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Science News
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Building block - Nucleon 

Parton model
• Based on “quasi-free” partons that are 

frozen in the Infinite momentum frame.  

One conceptual question arises:
• One set of incoherent partons

corresponds to a non-zero 
von Neumann entropy S ≠ 0

• Proton is a pure quantum 
mechanical state, its 
entropy is zero S = 0

How to understand?
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Color confinement
• Partons are not just correlated, they 

cannot exist as free particles in nature



Entanglement 
Entanglement is the natural “picture” in addressing this conceptual question
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Entanglement 
Entanglement is the natural “picture” in addressing this conceptual question

1. Definition:
| i

<latexit sha1_base64="MWUhLMLS+F54APXEaor5JEJOSPg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIYE9S8OKxgm2FppTNdtIu3XywOxFCrH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xMpNDrOt1VaW9/Y3CpvV3Z29/YP7MOjjo5TxaHNYxmre59pkCKCNgqUcJ8oYKEvoetPrmd+9wGUFnF0h1kC/ZCNIhEIztBIA7vqSQiQPnotLTwlRmOkVwO75tSdOegqcQtSIwVaA/vLG8Y8DSFCLpnWPddJsJ8zhYJLmFa8VEPC+ISNoGdoxELQ/Xx+/JSeGmVIg1iZipDO1d8TOQu1zkLfdIYMx3rZm4n/eb0Ug0Y/F1GSIkR8sShIJcWYzpKgQ6GAo8wMYVwJcyvlY6YYR5NXxYTgLr+8Sjrnddepu7cXtWajiKNMjskJOSMuuSRNckNapE04ycgzeSVv1pP1Yr1bH4vWklXMVMkfWJ8/IVaUYg==</latexit><latexit sha1_base64="MWUhLMLS+F54APXEaor5JEJOSPg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIYE9S8OKxgm2FppTNdtIu3XywOxFCrH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xMpNDrOt1VaW9/Y3CpvV3Z29/YP7MOjjo5TxaHNYxmre59pkCKCNgqUcJ8oYKEvoetPrmd+9wGUFnF0h1kC/ZCNIhEIztBIA7vqSQiQPnotLTwlRmOkVwO75tSdOegqcQtSIwVaA/vLG8Y8DSFCLpnWPddJsJ8zhYJLmFa8VEPC+ISNoGdoxELQ/Xx+/JSeGmVIg1iZipDO1d8TOQu1zkLfdIYMx3rZm4n/eb0Ug0Y/F1GSIkR8sShIJcWYzpKgQ6GAo8wMYVwJcyvlY6YYR5NXxYTgLr+8Sjrnddepu7cXtWajiKNMjskJOSMuuSRNckNapE04ycgzeSVv1pP1Yr1bH4vWklXMVMkfWJ8/IVaUYg==</latexit><latexit sha1_base64="MWUhLMLS+F54APXEaor5JEJOSPg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIYE9S8OKxgm2FppTNdtIu3XywOxFCrH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xMpNDrOt1VaW9/Y3CpvV3Z29/YP7MOjjo5TxaHNYxmre59pkCKCNgqUcJ8oYKEvoetPrmd+9wGUFnF0h1kC/ZCNIhEIztBIA7vqSQiQPnotLTwlRmOkVwO75tSdOegqcQtSIwVaA/vLG8Y8DSFCLpnWPddJsJ8zhYJLmFa8VEPC+ISNoGdoxELQ/Xx+/JSeGmVIg1iZipDO1d8TOQu1zkLfdIYMx3rZm4n/eb0Ug0Y/F1GSIkR8sShIJcWYzpKgQ6GAo8wMYVwJcyvlY6YYR5NXxYTgLr+8Sjrnddepu7cXtWajiKNMjskJOSMuuSRNckNapE04ycgzeSVv1pP1Yr1bH4vWklXMVMkfWJ8/IVaUYg==</latexit><latexit sha1_base64="MWUhLMLS+F54APXEaor5JEJOSPg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIYE9S8OKxgm2FppTNdtIu3XywOxFCrH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xMpNDrOt1VaW9/Y3CpvV3Z29/YP7MOjjo5TxaHNYxmre59pkCKCNgqUcJ8oYKEvoetPrmd+9wGUFnF0h1kC/ZCNIhEIztBIA7vqSQiQPnotLTwlRmOkVwO75tSdOegqcQtSIwVaA/vLG8Y8DSFCLpnWPddJsJ8zhYJLmFa8VEPC+ISNoGdoxELQ/Xx+/JSeGmVIg1iZipDO1d8TOQu1zkLfdIYMx3rZm4n/eb0Ug0Y/F1GSIkR8sShIJcWYzpKgQ6GAo8wMYVwJcyvlY6YYR5NXxYTgLr+8Sjrnddepu7cXtWajiKNMjskJOSMuuSRNckNapE04ycgzeSVv1pP1Yr1bH4vWklXMVMkfWJ8/IVaUYg==</latexit>

is a pure quantum state, density matrix is therefore ⇢tot = | i h |
<latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit><latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit><latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit><latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit>

Entanglement Entropy (EE) is defined:

SA = �Tr⇢A ln ⇢A
<latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit><latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit><latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit><latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit>

, where                                  , A and B are two complementary parts of⇢A ⌘ TrB(⇢tot)
<latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit><latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit><latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit><latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit>

| i
<latexit sha1_base64="MWUhLMLS+F54APXEaor5JEJOSPg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIYE9S8OKxgm2FppTNdtIu3XywOxFCrH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xMpNDrOt1VaW9/Y3CpvV3Z29/YP7MOjjo5TxaHNYxmre59pkCKCNgqUcJ8oYKEvoetPrmd+9wGUFnF0h1kC/ZCNIhEIztBIA7vqSQiQPnotLTwlRmOkVwO75tSdOegqcQtSIwVaA/vLG8Y8DSFCLpnWPddJsJ8zhYJLmFa8VEPC+ISNoGdoxELQ/Xx+/JSeGmVIg1iZipDO1d8TOQu1zkLfdIYMx3rZm4n/eb0Ug0Y/F1GSIkR8sShIJcWYzpKgQ6GAo8wMYVwJcyvlY6YYR5NXxYTgLr+8Sjrnddepu7cXtWajiKNMjskJOSMuuSRNckNapE04ycgzeSVv1pP1Yr1bH4vWklXMVMkfWJ8/IVaUYg==</latexit><latexit sha1_base64="MWUhLMLS+F54APXEaor5JEJOSPg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIYE9S8OKxgm2FppTNdtIu3XywOxFCrH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xMpNDrOt1VaW9/Y3CpvV3Z29/YP7MOjjo5TxaHNYxmre59pkCKCNgqUcJ8oYKEvoetPrmd+9wGUFnF0h1kC/ZCNIhEIztBIA7vqSQiQPnotLTwlRmOkVwO75tSdOegqcQtSIwVaA/vLG8Y8DSFCLpnWPddJsJ8zhYJLmFa8VEPC+ISNoGdoxELQ/Xx+/JSeGmVIg1iZipDO1d8TOQu1zkLfdIYMx3rZm4n/eb0Ug0Y/F1GSIkR8sShIJcWYzpKgQ6GAo8wMYVwJcyvlY6YYR5NXxYTgLr+8Sjrnddepu7cXtWajiKNMjskJOSMuuSRNckNapE04ycgzeSVv1pP1Yr1bH4vWklXMVMkfWJ8/IVaUYg==</latexit><latexit sha1_base64="MWUhLMLS+F54APXEaor5JEJOSPg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIYE9S8OKxgm2FppTNdtIu3XywOxFCrH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xMpNDrOt1VaW9/Y3CpvV3Z29/YP7MOjjo5TxaHNYxmre59pkCKCNgqUcJ8oYKEvoetPrmd+9wGUFnF0h1kC/ZCNIhEIztBIA7vqSQiQPnotLTwlRmOkVwO75tSdOegqcQtSIwVaA/vLG8Y8DSFCLpnWPddJsJ8zhYJLmFa8VEPC+ISNoGdoxELQ/Xx+/JSeGmVIg1iZipDO1d8TOQu1zkLfdIYMx3rZm4n/eb0Ug0Y/F1GSIkR8sShIJcWYzpKgQ6GAo8wMYVwJcyvlY6YYR5NXxYTgLr+8Sjrnddepu7cXtWajiKNMjskJOSMuuSRNckNapE04ycgzeSVv1pP1Yr1bH4vWklXMVMkfWJ8/IVaUYg==</latexit><latexit sha1_base64="MWUhLMLS+F54APXEaor5JEJOSPg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIYE9S8OKxgm2FppTNdtIu3XywOxFCrH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xMpNDrOt1VaW9/Y3CpvV3Z29/YP7MOjjo5TxaHNYxmre59pkCKCNgqUcJ8oYKEvoetPrmd+9wGUFnF0h1kC/ZCNIhEIztBIA7vqSQiQPnotLTwlRmOkVwO75tSdOegqcQtSIwVaA/vLG8Y8DSFCLpnWPddJsJ8zhYJLmFa8VEPC+ISNoGdoxELQ/Xx+/JSeGmVIg1iZipDO1d8TOQu1zkLfdIYMx3rZm4n/eb0Ug0Y/F1GSIkR8sShIJcWYzpKgQ6GAo8wMYVwJcyvlY6YYR5NXxYTgLr+8Sjrnddepu7cXtWajiKNMjskJOSMuuSRNckNapE04ycgzeSVv1pP1Yr1bH4vWklXMVMkfWJ8/IVaUYg==</latexit>

