial state 
gluon correlations 

Gluons

15

MM, Skokov, Tribedy, Venugopalan arXiv:1805.09342



Quantifying systematic 
uncertainties

Dilute-dense approximation: high density effects need to be 
quantified

16



Quantifying systematic 
uncertainties

Dilute-dense approximation: high density effects need to be 
quantified

All parameters are fixed, even for p and 3He, by fit to STAR  
d+Au multiplicity distribution. Would be useful to have p/3He
+Au multiplicity distributions
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Quantifying systematic 
uncertainties

c.f. Hen, Miller, Piasetzky, Weinstein  Rev.Mod.Phys. 89 (2017);  
Cruz-Torres, Schmidt, Miller, Weinstein,  Barnea, Weiss, Piasetzky, Hen  arXiv:1710.07966 
Hen, MM, Schmidt, Venugopalan, in progress. 

Dilute-dense approximation: high density effects need to be 
quantified

All parameters are fixed, even for p and 3He, by fit to STAR  
d+Au multiplicity distribution. Would be useful to have p/3He
+Au multiplicity distributions

Nuclear wave function: strong short-range correlations 
(measured at JLab). Exciting prospect; quantify influence on 
high multiplicity events in 3He+Au
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Quantifying systematic 
uncertainties

c.f. Hen, Miller, Piasetzky, Weinstein  Rev.Mod.Phys. 89 (2017);  
Cruz-Torres, Schmidt, Miller, Weinstein,  Barnea, Weiss, Piasetzky, Hen  arXiv:1710.07966 
Hen, MM, Schmidt, Venugopalan, in progress. 

e.g. Schenke, Schlichting, Tribedy, Venugopalan, PRL 117 (2016) no.16, 162301 

Dilute-dense approximation: high density effects need to be 
quantified

All parameters are fixed, even for p and 3He, by fit to STAR  
d+Au multiplicity distribution. Would be useful to have p/3He
+Au multiplicity distributions

Nuclear wave function: strong short-range correlations 
(measured at JLab). Exciting prospect; quantify influence on 
high multiplicity events in 3He+Au

Fragmentation: CGC+ Lund string model phenomenologically 
successful for mass ordering, can be applied here
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Gluon correlations vs RHIC 
data for small systems

MM, Skokov, Tribedy, Venugopalan, arXiv:1805.09342

Key features of system dependence captured by initial state 
gluon correlations

arXiv:1805.02973

17

v3 known to be fluctuation dominated — mismatch on high 
multiplicity tail needs to be better understood

Alver, Roland PRC 81 (2010)



Dilute-dense CGC scaling
In dilute-dense CGC, consider all orders of color charge density ρ in 
target, first order for projectile 
Odd harmonics come about via additional gluon interaction: 
first saturation correction
McLerran, Skokov NPA 959 (2017), Kovchegov, Skokov PRD 97 (2018)

dNodd(k?)

