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INTRODUCTION

Purpose: Calculate the 
density distribution of the 
induced electron clouds 
and its time dependence.
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Equation Of Motion
• Linearized Vlasov Equation
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• Fourier transform the equation of motion to k space.

• Integrating the equation over      , one gets
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Ion velocity
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Solution For The Second Power of Lorenzian Distribution

• Equilibrium electron velocity distribution

which gives 

• For Lorenzian distribution, the integral equation reduced to an 
2nd order ODE

• The electron response to a certain wavevector is
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Wavelength Depend. of the Electron Response
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The wave vector k is along the 
moving direction of the ion.
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Solution in x space

If one uses the normalized variable 

the electron density fluctuation is

which can be expressed into sum of sine integral. 

tpωψ ≡
i

i
i
vv
σ

0
0

r

=
Di

i
i r

xx =

( ) ( )
( ) ( ) ( )( )∫

++++++
=

ψ

ψψψψ

ψψψ
π 0

22
10

2
10

2
10

2
1

111
21

sin,~

zyxDzDyDx

i

vzvyvx

d
rrr

Ztxn r

( ) ( )
( ) ( ) ( )

2
2

2
0

2

2
0

2

2
022

1

sin
,~










 +
+

+
+

+
+

=

z

z

y

y

x

x
zyx

ppi

tvztvytvxt

ttZ
txn

σσσ
σσσπ

ωωr&

The solution in x space can be obtained by Fourier transform.



Density Response for an Rest Ion

• The solution reduced to the 
well known Debye screening 
formula at the condition 
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Time Dependence of Electron Response
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Integration over space
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Total Charge Within 2 Debye 
Radius V.S. Time

0 0.5 1 1.5 2
0

0.2

0.4

0.507

0

N.e 1 2, t, 1, ( )

20 t

π

eiv σ=

1− 0.5− 0 0.5 1
0

0.2

0.4

0.6

0.8

ηe x 5, 2 π⋅, 1, ( )

ηe x 5, 2 π⋅, 2, ( )

ηe x 5, 2 π⋅, 3, ( )

ηe x 5, 2 π⋅, 4, ( )

ηe x 5, 2 π⋅, 5, ( )

ηe x 5, 2 π⋅, 0.1, ( )

x

( )maxcos θπ −≡X

Percentage of Charge Inside Cone 
V.S. Solid Angle of Cone

maxθ

iv ( )
),,,1(
),,,(,,,

max

max
max

ie

ie
ie vtrN

vtrXNvtrX ≡η



Solution For The Third Power of Lorenzian
Distribution

Thermal Velocity Distribution

Solution in k space

Fourier inversion will be done numerically.
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Second power Lorentzian result:



Numerical Solution for Maxwellian Plasma

Thermal Distribution

Volterra equation of the second type





2D Mapping of Electron Density
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Summary
• The analytical result reproduces the Debye screening formula 

for an rest ion and for slow ions(            ) it is close to  the 
numerical Gaussian result. For fast ions, the Lorentzian
approximation gives smoother result than Gaussian 
distribution. However, the solution for third power Lorentzian
distribution behaves much closer to the Maxwellian plasma 
than the second power Lorentzian distribution.

• The Local electron density around the ion reaches its 
equilibrium after half plasma oscillation.  (The plasma 
oscillation for small wavelength damps while the  oscillation 
for long wavelength remains at large t.)

• The numerical Gaussian solution might be relatively fast 
compared with the PIC simulation and can be used for a quick 
estimation. 
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