AA
B

pure quantum state
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Entanglement 

1. Definition:
| i

<latexit sha1_base64="MWUhLMLS+F54APXEaor5JEJOSPg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIYE9S8OKxgm2FppTNdtIu3XywOxFCrH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xMpNDrOt1VaW9/Y3CpvV3Z29/YP7MOjjo5TxaHNYxmre59pkCKCNgqUcJ8oYKEvoetPrmd+9wGUFnF0h1kC/ZCNIhEIztBIA7vqSQiQPnotLTwlRmOkVwO75tSdOegqcQtSIwVaA/vLG8Y8DSFCLpnWPddJsJ8zhYJLmFa8VEPC+ISNoGdoxELQ/Xx+/JSeGmVIg1iZipDO1d8TOQu1zkLfdIYMx3rZm4n/eb0Ug0Y/F1GSIkR8sShIJcWYzpKgQ6GAo8wMYVwJcyvlY6YYR5NXxYTgLr+8Sjrnddepu7cXtWajiKNMjskJOSMuuSRNckNapE04ycgzeSVv1pP1Yr1bH4vWklXMVMkfWJ8/IVaUYg==</latexit><latexit sha1_base64="MWUhLMLS+F54APXEaor5JEJOSPg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIYE9S8OKxgm2FppTNdtIu3XywOxFCrH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xMpNDrOt1VaW9/Y3CpvV3Z29/YP7MOjjo5TxaHNYxmre59pkCKCNgqUcJ8oYKEvoetPrmd+9wGUFnF0h1kC/ZCNIhEIztBIA7vqSQiQPnotLTwlRmOkVwO75tSdOegqcQtSIwVaA/vLG8Y8DSFCLpnWPddJsJ8zhYJLmFa8VEPC+ISNoGdoxELQ/Xx+/JSeGmVIg1iZipDO1d8TOQu1zkLfdIYMx3rZm4n/eb0Ug0Y/F1GSIkR8sShIJcWYzpKgQ6GAo8wMYVwJcyvlY6YYR5NXxYTgLr+8Sjrnddepu7cXtWajiKNMjskJOSMuuSRNckNapE04ycgzeSVv1pP1Yr1bH4vWklXMVMkfWJ8/IVaUYg==</latexit><latexit sha1_base64="MWUhLMLS+F54APXEaor5JEJOSPg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIYE9S8OKxgm2FppTNdtIu3XywOxFCrH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xMpNDrOt1VaW9/Y3CpvV3Z29/YP7MOjjo5TxaHNYxmre59pkCKCNgqUcJ8oYKEvoetPrmd+9wGUFnF0h1kC/ZCNIhEIztBIA7vqSQiQPnotLTwlRmOkVwO75tSdOegqcQtSIwVaA/vLG8Y8DSFCLpnWPddJsJ8zhYJLmFa8VEPC+ISNoGdoxELQ/Xx+/JSeGmVIg1iZipDO1d8TOQu1zkLfdIYMx3rZm4n/eb0Ug0Y/F1GSIkR8sShIJcWYzpKgQ6GAo8wMYVwJcyvlY6YYR5NXxYTgLr+8Sjrnddepu7cXtWajiKNMjskJOSMuuSRNckNapE04ycgzeSVv1pP1Yr1bH4vWklXMVMkfWJ8/IVaUYg==</latexit><latexit sha1_base64="MWUhLMLS+F54APXEaor5JEJOSPg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIYE9S8OKxgm2FppTNdtIu3XywOxFCrH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xMpNDrOt1VaW9/Y3CpvV3Z29/YP7MOjjo5TxaHNYxmre59pkCKCNgqUcJ8oYKEvoetPrmd+9wGUFnF0h1kC/ZCNIhEIztBIA7vqSQiQPnotLTwlRmOkVwO75tSdOegqcQtSIwVaA/vLG8Y8DSFCLpnWPddJsJ8zhYJLmFa8VEPC+ISNoGdoxELQ/Xx+/JSeGmVIg1iZipDO1d8TOQu1zkLfdIYMx3rZm4n/eb0Ug0Y/F1GSIkR8sShIJcWYzpKgQ6GAo8wMYVwJcyvlY6YYR5NXxYTgLr+8Sjrnddepu7cXtWajiKNMjskJOSMuuSRNckNapE04ycgzeSVv1pP1Yr1bH4vWklXMVMkfWJ8/IVaUYg==</latexit>

is a pure quantum state, density matrix is therefore ⇢tot = | i h |
<latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit><latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit><latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit><latexit sha1_base64="U2VGnBKvb8COgTJW+2TQHTSH0hU=">AAACH3icbZDLSsNAFIYn9VbrrerSzWARXJVERLtQKbhxWcFeoAllMp20QyeZMHMilLRv4sZXceNCEXHXt3HaRtDWHwZ+vnMOZ87vx4JrsO2JlVtZXVvfyG8WtrZ3dveK+wcNLRNFWZ1KIVXLJ5oJHrE6cBCsFStGQl+wpj+4ndabj0xpLqMHGMbMC0kv4gGnBAzqFC9c1ZedFCSMr13BAsAj7NY0x67ivT7gmzm8msHRDy13iiW7bM+El42TmRLKVOsUv9yupEnIIqCCaN127Bi8lCjgVLBxwU00iwkdkB5rGxuRkGkvnd03xieGdHEglXkR4Bn9PZGSUOth6JvOkEBfL9am8L9aO4Gg4qU8ihNgEZ0vChKBQeJpWLjLFaMghsYQqrj5K6Z9oggFE2nBhOAsnrxsGmdlxy479+elaiWLI4+O0DE6RQ66RFV0h2qojih6Qi/oDb1bz9ar9WF9zltzVjZziP7ImnwDnzWh/w==</latexit>

Entanglement Entropy (EE) is defined:

SA = �Tr⇢A ln ⇢A
<latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit><latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit><latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit><latexit sha1_base64="G+acIoS/zAaO9kwHknAv9QC+C50=">AAACDnicbZDLSsNAFIYn9VbrLerSTbAU3FgSEexGqLhxWbE3aEKYTCft0MlMmJkIJeQJ3Pgqblwo4ta1O9/GSRtEW38Y+PjPOZw5fxBTIpVtfxmlldW19Y3yZmVre2d3z9w/6EqeCIQ7iFMu+gGUmBKGO4ooivuxwDAKKO4Fk+u83rvHQhLO2moaYy+CI0ZCgqDSlm/W7vz0Krs8dUWUtkWWumLMc8el7IezzDerdt2eyVoGp4AqKNTyzU93yFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzQyGGHppbNzMqumnaEVcqEfU9bM/T2RwkjKaRTozgiqsVys5eZ/tUGiwoaXEhYnCjM0XxQm1FLcyrOxhkRgpOhUA0SC6L9aaAwFREonWNEhOIsnL0P3rO7Ydef2vNpsFHGUwRE4BifAARegCW5AC3QAAg/gCbyAV+PReDbejPd5a8koZg7BHxkf34J5nQE=</latexit>

