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Why is it useful?
1.  Orders of magnitude less computationally 
demanding than DMFT                                            
(note also recent combination with ML).


2.  Variational (T=0).


3.  Accuracy can be systematically improved                    
(RISB formulation, recent extension g-GA)



Limitations
1.  No accurate description of the Mott phase.


2.  No access to high-energy excitations (Hubbard 
bands).


3.  Mott metal-insulator transition-point can be 
overestimated.

(Note:  recent extension may resolve these problems…)
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Why is computational speed important?
Materials are useful 

for society ! 



Why is computational 
speed important?

Increase of scientific programs 
prioritising research that can 

benefit society 



Outline

A.  GA method (multi-orbital models): QE formulation.

B.  DFT+GA algorithmic structure.

C.  Spectral properties.

D.  Recent formalism extensions.



The Hamiltonian:

Ĥ = ∑
k

∑
i,j≥0

νi

∑
α=1

νj

∑
β=1

tαβ
k,ij c†

kiαckjβ + ∑
R

∑
i≥1

Ĥloc
Ri

: Unit cellR: Crystal momentumk

:  Projector information: 
: Uncorrelated modes 
:  First subset of correlated modes (e.g. d orbitals of atom 1 in unit cell) 
:  Second subset of correlated modes (e.g. f orbitals of atom 1 in unit cell) 

…

i
i = 0
i = 1
i = 2



|ΨG⟩ = 𝒫 |Ψ0⟩ = ∏
R,i≥1

𝒫Ri |Ψ0⟩

|Ψ0⟩

|ΨG⟩ 𝒫

𝒫Ri = ∑
Γn

[Λi]Γn |Γ; R, i⟩⟨n; R, i |

The GA variational wave function:



The GA variational wave function:

|ΨG⟩ = 𝒫 |Ψ0⟩ = ∏
R,i≥1

𝒫Ri |Ψ0⟩

𝒫Ri = ∑
Γn

[Λi]Γn |Γ; R, i⟩⟨n; R, i |

|Γ; R, i⟩ = [c†
Ri1]

q1(Γ) . . . [c†
Riνi

]qνi(Γ) |0⟩

|n; R, i⟩ = [f †
Ri1]

q1(n) . . . [f †
Riνi

]qνi(n) |0⟩



Our goal is to minimize   
w.r.t.  .

⟨ΨG | Ĥ |ΨG⟩
{Λi | i ≥ 1}, |Ψ0⟩

2νi × 2νi



Our goal is to minimize   
w.r.t.  .

⟨ΨG | Ĥ |ΨG⟩
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Impurity i Bath i

Self-consistency
2νi × 2νi

2νi × 2νi

Quantum-embedding 
formulation



Self-consistency

Xf(X)

Quantum-embedding 
formulation



Necessary steps:
1. Definition of approximations (GA and G. constraints). 


2. Evaluation of  in terms of .


3. Definition of slave-boson (SB) amplitudes.

4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.

⟨ΨG | Ĥ |ΨG⟩ {Λi≥1}, |Ψ0⟩



Gutzwiller approximation:

Gutzwiller constraints:

 can be treated only numerically in general:|ΨG⟩

We will exploit simplifications that become exact in the limit of -coordination lattices. 
In this sense, the GA is a variational approximation to DMFT.

∞

⟨Ψ0 |𝒫†
Ri𝒫Ri |Ψ0⟩ = ⟨Ψ0 |Ψ0⟩ = 1

⟨Ψ0 |𝒫†
Ri𝒫Ri f †

Ria fRib |Ψ0⟩ = ⟨Ψ0 | f †
Ria fRib |Ψ0⟩ ∀ a, b ∈ {1,..,νi}
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Ri𝒫Ri |Ψ0⟩ = ⟨Ψ0 |Ψ0⟩ = 1

⟨Ψ0 |𝒫†
Ri𝒫Ri f †

Ria fRib |Ψ0⟩ = ⟨Ψ0 | f †
Ria fRib |Ψ0⟩ ∀ a, b ∈ {1,..,νi}

Wick’s theorem:   ⟨Ψ0 |c†
ac†

b cccd |Ψ0⟩ = ⟨Ψ0 |c†
acd |Ψ0⟩⟨Ψ0 |c†

b cc |Ψ0⟩ − ⟨Ψ0 |c†
acc |Ψ0⟩⟨Ψ0 |c†

b cd |Ψ0⟩



Key consequence:
⟨Ψ0 |𝒫†

Ri𝒫Ri f †
Ria fRib |Ψ0⟩ = ⟨Ψ0 |𝒫†

Ri𝒫Ri |Ψ0⟩⟨Ψ0 | f †
Ria fRib |Ψ0⟩
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Ria fRib |Ψ0⟩ = ⟨Ψ0 | f †
Ria fRib |Ψ0⟩ ∀ a, b ∈ {1,..,νi}