d2kdy
⇠

Z
⌦3 ⇠ #⇢3
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<latexit sha1_base64="ONtsdTSf4vDqR0xZCdUAkelj/bA=">AAACF3icbVDLSsNAFJ34rPUVdSVuBovgqiRF0GXRjSupYB/QxDCZTJqhk0mYmRRKCH6HH+BWP8GduHXpF/gbTtssbOuBC4dz7uXee/yUUaks69tYWV1b39isbFW3d3b39s2Dw45MMoFJGycsET0fScIoJ21FFSO9VBAU+4x0/eHNxO+OiJA04Q9qnBI3RgNOQ4qR0pJnHo+8vMELJ284BXQkjeGdl+OoeLQ8s2bVrSngMrFLUgMlWp754wQJzmLCFWZIyr5tpcrNkVAUM1JUnUySFOEhGpC+phzFRLr59IUCnmklgGEidHEFp+rfiRzFUo5jX3fGSEVy0ZuI/3n9TIVXbk55minC8WxRmDGoEjjJAwZUEKzYWBOEBdW3QhwhgbDSqc1tkfqpiARFVSdjL+awTDqNum3V7fuLWvO6zKgCTsApOAc2uARNcAtaoA0weAIv4BW8Gc/Gu/FhfM5aV4xy5gjMwfj6BRDhn7A=</latexit><latexit sha1_base64="ONtsdTSf4vDqR0xZCdUAkelj/bA=">AAACF3icbVDLSsNAFJ34rPUVdSVuBovgqiRF0GXRjSupYB/QxDCZTJqhk0mYmRRKCH6HH+BWP8GduHXpF/gbTtssbOuBC4dz7uXee/yUUaks69tYWV1b39isbFW3d3b39s2Dw45MMoFJGycsET0fScIoJ21FFSO9VBAU+4x0/eHNxO+OiJA04Q9qnBI3RgNOQ4qR0pJnHo+8vMELJ284BXQkjeGdl+OoeLQ8s2bVrSngMrFLUgMlWp754wQJzmLCFWZIyr5tpcrNkVAUM1JUnUySFOEhGpC+phzFRLr59IUCnmklgGEidHEFp+rfiRzFUo5jX3fGSEVy0ZuI/3n9TIVXbk55minC8WxRmDGoEjjJAwZUEKzYWBOEBdW3QhwhgbDSqc1tkfqpiARFVSdjL+awTDqNum3V7fuLWvO6zKgCTsApOAc2uARNcAtaoA0weAIv4BW8Gc/Gu/FhfM5aV4xy5gjMwfj6BRDhn7A=</latexit><latexit sha1_base64="ONtsdTSf4vDqR0xZCdUAkelj/bA=">AAACF3icbVDLSsNAFJ34rPUVdSVuBovgqiRF0GXRjSupYB/QxDCZTJqhk0mYmRRKCH6HH+BWP8GduHXpF/gbTtssbOuBC4dz7uXee/yUUaks69tYWV1b39isbFW3d3b39s2Dw45MMoFJGycsET0fScIoJ21FFSO9VBAU+4x0/eHNxO+OiJA04Q9qnBI3RgNOQ4qR0pJnHo+8vMELJ284BXQkjeGdl+OoeLQ8s2bVrSngMrFLUgMlWp754wQJzmLCFWZIyr5tpcrNkVAUM1JUnUySFOEhGpC+phzFRLr59IUCnmklgGEidHEFp+rfiRzFUo5jX3fGSEVy0ZuI/3n9TIVXbk55minC8WxRmDGoEjjJAwZUEKzYWBOEBdW3QhwhgbDSqc1tkfqpiARFVSdjL+awTDqNum3V7fuLWvO6zKgCTsApOAc2uARNcAtaoA0weAIv4BW8Gc/Gu/FhfM5aV4xy5gjMwfj6BRDhn7A=</latexit><latexit sha1_base64="ONtsdTSf4vDqR0xZCdUAkelj/bA=">AAACF3icbVDLSsNAFJ34rPUVdSVuBovgqiRF0GXRjSupYB/QxDCZTJqhk0mYmRRKCH6HH+BWP8GduHXpF/gbTtssbOuBC4dz7uXee/yUUaks69tYWV1b39isbFW3d3b39s2Dw45MMoFJGycsET0fScIoJ21FFSO9VBAU+4x0/eHNxO+OiJA04Q9qnBI3RgNOQ4qR0pJnHo+8vMELJ284BXQkjeGdl+OoeLQ8s2bVrSngMrFLUgMlWp754wQJzmLCFWZIyr5tpcrNkVAUM1JUnUySFOEhGpC+phzFRLr59IUCnmklgGEidHEFp+rfiRzFUo5jX3fGSEVy0ZuI/3n9TIVXbk55minC8WxRmDGoEjjJAwZUEKzYWBOEBdW3QhwhgbDSqc1tkfqpiARFVSdjL+awTDqNum3V7fuLWvO6zKgCTsApOAc2uARNcAtaoA0weAIv4BW8Gc/Gu/FhfM5aV4xy5gjMwfj6BRDhn7A=</latexit>