, where                                  , A and B are two complementary parts of⇢A ⌘ TrB(⇢tot)
<latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit><latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit><latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit><latexit sha1_base64="3CiFN28ZR7LnHv1a5PdHIG3s75U=">AAACD3icbVBNS8NAEN34WetX1KOXYFHqpSQi2GPVi8cK/YImhM120y7dZOPupFBC/oEX/4oXD4p49erNf2PS5qCtDwYe780wM8+LOFNgmt/ayura+sZmaau8vbO7t68fHHaUiCWhbSK4kD0PK8pZSNvAgNNeJCkOPE673vg297sTKhUTYQumEXUCPAyZzwiGTHL1M1uOhJtcpzZ9iNnElkHSkqmb3KTVuQMC0vOyq1fMmjmDsUysglRQgaarf9kDQeKAhkA4VqpvmRE4CZbACKdp2Y4VjTAZ4yHtZzTEAVVOMvsnNU4zZWD4QmYVgjFTf08kOFBqGnhZZ4BhpBa9XPzP68fg152EhVEMNCTzRX7MDRBGHo4xYJIS4NOMYCJZdqtBRlhiAlmEeQjW4svLpHNRs8yadX9ZadSLOEroGJ2gKrLQFWqgO9REbUTQI3pGr+hNe9JetHftY966ohUzR+gPtM8f4uadIA==</latexit>

| i
<latexit sha1_base64="MWUhLMLS+F54APXEaor5JEJOSPg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIYE9S8OKxgm2FppTNdtIu3XywOxFCrH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xMpNDrOt1VaW9/Y3CpvV3Z29/YP7MOjjo5TxaHNYxmre59pkCKCNgqUcJ8oYKEvoetPrmd+9wGUFnF0h1kC/ZCNIhEIztBIA7vqSQiQPnotLTwlRmOkVwO75tSdOegqcQtSIwVaA/vLG8Y8DSFCLpnWPddJsJ8zhYJLmFa8VEPC+ISNoGdoxELQ/Xx+/JSeGmVIg1iZipDO1d8TOQu1zkLfdIYMx3rZm4n/eb0Ug0Y/F1GSIkR8sShIJcWYzpKgQ6GAo8wMYVwJcyvlY6YYR5NXxYTgLr+8Sjrnddepu7cXtWajiKNMjskJOSMuuSRNckNapE04ycgzeSVv1pP1Yr1bH4vWklXMVMkfWJ8/IVaUYg==</latexit><latexit sha1_base64="MWUhLMLS+F54APXEaor5JEJOSPg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIYE9S8OKxgm2FppTNdtIu3XywOxFCrH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xMpNDrOt1VaW9/Y3CpvV3Z29/YP7MOjjo5TxaHNYxmre59pkCKCNgqUcJ8oYKEvoetPrmd+9wGUFnF0h1kC/ZCNIhEIztBIA7vqSQiQPnotLTwlRmOkVwO75tSdOegqcQtSIwVaA/vLG8Y8DSFCLpnWPddJsJ8zhYJLmFa8VEPC+ISNoGdoxELQ/Xx+/JSeGmVIg1iZipDO1d8TOQu1zkLfdIYMx3rZm4n/eb0Ug0Y/F1GSIkR8sShIJcWYzpKgQ6GAo8wMYVwJcyvlY6YYR5NXxYTgLr+8Sjrnddepu7cXtWajiKNMjskJOSMuuSRNckNapE04ycgzeSVv1pP1Yr1bH4vWklXMVMkfWJ8/IVaUYg==</latexit><latexit sha1_base64="MWUhLMLS+F54APXEaor5JEJOSPg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIYE9S8OKxgm2FppTNdtIu3XywOxFCrH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xMpNDrOt1VaW9/Y3CpvV3Z29/YP7MOjjo5TxaHNYxmre59pkCKCNgqUcJ8oYKEvoetPrmd+9wGUFnF0h1kC/ZCNIhEIztBIA7vqSQiQPnotLTwlRmOkVwO75tSdOegqcQtSIwVaA/vLG8Y8DSFCLpnWPddJsJ8zhYJLmFa8VEPC+ISNoGdoxELQ/Xx+/JSeGmVIg1iZipDO1d8TOQu1zkLfdIYMx3rZm4n/eb0Ug0Y/F1GSIkR8sShIJcWYzpKgQ6GAo8wMYVwJcyvlY6YYR5NXxYTgLr+8Sjrnddepu7cXtWajiKNMjskJOSMuuSRNckNapE04ycgzeSVv1pP1Yr1bH4vWklXMVMkfWJ8/IVaUYg==</latexit><latexit sha1_base64="MWUhLMLS+F54APXEaor5JEJOSPg=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIYE9S8OKxgm2FppTNdtIu3XywOxFCrH/FiwdFvPpDvPlv3LY5aOuDgcd7M8zM8xMpNDrOt1VaW9/Y3CpvV3Z29/YP7MOjjo5TxaHNYxmre59pkCKCNgqUcJ8oYKEvoetPrmd+9wGUFnF0h1kC/ZCNIhEIztBIA7vqSQiQPnotLTwlRmOkVwO75tSdOegqcQtSIwVaA/vLG8Y8DSFCLpnWPddJsJ8zhYJLmFa8VEPC+ISNoGdoxELQ/Xx+/JSeGmVIg1iZipDO1d8TOQu1zkLfdIYMx3rZm4n/eb0Ug0Y/F1GSIkR8sShIJcWYzpKgQ6GAo8wMYVwJcyvlY6YYR5NXxYTgLr+8Sjrnddepu7cXtWajiKNMjskJOSMuuSRNckNapE04ycgzeSVv1pP1Yr1bH4vWklXMVMkfWJ8/IVaUYg==</latexit>

AA
B

pure quantum state

1) For the whole system         , von Neumann 
entropy is zero by definition (i.e., proton)

2) When measuring A only:
i. SEE > 0 if A and B are entangled. 
ii. SEE = 0 if A and B are independent. 

⇢tot
<latexit sha1_base64="+i0cCa9JIQCGqhgHY0js8iaBPdo=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA0lM120y7dZMPuRCihP8OLB0W8+mu8+W/ctDlo64OBx3szzMwLUykMuu63s7G5tb2zW9mr7h8cHh3XTk67RmWa8Q5TUul+SA2XIuEdFCh5P9WcxqHkvXB6V/i9J66NUMkjzlIexHSciEgwilbyB3qihjkqnFeHtbrbcBcg68QrSR1KtIe1r8FIsSzmCTJJjfE9N8UgpxoFk3xeHWSGp5RN6Zj7liY05ibIFyfPyaVVRiRS2laCZKH+nshpbMwsDm1nTHFiVr1C/M/zM4yaQS6SNEOesOWiKJMEFSn+JyOhOUM5s4QyLeythE2opgxtSkUI3urL66R73fDchvdwU281yzgqcA4XcAUe3EIL7qENHWCg4Ble4c1B58V5dz6WrRtOOXMGf+B8/gBTC5E7</latexit><latexit sha1_base64="+i0cCa9JIQCGqhgHY0js8iaBPdo=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA0lM120y7dZMPuRCihP8OLB0W8+mu8+W/ctDlo64OBx3szzMwLUykMuu63s7G5tb2zW9mr7h8cHh3XTk67RmWa8Q5TUul+SA2XIuEdFCh5P9WcxqHkvXB6V/i9J66NUMkjzlIexHSciEgwilbyB3qihjkqnFeHtbrbcBcg68QrSR1KtIe1r8FIsSzmCTJJjfE9N8UgpxoFk3xeHWSGp5RN6Zj7liY05ibIFyfPyaVVRiRS2laCZKH+nshpbMwsDm1nTHFiVr1C/M/zM4yaQS6SNEOesOWiKJMEFSn+JyOhOUM5s4QyLeythE2opgxtSkUI3urL66R73fDchvdwU281yzgqcA4XcAUe3EIL7qENHWCg4Ble4c1B58V5dz6WrRtOOXMGf+B8/gBTC5E7</latexit><latexit sha1_base64="+i0cCa9JIQCGqhgHY0js8iaBPdo=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA0lM120y7dZMPuRCihP8OLB0W8+mu8+W/ctDlo64OBx3szzMwLUykMuu63s7G5tb2zW9mr7h8cHh3XTk67RmWa8Q5TUul+SA2XIuEdFCh5P9WcxqHkvXB6V/i9J66NUMkjzlIexHSciEgwilbyB3qihjkqnFeHtbrbcBcg68QrSR1KtIe1r8FIsSzmCTJJjfE9N8UgpxoFk3xeHWSGp5RN6Zj7liY05ibIFyfPyaVVRiRS2laCZKH+nshpbMwsDm1nTHFiVr1C/M/zM4yaQS6SNEOesOWiKJMEFSn+JyOhOUM5s4QyLeythE2opgxtSkUI3urL66R73fDchvdwU281yzgqcA4XcAUe3EIL7qENHWCg4Ble4c1B58V5dz6WrRtOOXMGf+B8/gBTC5E7</latexit><latexit sha1_base64="+i0cCa9JIQCGqhgHY0js8iaBPdo=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KokI9ljw4rGC/YA0lM120y7dZMPuRCihP8OLB0W8+mu8+W/ctDlo64OBx3szzMwLUykMuu63s7G5tb2zW9mr7h8cHh3XTk67RmWa8Q5TUul+SA2XIuEdFCh5P9WcxqHkvXB6V/i9J66NUMkjzlIexHSciEgwilbyB3qihjkqnFeHtbrbcBcg68QrSR1KtIe1r8FIsSzmCTJJjfE9N8UgpxoFk3xeHWSGp5RN6Zj7liY05ibIFyfPyaVVRiRS2laCZKH+nshpbMwsDm1nTHFiVr1C/M/zM4yaQS6SNEOesOWiKJMEFSn+JyOhOUM5s4QyLeythE2opgxtSkUI3urL66R73fDchvdwU281yzgqcA4XcAUe3EIL7qENHWCg4Ble4c1B58V5dz6WrRtOOXMGf+B8/gBTC5E7</latexit>