+⟨Ψ0 |[𝒫†
Ri𝒫Ri] f †

Ria fRib |Ψ0⟩2−legs
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Gutzwiller constraints:
⟨Ψ0 |𝒫†

Ri𝒫Ri |Ψ0⟩ = ⟨Ψ0 |Ψ0⟩ = 1

⟨Ψ0 |𝒫†
Ri𝒫Ri f †

Ria fRib |Ψ0⟩ = ⟨Ψ0 | f †
Ria fRib |Ψ0⟩ ∀ a, b ∈ {1,..,νi}

Key consequence:

⟨Ψ0 |[𝒫†
Ri𝒫Ri] f †

R′ ja fR′ jb |Ψ0⟩2−legs = 0 ∀ a, b



Necessary steps:
1. Definition of approximations (GA and G. constraints). 


2. Evaluation of  in terms of .


3. Definition of slave-boson (SB) amplitudes.

4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.

⟨ΨG | Ĥ |ΨG⟩ {Λi≥1}, |Ψ0⟩



The Hamiltonian:

Ĥ = ∑
k

∑
ij

νi

∑
α=1

νj

∑
β=1

tαβ
k,ij c†

kiαckjβ + ∑
R

∑
i≥1

Ĥloc
Ri

: Unit cellR: Crystal momentumk

:  Projector information: 
: Uncorrelated modes 
:  First subset of correlated modes (e.g. d orbitals of atom 1 in unit cell) 
:  Second subset of correlated modes (e.g. f orbitals of atom 1 in unit cell) 

…

i
i = 0
i = 1
i = 2

∑
k

tαβ
k,ii = 0 ∀ i ≥ 1



Local operators:

⟨ΨG | �̂�[c†
Riα, cRiα] |ΨG⟩ = ⟨Ψ0 |𝒫†�̂�[c†

Riα, cRiα]𝒫 |Ψ0⟩

= ⟨Ψ0 | ∏
(R′ ,i′ )≠(R,i)

𝒫†
R′ i′ 

𝒫R′ i′ 

𝒫†
Ri�̂�[c†

Riα, cRiα]𝒫Ri |Ψ0⟩



Local operators: (disconnected terms)

⟨Ψ0 | ∏
(R′ ,i′ )≠(R,i)

𝒫†
R′ i′ 

𝒫R′ i′ 

𝒫†
Ri�̂�[c†

Riα, cRiα]𝒫Ri |Ψ0⟩

= ⟨Ψ0 | ∏
(R′ ,i′ )≠(R,i)

𝒫†
R′ i′ 

𝒫R′ i′ 

|Ψ0⟩ × ⟨Ψ0 |𝒫†
Ri�̂�[c†

Riα, cRiα]𝒫Ri |Ψ0⟩
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√

√

Local operators:

⟨ΨG | �̂�[c†
Riα, cRiα] |ΨG⟩ = ⟨Ψ0 |𝒫†

Ri�̂�[c†
Riα, cRiα]𝒫Ri |Ψ0⟩

Non-local 1-body operators, i.e., :(R, i) ≠ (R′ , i′ )

⟨ΨG |c†
RiαcR′ i′ β |ΨG⟩ = ⟨Ψ0 |[𝒫†

Ric
†
Riα𝒫Ri][𝒫†

R′ i′ 

cR′ i′ β𝒫R′ i′ 
] |Ψ0⟩



Non-local quadratic operators:

⟨ΨG |c†
RiαcR′ i′ β |ΨG⟩ = ⟨Ψ0 |[𝒫†

Ric
†
Riα𝒫Ri][𝒫†

R′ i′ 

cR′ i′ β𝒫R′ i′ 
] |Ψ0⟩

= ⟨Ψ0 |[∑
a

[ℛi]aα f †
Ria] [∑

b

[ℛi]†
βb fR′ i′ b] |Ψ0⟩

⟨Ψ0 |𝒫†
Ric

†
Riα𝒫Ri fRia |Ψ0⟩ = ∑

a′ 

[ℛi]a′ α⟨Ψ0 | f †
Ria′ 

fRia |Ψ0⟩

Where  is determined by:ℛi



Non-local quadratic operators:

𝒫†
Ric

†
Riα𝒫Ri → ∑

a

[ℛi]aα f†
Ria

𝒫Ri = ∑
Γ,n

[Λi]Γ,n |Γ; R, i⟩⟨n; R, i | |Ψ0⟩

|ΨG⟩ 𝒫|Γ; R, i⟩ = [c†
Ri1]

q1(Γ) . . . [c†
Riνi

]qνi(Γ) |0⟩

|n; R, i⟩ = [f †
Ri1]

q1(n) . . . [f †
Riνi

]qνi(n) |0⟩



Variational energy:

Ĥ = ∑
k

∑
ij

νi

∑
α=1

νj

∑
β=1

tαβ
k,ij c†

kiαckjβ + ∑
R

∑
i≥1

Ĥloc
Ri

ℰ = ∑
kij

∑
ab

[ℛitk,ijℛ†
j ]ab

⟨Ψ0 | f †
kia fkjb |Ψ0⟩ + ∑

R,i≥1

⟨Ψ0 |𝒫†
RiĤ

loc
Ri 𝒫Ri |Ψ0⟩

⟨Ψ0 |𝒫†
Ric

†
Riα𝒫Ri fRia |Ψ0⟩ = ∑

a′ 

[ℛi]a′ α⟨Ψ0 | f †
Ria′ 

fRia |Ψ0⟩Where:

⟨Ψ0 |𝒫†
Ri𝒫Ri |Ψ0⟩ = ⟨Ψ0 |Ψ0⟩ = 1

⟨Ψ0 |𝒫†
Ri𝒫Ri f †

Ria fRib |Ψ0⟩ = ⟨Ψ0 | f †
Ria fRib |Ψ0⟩ ∀ a, b ∈ {1,..,νi}
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ℰ = ∑
kij
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ab
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j ]ab
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√
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√
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Where:

|Γ; R, i⟩ = [c†
Ri1]

q1(Γ) . . . [c†
Riνi

]qνi(Γ) |0⟩

|n; R, i⟩ = [f †
Ri1]

q1(n) . . . [f †
Riνi

]qνi(n) |0⟩

𝒫Ri = ∑
Γn

[Λi]Γn |Γ; R, i⟩⟨n; R, i |

[Fiα]ΓΓ′ 
= ⟨Γ; R, i |cRiα |Γ′ ; R, i⟩

[Fia]nn′ 
= ⟨n; R, i | fRia |n′ ; R, i⟩

⟨Ψ0 |𝒫†
Ric

†
Riα𝒫Ri fRia |Ψ0⟩ = Tr[P0

i Λ†
i F

†
iαΛi Fia]

⟨Ψ0 |𝒫†
Ri𝒫Ri |Ψ0⟩ = Tr[P0

i Λ†
i Λi ] = 1

⟨Ψ0 |𝒫†
Ri𝒫Ri f †

Ria fRib |Ψ0⟩ = Tr[P0
i Λ†

i Λi F†
iaFib] = ⟨Ψ0 | f †

Ria fRib |Ψ0⟩ =: [Δi]ab

√

√

√

√⟨Ψ0 |𝒫†
Ri�̂�[c†

Riα, cRiα]𝒫Ri |Ψ0⟩ = Tr[P0
i Λ†

i �̂�[F†
iα, Fiα]Λi ]



⟨Ψ0 |𝒫†
Ric

†
Riα𝒫Ri fRia |Ψ0⟩ = Tr[P0

i Λ†
i F

†
iαΛi Fia]

⟨Ψ0 |𝒫†
Ri𝒫Ri |Ψ0⟩ = Tr[P0

i Λ†
i Λi ] = 1

⟨Ψ0 |𝒫†
Ri𝒫Ri f †

Ria fRib |Ψ0⟩ = Tr[P0
i Λ†

i Λi F†
iaFib] = ⟨Ψ0 | f †

Ria fRib |Ψ0⟩ =: [Δi]ab

√

√

√

√⟨Ψ0 |𝒫†
Ri�̂�[c†

Riα, cRiα]𝒫Ri |Ψ0⟩ = Tr[P0
i Λ†

i �̂�[F†
iα, Fiα]Λi ]