v2n+1{2} ⇠ N1/2
ch

<latexit sha1_base64="FkiPCVSzjduWy8iFHzajNtQkncs=">AAACHXicbVDLSsNAFJ3UV62vqksXDhZBEGomCLosunElFewDmhomk2k7dDIJM5NCCVn6HX6AW/0Ed+JW/AJ/w2mbha0euHA4517uvcePOVPatr+swtLyyupacb20sbm1vVPe3WuqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9eT/zWiErFInGvxzHthrgvWI8RrI3klQ9HXuqIU5S5qeNm0FUshLdeSgbZQ4rOnMwrV+yqPQX8S1BOKiBH3St/u0FEkpAKTThWqoPsWHdTLDUjnGYlN1E0xmSI+7RjqMAhVd10+kgGj40SwF4kTQkNp+rviRSHSo1D33SGWA/UojcR//M6ie5ddlMm4kRTQWaLegmHOoKTVGDAJCWajw3BRDJzKyQDLDHRJru5Lco8NaBBVjLJoMUc/pKmU0V2Fd2dV2pXeUZFcACOwAlA4ALUwA2ogwYg4BE8gxfwaj1Zb9a79TFrLVj5zD6Yg/X5A+BkoaI=</latexit><latexit sha1_base64="FkiPCVSzjduWy8iFHzajNtQkncs=">AAACHXicbVDLSsNAFJ3UV62vqksXDhZBEGomCLosunElFewDmhomk2k7dDIJM5NCCVn6HX6AW/0Ed+JW/AJ/w2mbha0euHA4517uvcePOVPatr+swtLyyupacb20sbm1vVPe3WuqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9eT/zWiErFInGvxzHthrgvWI8RrI3klQ9HXuqIU5S5qeNm0FUshLdeSgbZQ4rOnMwrV+yqPQX8S1BOKiBH3St/u0FEkpAKTThWqoPsWHdTLDUjnGYlN1E0xmSI+7RjqMAhVd10+kgGj40SwF4kTQkNp+rviRSHSo1D33SGWA/UojcR//M6ie5ddlMm4kRTQWaLegmHOoKTVGDAJCWajw3BRDJzKyQDLDHRJru5Lco8NaBBVjLJoMUc/pKmU0V2Fd2dV2pXeUZFcACOwAlA4ALUwA2ogwYg4BE8gxfwaj1Zb9a79TFrLVj5zD6Yg/X5A+BkoaI=</latexit><latexit sha1_base64="FkiPCVSzjduWy8iFHzajNtQkncs=">AAACHXicbVDLSsNAFJ3UV62vqksXDhZBEGomCLosunElFewDmhomk2k7dDIJM5NCCVn6HX6AW/0Ed+JW/AJ/w2mbha0euHA4517uvcePOVPatr+swtLyyupacb20sbm1vVPe3WuqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9eT/zWiErFInGvxzHthrgvWI8RrI3klQ9HXuqIU5S5qeNm0FUshLdeSgbZQ4rOnMwrV+yqPQX8S1BOKiBH3St/u0FEkpAKTThWqoPsWHdTLDUjnGYlN1E0xmSI+7RjqMAhVd10+kgGj40SwF4kTQkNp+rviRSHSo1D33SGWA/UojcR//M6ie5ddlMm4kRTQWaLegmHOoKTVGDAJCWajw3BRDJzKyQDLDHRJru5Lco8NaBBVjLJoMUc/pKmU0V2Fd2dV2pXeUZFcACOwAlA4ALUwA2ogwYg4BE8gxfwaj1Zb9a79TFrLVj5zD6Yg/X5A+BkoaI=</latexit><latexit sha1_base64="FkiPCVSzjduWy8iFHzajNtQkncs=">AAACHXicbVDLSsNAFJ3UV62vqksXDhZBEGomCLosunElFewDmhomk2k7dDIJM5NCCVn6HX6AW/0Ed+JW/AJ/w2mbha0euHA4517uvcePOVPatr+swtLyyupacb20sbm1vVPe3WuqKJGENkjEI9n2saKcCdrQTHPajiXFoc9pyx9eT/zWiErFInGvxzHthrgvWI8RrI3klQ9HXuqIU5S5qeNm0FUshLdeSgbZQ4rOnMwrV+yqPQX8S1BOKiBH3St/u0FEkpAKTThWqoPsWHdTLDUjnGYlN1E0xmSI+7RjqMAhVd10+kgGj40SwF4kTQkNp+rviRSHSo1D33SGWA/UojcR//M6ie5ddlMm4kRTQWaLegmHOoKTVGDAJCWajw3BRDJzKyQDLDHRJru5Lco8NaBBVjLJoMUc/pKmU0V2Fd2dV2pXeUZFcACOwAlA4ALUwA2ogwYg4BE8gxfwaj1Zb9a79TFrLVj5zD6Yg/X5A+BkoaI=</latexit>

Multiplicity driven by ρp, so dilute-dense CGC scaling is then

,
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MM, Skokov, Tribedy, Venugopalan, in preparation

Fixing proportionality coefficient at a single multiplicity for each vn

Dilute-dense CGC scaling

High projectile density effects probably responsible for large Nch deviation

Scaling from fluctuations, may then explain some of peripheral A+A signal
Basar, Teaney PRC 90 (2014)



Conclusions

Full dilute-dense CGC framework able to describe system size 
hierarchy of v2 and v3 at RHIC — systematic uncertainties need 
to be quantified further

Multiparticle collectivity demonstrated through purely initial 
state correlations with simple proof of principle parton model

MM, Skokov, Tribedy, Venugopalan, arXiv:1805.09342

Dusling, MM, Venugopalan PRL 120, 042002 (2018), PRD 97, 016014 (2018)

Can compute vn{m} in framework and compare to data, 
such comparison also important to do in hydrodynamical 
models for definitive conclusions

To distinguish between hydro and initial state explanation, 
important to have p/3He+Au multiplicity distributions and 
anisotropies in different event classes

CGC can explain multiplicity of vndependence at LHC
MM, Skokov, Tribedy, Venugopalan, in preparation



Thanks!
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