2. Take-home messages:

12

Entanglement is the natural “picture” in addressing this conceptual question



A two-body example
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A two-body example
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Taken from a lecture note of Tadashi Takayanagi, http://www2.yukawa.kyoto-u.ac.jp/~tadashi.takayanagi/CERNEE.pdf

“EE is a measure of how much a given state is quantum mechanically entangled”

A two-body example

http://www2.yukawa.kyoto-u.ac.jp/~tadashi.takayanagi/CERNEE.pdf


EPR paradox

• Many modern experiments have seen evidence of EPR paradox 
(e.g., in cold atom experiments)

ẑ
<latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7NGj8s=</latexit><latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7NGj8s=</latexit><latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7NGj8s=</latexit><latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7NGj8s=</latexit>

x̂
<latexit sha1_base64="5QTnVRVSrnyzznVU7d5bF5u03Iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7A8j8k=</latexit><latexit sha1_base64="5QTnVRVSrnyzznVU7d5bF5u03Iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7A8j8k=</latexit><latexit sha1_base64="5QTnVRVSrnyzznVU7d5bF5u03Iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7A8j8k=</latexit><latexit sha1_base64="5QTnVRVSrnyzznVU7d5bF5u03Iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7A8j8k=</latexit>

Alice

ẑ
<latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7NGj8s=</latexit><latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7NGj8s=</latexit><latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7NGj8s=</latexit><latexit sha1_base64="VGLSCN98gvocARP/3zXp0heglw4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E6GG/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7NGj8s=</latexit>

x̂
<latexit sha1_base64="5QTnVRVSrnyzznVU7d5bF5u03Iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7A8j8k=</latexit><latexit sha1_base64="5QTnVRVSrnyzznVU7d5bF5u03Iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7A8j8k=</latexit><latexit sha1_base64="5QTnVRVSrnyzznVU7d5bF5u03Iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7A8j8k=</latexit><latexit sha1_base64="5QTnVRVSrnyzznVU7d5bF5u03Iw=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt0swm7E7GE/ggvHhTx6u/x5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST29zvPHJtRKwecJpwP6IjJULBKFqp0x9TzJ5mg2rNrbtzkFXiFaQGBZqD6ld/GLM04gqZpMb0PDdBP6MaBZN8VumnhieUTeiI9yxVNOLGz+bnzsiZVYYkjLUthWSu/p7IaGTMNApsZ0RxbJa9XPzP66UYXvuZUEmKXLHFojCVBGOS/06GQnOGcmoJZVrYWwkbU00Z2oQqNgRv+eVV0r6oe27du7+sNW6KOMpwAqdwDh5cQQPuoAktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7A8j8k=</latexit>

Bob“spooky action at a distance”
Entanglement ?
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Experiments at Colliders
(a)

before collision

SEE = 0
<latexit sha1_base64="Q2i5cQgJs1iROFCdoCrRjGkq/T8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0I1QlILLivYBbQiT6bQdOpOEmYlYQn7FjQtF3Poj7vwbJ20WWj1wuYdz7mXunCDmTGnH+bJKK6tr6xvlzcrW9s7unr1f7agokYS2ScQj2QuwopyFtK2Z5rQXS4pFwGk3mF7nfveBSsWi8F7PYuoJPA7ZiBGsjeTb1YEU6M5P89ZsZugSOb5dc+rOHOgvcQtSgwIt3/4cDCOSCBpqwrFSfdeJtZdiqRnhNKsMEkVjTKZ4TPuGhlhQ5aXz2zN0bJQhGkXSVKjRXP25kWKh1EwEZlJgPVHLXi7+5/UTPbrwUhbGiaYhWTw0SjjSEcqDQEMmKdF8ZggmkplbEZlgiYk2cVVMCO7yl/+Szmndderu7VmtcVXEUYZDOIITcOEcGnADLWgDgUd4ghd4tTLr2Xqz3hejJavYOYBfsD6+Acs6kvY=</latexit><latexit sha1_base64="Q2i5cQgJs1iROFCdoCrRjGkq/T8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0I1QlILLivYBbQiT6bQdOpOEmYlYQn7FjQtF3Poj7vwbJ20WWj1wuYdz7mXunCDmTGnH+bJKK6tr6xvlzcrW9s7unr1f7agokYS2ScQj2QuwopyFtK2Z5rQXS4pFwGk3mF7nfveBSsWi8F7PYuoJPA7ZiBGsjeTb1YEU6M5P89ZsZugSOb5dc+rOHOgvcQtSgwIt3/4cDCOSCBpqwrFSfdeJtZdiqRnhNKsMEkVjTKZ4TPuGhlhQ5aXz2zN0bJQhGkXSVKjRXP25kWKh1EwEZlJgPVHLXi7+5/UTPbrwUhbGiaYhWTw0SjjSEcqDQEMmKdF8ZggmkplbEZlgiYk2cVVMCO7yl/+Szmndderu7VmtcVXEUYZDOIITcOEcGnADLWgDgUd4ghd4tTLr2Xqz3hejJavYOYBfsD6+Acs6kvY=</latexit><latexit sha1_base64="Q2i5cQgJs1iROFCdoCrRjGkq/T8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0I1QlILLivYBbQiT6bQdOpOEmYlYQn7FjQtF3Poj7vwbJ20WWj1wuYdz7mXunCDmTGnH+bJKK6tr6xvlzcrW9s7unr1f7agokYS2ScQj2QuwopyFtK2Z5rQXS4pFwGk3mF7nfveBSsWi8F7PYuoJPA7ZiBGsjeTb1YEU6M5P89ZsZugSOb5dc+rOHOgvcQtSgwIt3/4cDCOSCBpqwrFSfdeJtZdiqRnhNKsMEkVjTKZ4TPuGhlhQ5aXz2zN0bJQhGkXSVKjRXP25kWKh1EwEZlJgPVHLXi7+5/UTPbrwUhbGiaYhWTw0SjjSEcqDQEMmKdF8ZggmkplbEZlgiYk2cVVMCO7yl/+Szmndderu7VmtcVXEUYZDOIITcOEcGnADLWgDgUd4ghd4tTLr2Xqz3hejJavYOYBfsD6+Acs6kvY=</latexit><latexit sha1_base64="Q2i5cQgJs1iROFCdoCrRjGkq/T8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0I1QlILLivYBbQiT6bQdOpOEmYlYQn7FjQtF3Poj7vwbJ20WWj1wuYdz7mXunCDmTGnH+bJKK6tr6xvlzcrW9s7unr1f7agokYS2ScQj2QuwopyFtK2Z5rQXS4pFwGk3mF7nfveBSsWi8F7PYuoJPA7ZiBGsjeTb1YEU6M5P89ZsZugSOb5dc+rOHOgvcQtSgwIt3/4cDCOSCBpqwrFSfdeJtZdiqRnhNKsMEkVjTKZ4TPuGhlhQ5aXz2zN0bJQhGkXSVKjRXP25kWKh1EwEZlJgPVHLXi7+5/UTPbrwUhbGiaYhWTw0SjjSEcqDQEMmKdF8ZggmkplbEZlgiYk2cVVMCO7yl/+Szmndderu7VmtcVXEUYZDOIITcOEcGnADLWgDgUd4ghd4tTLr2Xqz3hejJavYOYBfsD6+Acs6kvY=</latexit>

Proton: a pure quantum 
state (by definition)
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Experiments at Colliders
(a)

before collision

SEE = 0
<latexit sha1_base64="Q2i5cQgJs1iROFCdoCrRjGkq/T8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0I1QlILLivYBbQiT6bQdOpOEmYlYQn7FjQtF3Poj7vwbJ20WWj1wuYdz7mXunCDmTGnH+bJKK6tr6xvlzcrW9s7unr1f7agokYS2ScQj2QuwopyFtK2Z5rQXS4pFwGk3mF7nfveBSsWi8F7PYuoJPA7ZiBGsjeTb1YEU6M5P89ZsZugSOb5dc+rOHOgvcQtSgwIt3/4cDCOSCBpqwrFSfdeJtZdiqRnhNKsMEkVjTKZ4TPuGhlhQ5aXz2zN0bJQhGkXSVKjRXP25kWKh1EwEZlJgPVHLXi7+5/UTPbrwUhbGiaYhWTw0SjjSEcqDQEMmKdF8ZggmkplbEZlgiYk2cVVMCO7yl/+Szmndderu7VmtcVXEUYZDOIITcOEcGnADLWgDgUd4ghd4tTLr2Xqz3hejJavYOYBfsD6+Acs6kvY=</latexit><latexit sha1_base64="Q2i5cQgJs1iROFCdoCrRjGkq/T8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0I1QlILLivYBbQiT6bQdOpOEmYlYQn7FjQtF3Poj7vwbJ20WWj1wuYdz7mXunCDmTGnH+bJKK6tr6xvlzcrW9s7unr1f7agokYS2ScQj2QuwopyFtK2Z5rQXS4pFwGk3mF7nfveBSsWi8F7PYuoJPA7ZiBGsjeTb1YEU6M5P89ZsZugSOb5dc+rOHOgvcQtSgwIt3/4cDCOSCBpqwrFSfdeJtZdiqRnhNKsMEkVjTKZ4TPuGhlhQ5aXz2zN0bJQhGkXSVKjRXP25kWKh1EwEZlJgPVHLXi7+5/UTPbrwUhbGiaYhWTw0SjjSEcqDQEMmKdF8ZggmkplbEZlgiYk2cVVMCO7yl/+Szmndderu7VmtcVXEUYZDOIITcOEcGnADLWgDgUd4ghd4tTLr2Xqz3hejJavYOYBfsD6+Acs6kvY=</latexit><latexit sha1_base64="Q2i5cQgJs1iROFCdoCrRjGkq/T8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0I1QlILLivYBbQiT6bQdOpOEmYlYQn7FjQtF3Poj7vwbJ20WWj1wuYdz7mXunCDmTGnH+bJKK6tr6xvlzcrW9s7unr1f7agokYS2ScQj2QuwopyFtK2Z5rQXS4pFwGk3mF7nfveBSsWi8F7PYuoJPA7ZiBGsjeTb1YEU6M5P89ZsZugSOb5dc+rOHOgvcQtSgwIt3/4cDCOSCBpqwrFSfdeJtZdiqRnhNKsMEkVjTKZ4TPuGhlhQ5aXz2zN0bJQhGkXSVKjRXP25kWKh1EwEZlJgPVHLXi7+5/UTPbrwUhbGiaYhWTw0SjjSEcqDQEMmKdF8ZggmkplbEZlgiYk2cVVMCO7yl/+Szmndderu7VmtcVXEUYZDOIITcOEcGnADLWgDgUd4ghd4tTLr2Xqz3hejJavYOYBfsD6+Acs6kvY=</latexit><latexit sha1_base64="Q2i5cQgJs1iROFCdoCrRjGkq/T8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0I1QlILLivYBbQiT6bQdOpOEmYlYQn7FjQtF3Poj7vwbJ20WWj1wuYdz7mXunCDmTGnH+bJKK6tr6xvlzcrW9s7unr1f7agokYS2ScQj2QuwopyFtK2Z5rQXS4pFwGk3mF7nfveBSsWi8F7PYuoJPA7ZiBGsjeTb1YEU6M5P89ZsZugSOb5dc+rOHOgvcQtSgwIt3/4cDCOSCBpqwrFSfdeJtZdiqRnhNKsMEkVjTKZ4TPuGhlhQ5aXz2zN0bJQhGkXSVKjRXP25kWKh1EwEZlJgPVHLXi7+5/UTPbrwUhbGiaYhWTw0SjjSEcqDQEMmKdF8ZggmkplbEZlgiYk2cVVMCO7yl/+Szmndderu7VmtcVXEUYZDOIITcOEcGnADLWgDgUd4ghd4tTLr2Xqz3hejJavYOYBfsD6+Acs6kvY=</latexit>

Proton: a pure quantum 
state (by definition)
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(b)
hard collision

1

Q
⇠ 1 GeV�1 ⇠ 0.2 fm

<latexit sha1_base64="0m/3YLZUntEhW1JeKOoQGjeLSm4=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCOEyKoMuiC122YB/QGUsmzbShycyQZIQytP/gxl9x40IRty7c+Tem7Sy09cCFk3PuJfeeIOFMadf9tpaWV1bX1gsbxc2t7Z1de2+/oeJUElonMY9lK8CKchbRumaa01YiKRYBp81gcD3xmw9UKhZHd3qYUF/gXsRCRrA2Usc+9aSAXigxydAoq42gp5iAaHxDG/fZGcrfrlMeh6Jjl1zHnQIuEpSTEshR7dhfXjcmqaCRJhwr1UZuov0MS80Ip6OilyqaYDLAPdo2NMKCKj+bHjWCx0bpwjCWpiINp+rviQwLpYYiMJ0C676a9ybif1471eGln7EoSTWNyOyjMOVQx3CSEOwySYnmQ0MwkczsCkkfm4S0ybFoQkDzJy+SRtlBroNq56XKVR5HARyCI3ACELgAFXALqqAOCHgEz+AVvFlP1ov1bn3MWpesfOYA/IH1+QN+dp0u</latexit><latexit sha1_base64="0m/3YLZUntEhW1JeKOoQGjeLSm4=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCOEyKoMuiC122YB/QGUsmzbShycyQZIQytP/gxl9x40IRty7c+Tem7Sy09cCFk3PuJfeeIOFMadf9tpaWV1bX1gsbxc2t7Z1de2+/oeJUElonMY9lK8CKchbRumaa01YiKRYBp81gcD3xmw9UKhZHd3qYUF/gXsRCRrA2Usc+9aSAXigxydAoq42gp5iAaHxDG/fZGcrfrlMeh6Jjl1zHnQIuEpSTEshR7dhfXjcmqaCRJhwr1UZuov0MS80Ip6OilyqaYDLAPdo2NMKCKj+bHjWCx0bpwjCWpiINp+rviQwLpYYiMJ0C676a9ybif1471eGln7EoSTWNyOyjMOVQx3CSEOwySYnmQ0MwkczsCkkfm4S0ybFoQkDzJy+SRtlBroNq56XKVR5HARyCI3ACELgAFXALqqAOCHgEz+AVvFlP1ov1bn3MWpesfOYA/IH1+QN+dp0u</latexit><latexit sha1_base64="0m/3YLZUntEhW1JeKOoQGjeLSm4=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCOEyKoMuiC122YB/QGUsmzbShycyQZIQytP/gxl9x40IRty7c+Tem7Sy09cCFk3PuJfeeIOFMadf9tpaWV1bX1gsbxc2t7Z1de2+/oeJUElonMY9lK8CKchbRumaa01YiKRYBp81gcD3xmw9UKhZHd3qYUF/gXsRCRrA2Usc+9aSAXigxydAoq42gp5iAaHxDG/fZGcrfrlMeh6Jjl1zHnQIuEpSTEshR7dhfXjcmqaCRJhwr1UZuov0MS80Ip6OilyqaYDLAPdo2NMKCKj+bHjWCx0bpwjCWpiINp+rviQwLpYYiMJ0C676a9ybif1471eGln7EoSTWNyOyjMOVQx3CSEOwySYnmQ0MwkczsCkkfm4S0ybFoQkDzJy+SRtlBroNq56XKVR5HARyCI3ACELgAFXALqqAOCHgEz+AVvFlP1ov1bn3MWpesfOYA/IH1+QN+dp0u</latexit><latexit sha1_base64="0m/3YLZUntEhW1JeKOoQGjeLSm4=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCOEyKoMuiC122YB/QGUsmzbShycyQZIQytP/gxl9x40IRty7c+Tem7Sy09cCFk3PuJfeeIOFMadf9tpaWV1bX1gsbxc2t7Z1de2+/oeJUElonMY9lK8CKchbRumaa01YiKRYBp81gcD3xmw9UKhZHd3qYUF/gXsRCRrA2Usc+9aSAXigxydAoq42gp5iAaHxDG/fZGcrfrlMeh6Jjl1zHnQIuEpSTEshR7dhfXjcmqaCRJhwr1UZuov0MS80Ip6OilyqaYDLAPdo2NMKCKj+bHjWCx0bpwjCWpiINp+rviQwLpYYiMJ0C676a9ybif1471eGln7EoSTWNyOyjMOVQx3CSEOwySYnmQ0MwkczsCkkfm4S0ybFoQkDzJy+SRtlBroNq56XKVR5HARyCI3ACELgAFXALqqAOCHgEz+AVvFlP1ov1bn3MWpesfOYA/IH1+QN+dp0u</latexit>

Hard interaction, fast enough 
to test entanglement, e.g., 



Experiments at Colliders
(a)

before collision

SEE = 0
<latexit sha1_base64="Q2i5cQgJs1iROFCdoCrRjGkq/T8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0I1QlILLivYBbQiT6bQdOpOEmYlYQn7FjQtF3Poj7vwbJ20WWj1wuYdz7mXunCDmTGnH+bJKK6tr6xvlzcrW9s7unr1f7agokYS2ScQj2QuwopyFtK2Z5rQXS4pFwGk3mF7nfveBSsWi8F7PYuoJPA7ZiBGsjeTb1YEU6M5P89ZsZugSOb5dc+rOHOgvcQtSgwIt3/4cDCOSCBpqwrFSfdeJtZdiqRnhNKsMEkVjTKZ4TPuGhlhQ5aXz2zN0bJQhGkXSVKjRXP25kWKh1EwEZlJgPVHLXi7+5/UTPbrwUhbGiaYhWTw0SjjSEcqDQEMmKdF8ZggmkplbEZlgiYk2cVVMCO7yl/+Szmndderu7VmtcVXEUYZDOIITcOEcGnADLWgDgUd4ghd4tTLr2Xqz3hejJavYOYBfsD6+Acs6kvY=</latexit><latexit sha1_base64="Q2i5cQgJs1iROFCdoCrRjGkq/T8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0I1QlILLivYBbQiT6bQdOpOEmYlYQn7FjQtF3Poj7vwbJ20WWj1wuYdz7mXunCDmTGnH+bJKK6tr6xvlzcrW9s7unr1f7agokYS2ScQj2QuwopyFtK2Z5rQXS4pFwGk3mF7nfveBSsWi8F7PYuoJPA7ZiBGsjeTb1YEU6M5P89ZsZugSOb5dc+rOHOgvcQtSgwIt3/4cDCOSCBpqwrFSfdeJtZdiqRnhNKsMEkVjTKZ4TPuGhlhQ5aXz2zN0bJQhGkXSVKjRXP25kWKh1EwEZlJgPVHLXi7+5/UTPbrwUhbGiaYhWTw0SjjSEcqDQEMmKdF8ZggmkplbEZlgiYk2cVVMCO7yl/+Szmndderu7VmtcVXEUYZDOIITcOEcGnADLWgDgUd4ghd4tTLr2Xqz3hejJavYOYBfsD6+Acs6kvY=</latexit><latexit sha1_base64="Q2i5cQgJs1iROFCdoCrRjGkq/T8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0I1QlILLivYBbQiT6bQdOpOEmYlYQn7FjQtF3Poj7vwbJ20WWj1wuYdz7mXunCDmTGnH+bJKK6tr6xvlzcrW9s7unr1f7agokYS2ScQj2QuwopyFtK2Z5rQXS4pFwGk3mF7nfveBSsWi8F7PYuoJPA7ZiBGsjeTb1YEU6M5P89ZsZugSOb5dc+rOHOgvcQtSgwIt3/4cDCOSCBpqwrFSfdeJtZdiqRnhNKsMEkVjTKZ4TPuGhlhQ5aXz2zN0bJQhGkXSVKjRXP25kWKh1EwEZlJgPVHLXi7+5/UTPbrwUhbGiaYhWTw0SjjSEcqDQEMmKdF8ZggmkplbEZlgiYk2cVVMCO7yl/+Szmndderu7VmtcVXEUYZDOIITcOEcGnADLWgDgUd4ghd4tTLr2Xqz3hejJavYOYBfsD6+Acs6kvY=</latexit><latexit sha1_base64="Q2i5cQgJs1iROFCdoCrRjGkq/T8=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlE0I1QlILLivYBbQiT6bQdOpOEmYlYQn7FjQtF3Poj7vwbJ20WWj1wuYdz7mXunCDmTGnH+bJKK6tr6xvlzcrW9s7unr1f7agokYS2ScQj2QuwopyFtK2Z5rQXS4pFwGk3mF7nfveBSsWi8F7PYuoJPA7ZiBGsjeTb1YEU6M5P89ZsZugSOb5dc+rOHOgvcQtSgwIt3/4cDCOSCBpqwrFSfdeJtZdiqRnhNKsMEkVjTKZ4TPuGhlhQ5aXz2zN0bJQhGkXSVKjRXP25kWKh1EwEZlJgPVHLXi7+5/UTPbrwUhbGiaYhWTw0SjjSEcqDQEMmKdF8ZggmkplbEZlgiYk2cVVMCO7yl/+Szmndderu7VmtcVXEUYZDOIITcOEcGnADLWgDgUd4ghd4tTLr2Xqz3hejJavYOYBfsD6+Acs6kvY=</latexit>

Proton: a pure quantum 
state (by definition)
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(b)
hard collision

1

Q
⇠ 1 GeV�1 ⇠ 0.2 fm

<latexit sha1_base64="0m/3YLZUntEhW1JeKOoQGjeLSm4=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCOEyKoMuiC122YB/QGUsmzbShycyQZIQytP/gxl9x40IRty7c+Tem7Sy09cCFk3PuJfeeIOFMadf9tpaWV1bX1gsbxc2t7Z1de2+/oeJUElonMY9lK8CKchbRumaa01YiKRYBp81gcD3xmw9UKhZHd3qYUF/gXsRCRrA2Usc+9aSAXigxydAoq42gp5iAaHxDG/fZGcrfrlMeh6Jjl1zHnQIuEpSTEshR7dhfXjcmqaCRJhwr1UZuov0MS80Ip6OilyqaYDLAPdo2NMKCKj+bHjWCx0bpwjCWpiINp+rviQwLpYYiMJ0C676a9ybif1471eGln7EoSTWNyOyjMOVQx3CSEOwySYnmQ0MwkczsCkkfm4S0ybFoQkDzJy+SRtlBroNq56XKVR5HARyCI3ACELgAFXALqqAOCHgEz+AVvFlP1ov1bn3MWpesfOYA/IH1+QN+dp0u</latexit><latexit sha1_base64="0m/3YLZUntEhW1JeKOoQGjeLSm4=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCOEyKoMuiC122YB/QGUsmzbShycyQZIQytP/gxl9x40IRty7c+Tem7Sy09cCFk3PuJfeeIOFMadf9tpaWV1bX1gsbxc2t7Z1de2+/oeJUElonMY9lK8CKchbRumaa01YiKRYBp81gcD3xmw9UKhZHd3qYUF/gXsRCRrA2Usc+9aSAXigxydAoq42gp5iAaHxDG/fZGcrfrlMeh6Jjl1zHnQIuEpSTEshR7dhfXjcmqaCRJhwr1UZuov0MS80Ip6OilyqaYDLAPdo2NMKCKj+bHjWCx0bpwjCWpiINp+rviQwLpYYiMJ0C676a9ybif1471eGln7EoSTWNyOyjMOVQx3CSEOwySYnmQ0MwkczsCkkfm4S0ybFoQkDzJy+SRtlBroNq56XKVR5HARyCI3ACELgAFXALqqAOCHgEz+AVvFlP1ov1bn3MWpesfOYA/IH1+QN+dp0u</latexit><latexit sha1_base64="0m/3YLZUntEhW1JeKOoQGjeLSm4=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCOEyKoMuiC122YB/QGUsmzbShycyQZIQytP/gxl9x40IRty7c+Tem7Sy09cCFk3PuJfeeIOFMadf9tpaWV1bX1gsbxc2t7Z1de2+/oeJUElonMY9lK8CKchbRumaa01YiKRYBp81gcD3xmw9UKhZHd3qYUF/gXsRCRrA2Usc+9aSAXigxydAoq42gp5iAaHxDG/fZGcrfrlMeh6Jjl1zHnQIuEpSTEshR7dhfXjcmqaCRJhwr1UZuov0MS80Ip6OilyqaYDLAPdo2NMKCKj+bHjWCx0bpwjCWpiINp+rviQwLpYYiMJ0C676a9ybif1471eGln7EoSTWNyOyjMOVQx3CSEOwySYnmQ0MwkczsCkkfm4S0ybFoQkDzJy+SRtlBroNq56XKVR5HARyCI3ACELgAFXALqqAOCHgEz+AVvFlP1ov1bn3MWpesfOYA/IH1+QN+dp0u</latexit><latexit sha1_base64="0m/3YLZUntEhW1JeKOoQGjeLSm4=">AAACFHicbVDLSgMxFM34rPU16tJNsAiCOEyKoMuiC122YB/QGUsmzbShycyQZIQytP/gxl9x40IRty7c+Tem7Sy09cCFk3PuJfeeIOFMadf9tpaWV1bX1gsbxc2t7Z1de2+/oeJUElonMY9lK8CKchbRumaa01YiKRYBp81gcD3xmw9UKhZHd3qYUF/gXsRCRrA2Usc+9aSAXigxydAoq42gp5iAaHxDG/fZGcrfrlMeh6Jjl1zHnQIuEpSTEshR7dhfXjcmqaCRJhwr1UZuov0MS80Ip6OilyqaYDLAPdo2NMKCKj+bHjWCx0bpwjCWpiINp+rviQwLpYYiMJ0C676a9ybif1471eGln7EoSTWNyOyjMOVQx3CSEOwySYnmQ0MwkczsCkkfm4S0ybFoQkDzJy+SRtlBroNq56XKVR5HARyCI3ACELgAFXALqqAOCHgEz+AVvFlP1ov1bn3MWpesfOYA/IH1+QN+dp0u</latexit>

Hard interaction, fast enough 
to test entanglement, e.g., 

(c)
after collision

Hadronization and if A,B 
are entangled, entropy:

SAEE = SBEE
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Principle and Practice

In principle
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• Measure 𝐒𝐀 and 𝐒𝐁 independently, 
and directly test against each other. 

• But partons don’t live L. 
• Need all hadrons from A and B



Principle and Practice

• Theorists1 made a prediction

at small x, e.g., x < 10-3

• We have well constrained PDFs

SEE = ln [xG]
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1. D. Kharzeev and E.Levin, Phys. Rev. D 95, 114008 (2017)

In practiceIn principle
• Measure 𝐒𝐀 and 𝐒𝐁 independently, 

and directly test against each other. 

• But partons don’t live L. 
• Need all hadrons from A and B



A well-defined test
• At similar kinematics in x and Q2 (region A), the SEE can be checked from 

the entropy of finite-state hadron around region A

SEE = ln [xG]
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Assuming entropy doesn’t grow much

prediction experiment

Shadron = �
X

P(N) ln [P(N)]
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A well-defined test

SEE = ln [xG]
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Assuming entropy doesn’t grow much

prediction experiment

• The event kinematics define the region of interest, using relation 
between x and rapidity, 

ln
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◆
⇡ ybeam � yhadron
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Shadron = �
X

P(N) ln [P(N)]
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• At similar kinematics in x and Q2 (region A), the SEE can be checked from 
the entropy of finite-state hadron around region A

(arXiv:hep-ph/9903536)
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A well-defined test

SEE = ln [xG]
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Assuming entropy doesn’t grow much

prediction experiment

fixed Q2, and x, e.g., x ∈ (x1,x2) Final-state hadrons y ∈ (y1,y2) 
For example, 

ln

✓
1

x

◆
⇡ ybeam � yhadron

<latexit sha1_base64="BLbdqMWz8n3wr7DsyE/l+81Rr8U="></latexit><latexit sha1_base64="BLbdqMWz8n3wr7DsyE/l+81Rr8U="></latexit><latexit sha1_base64="BLbdqMWz8n3wr7DsyE/l+81Rr8U="></latexit><latexit sha1_base64="BLbdqMWz8n3wr7DsyE/l+81Rr8U="></latexit>

• The event kinematics define the region of interest, using relation 
between x and rapidity, 

(arXiv:hep-ph/9903536)

Shadron = �
X

P(N) ln [P(N)]
<latexit sha1_base64="kLCuKue7GaL8nL9JDl9dL+dw92k=">AAACDnicbZDLSgMxFIYz9VbrrerSTbAU6sIyI4JuhKIbV1LRXmBmGDJp2oYmmSHJCGWYJ3Djq7hxoYhb1+58GzNtF9r6Q+DjP+dwcv4wZlRp2/62CkvLK6trxfXSxubW9k55d6+tokRi0sIRi2Q3RIowKkhLU81IN5YE8ZCRTji6yuudByIVjcS9HsfE52ggaJ9ipI0VlKue5PAuSIeoJyORXRx7KuFps3Zz5DGRujn4WRaUK3bdnggugjODCpipGZS/vF6EE06Exgwp5Tp2rP0USU0xI1nJSxSJER6hAXENCsSJ8tPJORmsGqcH+5E0T2g4cX9PpIgrNeah6eRID9V8LTf/q7mJ7p/7KRVxoonA00X9hEEdwTwb2KOSYM3GBhCW1PwV4iGSCGuTYMmE4MyfvAjtk7pj153b00rjchZHERyAQ1ADDjgDDXANmqAFMHgEz+AVvFlP1ov1bn1MWwvWbGYf/JH1+QMPfJt1</latexit><latexit sha1_base64="kLCuKue7GaL8nL9JDl9dL+dw92k=">AAACDnicbZDLSgMxFIYz9VbrrerSTbAU6sIyI4JuhKIbV1LRXmBmGDJp2oYmmSHJCGWYJ3Djq7hxoYhb1+58GzNtF9r6Q+DjP+dwcv4wZlRp2/62CkvLK6trxfXSxubW9k55d6+tokRi0sIRi2Q3RIowKkhLU81IN5YE8ZCRTji6yuudByIVjcS9HsfE52ggaJ9ipI0VlKue5PAuSIeoJyORXRx7KuFps3Zz5DGRujn4WRaUK3bdnggugjODCpipGZS/vF6EE06Exgwp5Tp2rP0USU0xI1nJSxSJER6hAXENCsSJ8tPJORmsGqcH+5E0T2g4cX9PpIgrNeah6eRID9V8LTf/q7mJ7p/7KRVxoonA00X9hEEdwTwb2KOSYM3GBhCW1PwV4iGSCGuTYMmE4MyfvAjtk7pj153b00rjchZHERyAQ1ADDjgDDXANmqAFMHgEz+AVvFlP1ov1bn1MWwvWbGYf/JH1+QMPfJt1</latexit><latexit sha1_base64="kLCuKue7GaL8nL9JDl9dL+dw92k=">AAACDnicbZDLSgMxFIYz9VbrrerSTbAU6sIyI4JuhKIbV1LRXmBmGDJp2oYmmSHJCGWYJ3Djq7hxoYhb1+58GzNtF9r6Q+DjP+dwcv4wZlRp2/62CkvLK6trxfXSxubW9k55d6+tokRi0sIRi2Q3RIowKkhLU81IN5YE8ZCRTji6yuudByIVjcS9HsfE52ggaJ9ipI0VlKue5PAuSIeoJyORXRx7KuFps3Zz5DGRujn4WRaUK3bdnggugjODCpipGZS/vF6EE06Exgwp5Tp2rP0USU0xI1nJSxSJER6hAXENCsSJ8tPJORmsGqcH+5E0T2g4cX9PpIgrNeah6eRID9V8LTf/q7mJ7p/7KRVxoonA00X9hEEdwTwb2KOSYM3GBhCW1PwV4iGSCGuTYMmE4MyfvAjtk7pj153b00rjchZHERyAQ1ADDjgDDXANmqAFMHgEz+AVvFlP1ov1bn1MWwvWbGYf/JH1+QMPfJt1</latexit><latexit sha1_base64="kLCuKue7GaL8nL9JDl9dL+dw92k=">AAACDnicbZDLSgMxFIYz9VbrrerSTbAU6sIyI4JuhKIbV1LRXmBmGDJp2oYmmSHJCGWYJ3Djq7hxoYhb1+58GzNtF9r6Q+DjP+dwcv4wZlRp2/62CkvLK6trxfXSxubW9k55d6+tokRi0sIRi2Q3RIowKkhLU81IN5YE8ZCRTji6yuudByIVjcS9HsfE52ggaJ9ipI0VlKue5PAuSIeoJyORXRx7KuFps3Zz5DGRujn4WRaUK3bdnggugjODCpipGZS/vF6EE06Exgwp5Tp2rP0USU0xI1nJSxSJER6hAXENCsSJ8tPJORmsGqcH+5E0T2g4cX9PpIgrNeah6eRID9V8LTf/q7mJ7p/7KRVxoonA00X9hEEdwTwb2KOSYM3GBhCW1PwV4iGSCGuTYMmE4MyfvAjtk7pj153b00rjchZHERyAQ1ADDjgDDXANmqAFMHgEz+AVvFlP1ov1bn1MWwvWbGYf/JH1+QMPfJt1</latexit>

• At similar kinematics in x and Q2 (region A), the SEE can be checked from 
the entropy of finite-state hadron around region A
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Assuming entropy doesn’t grow much

Shadron = �
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P(N) ln [P(N)]
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prediction experiment

fixed Q2, and x, e.g., x ∈ (x1,x2) Final-state hadrons y ∈ (y1,y2) 
For example, 

prediction

ln

✓
1

x

◆
⇡ ybeam � yhadron

<latexit sha1_base64="BLbdqMWz8n3wr7DsyE/l+81Rr8U="></latexit><latexit sha1_base64="BLbdqMWz8n3wr7DsyE/l+81Rr8U="></latexit><latexit sha1_base64="BLbdqMWz8n3wr7DsyE/l+81Rr8U="></latexit><latexit sha1_base64="BLbdqMWz8n3wr7DsyE/l+81Rr8U="></latexit>

S
(y1<y<y2)

hadron
= �

X
P(N) ln [P(N)]

<latexit sha1_base64="op2LGk0hTKOwIWf6KI7Lfe5Kfj4="></latexit><latexit sha1_base64="op2LGk0hTKOwIWf6KI7Lfe5Kfj4="></latexit><latexit sha1_base64="op2LGk0hTKOwIWf6KI7Lfe5Kfj4="></latexit><latexit sha1_base64="op2LGk0hTKOwIWf6KI7Lfe5Kfj4="></latexit>

experiment

=<latexit sha1_base64="+VUvQKFtuTeA5bYRPfxds8Z7u0A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8KDHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY5OjMY=</latexit><latexit sha1_base64="+VUvQKFtuTeA5bYRPfxds8Z7u0A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8KDHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY5OjMY=</latexit><latexit sha1_base64="+VUvQKFtuTeA5bYRPfxds8Z7u0A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8KDHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY5OjMY=</latexit><latexit sha1_base64="+VUvQKFtuTeA5bYRPfxds8Z7u0A=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ8KDHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbmt59QaR7LBzNJ0I/oUPKQM2qs1Ljplytu1Z2DrBIvJxXIUe+Xv3qDmKURSsME1brruYnxM6oMZwKnpV6qMaFsTIfYtVTSCLWfzQ+dkjOrDEgYK1vSkLn6eyKjkdaTKLCdETUjvezNxP+8bmrCaz/jMkkNSrZYFKaCmJjMviYDrpAZMbGEMsXtrYSNqKLM2GxKNgRv+eVV0rqoem7Va1xWand5HEU4gVM4Bw+uoAb3UIcmMEB4hld4cx6dF+fd+Vi0Fpx85hj+wPn8AY5OjMY=</latexit>

?<latexit sha1_base64="X47VOUNzJM42PyNAlmHnCY0puuM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JsFD3pswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpfHUYQTOIVz8OAKanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fkVaMyA==</latexit><latexit sha1_base64="X47VOUNzJM42PyNAlmHnCY0puuM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JsFD3pswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpfHUYQTOIVz8OAKanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fkVaMyA==</latexit><latexit sha1_base64="X47VOUNzJM42PyNAlmHnCY0puuM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JsFD3pswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpfHUYQTOIVz8OAKanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fkVaMyA==</latexit><latexit sha1_base64="X47VOUNzJM42PyNAlmHnCY0puuM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JsFD3pswX5AG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2d++wmV5rF8MJME/YgOJQ85o8ZKjZt+ueJW3TnIKvFyUoEc9X75qzeIWRqhNExQrbuemxg/o8pwJnBa6qUaE8rGdIhdSyWNUPvZ/NApObPKgISxsiUNmau/JzIaaT2JAtsZUTPSy95M/M/rpia89jMuk9SgZItFYSqIicnsazLgCpkRE0soU9zeStiIKsqMzaZkQ/CWX14lrYuq51a9xmWldpfHUYQTOIVz8OAKanAPdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8fkVaMyA==</latexit>

• The event kinematics define the region of interest, using relation 
between x and rapidity, 

(arXiv:hep-ph/9903536)

• At similar kinematics in x and Q2 (region A), the SEE can be checked from 
the entropy of finite-state hadron around region A

25

S
(x1<x<x2)

EE = ln [xG]
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No indication of entanglement in simulation
• xG(x) is from LO MSTW, no substantial difference from using other PDFs

• Other models, DJANGO, PYTHIA6, and PYTHIA8, same conclusion
26



High energy pp collisions
• At high energy, dominated by gluon-gluon 

interactions, pp collisions could be tested 
using similar idea. 

• Get the x value from ybeam and yhadron,

• Saturation scale Qs is used from NLO 
BK model [see backup for other models]
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pp
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High energy pp collisions
• At high energy, dominated by gluon-gluon 

interactions, pp collisions could be tested 
using similar idea. 

• Get the x value from ybeam and yhadron,

• Saturation scale Qs is used from NLO 
BK model [see backup for other models]

• A negative binomial distribution 
(NBD) is used to extrapolate P(N) 
distribution per nucleon, assuming 
N is half. 

(different fit ranges, double NBDs are used and 
included as systematics)
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pp

CMS published data JHEP 1101 (2011) 079
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A strong indication of quantum entanglement

• EE and its dependence on x are well predicted, e.g., expected only for  x < 10-3

• Similar at all rapidity ranges. Compatible with different PDFs. 

• Entanglement provides a new perspective on understanding the proton

29



Summary and outlook
• First indication of quantum entanglement at sub-

nucleonic scales, encountered EPR paradox using high 
energy particle colliders

• Resolved an “apparent paradox” between the Parton 
model and quantum mechanics. 

• Opened a new perspective on studying the proton.
• Entanglement as a probe of confinement 

(Nucl.Phys.B796:274-293,2008)
• Thermalization through entanglement in pp collisions

(Phys. Rev. D 98, 054007 (2018))

• What else can be done? 
• DIS experiment using ep data, e.g., HERA (published data does not 

go down to low x)
• LHC pp data with a different scale?
• Q2 evolution of entanglement entropy
• Electron-Ion Collider in the future 30



Backup
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Saturation scales
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