Where:
[Fiα]ΓΓ′ 

= ⟨Γ; R, i |cRiα |Γ′ ; R, i⟩

[Fia]nn′ 
= ⟨n; R, i | fRia |n′ ; R, i⟩

Matrix of SB amplitudes:

ϕi = Λi P0
i



⟨Ψ0 |𝒫†
Ri𝒫Ri |Ψ0⟩ = Tr[ϕ†

i ϕi ] = 1

⟨Ψ0 |𝒫†
Ri𝒫Ri f †

Ria fRib |Ψ0⟩ = Tr[ϕ†
i ϕi F†

iaFib] = ⟨Ψ0 | f †
Ria fRib |Ψ0⟩ =: [Δi]ab

√

√

√

√⟨Ψ0 |𝒫†
Ri�̂�[c†

Riα, cRiα]𝒫Ri |Ψ0⟩ = Tr[ϕi ϕ†
i �̂�[F†

iα, Fiα]]

Matrix of SB amplitudes:

ϕi = Λi P0
i

Tr[ϕ†
i F†

iαϕi Fia] = ∑
c

[ℛi]cα [Δi(1 − Δi)]
1
2

ca



Variational energy:

Ĥ = ∑
k

∑
ij

νi

∑
α=1

νj

∑
β=1

tαβ
k,ij c†

kiαckjβ + ∑
R

∑
i≥1

Ĥloc
Ri

ℰ = ∑
kij

∑
ab

[ℛitk,ijℛ†
j ]ab

⟨Ψ0 | f †
kia fkjb |Ψ0⟩ + ∑

R,i≥1

Tr[ϕi ϕ†
i Ĥloc

Ri [F†
iα, Fiα]]

Where:

Tr[ϕ†
i ϕi ] = ⟨Ψ0 |Ψ0⟩ = 1

Tr[ϕ†
i ϕi F†

iaFib] = ⟨Ψ0 | f †
Ria fRib |Ψ0⟩ =: [Δi]ab ∀ a, b ∈ {1,..,νi}

Tr[ϕ†
i F†

iαϕi Fia] = ∑
c

[ℛi]cα [Δi(1 − Δi)]− 1
2

ca



Necessary steps:
1. Definition of approximations (GA and G. constraints). 


2. Evaluation of  in terms of .


3. Definition of slave-boson (SB) amplitudes.

4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.

⟨ΨG | Ĥ |ΨG⟩ {Λi≥1}, |Ψ0⟩



Impurity i Bath i

2νi × 2νi

2νi × 2νi

[ϕi]Γn ⟶ |Φi⟩ := ∑
Γn

ei π
2 N(n)(N(n)−1)[ϕi]Γn |Γ; i⟩ ⊗ UPH |n; i⟩

Quantum-embedding formulation

N(n) =
νi

∑
a=1

qa(n)

|Γ; i⟩ = [ ̂c†
i1]

q1(Γ) . . . [ ̂c†
iνi

]qνi(Γ) |0⟩

|n; i⟩ = [ ̂f †
i1]

q1(n) . . . [ ̂f †
iνi

]qνi(n) |0⟩



Impurity i Bath i

2νi × 2νi

2νi × 2νi

[ϕi]Γn ⟶ |Φi⟩ := ∑
Γn

ei π
2 N(n)(N(n)−1)[ϕi]Γn |Γ; i⟩ ⊗ UPH |n; i⟩

Quantum-embedding formulation

N(n) =
νi

∑
a=1

qa(n)

|Γ; i⟩ = [ ̂c†
i1]

q1(Γ) . . . [ ̂c†
iνi

]qνi(Γ) |0⟩

|n; i⟩ = [ ̂f †
i1]

q1(n) . . . [ ̂f †
iνi

]qνi(n) |0⟩



Impurity i Bath i

2νi × 2νi

2νi × 2νi

[ϕi]Γn ⟶ |Φi⟩ := ∑
Γn

ei π
2 N(n)(N(n)−1)[ϕi]Γn |Γ; i⟩ ⊗ UPH |n; i⟩

Quantum-embedding formulation

N(n) =
νi

∑
a=1

qa(n)

[𝒫Ri, N̂R,i] = 0 ↔ [
νi

∑
α=1

̂c†
α ̂cα +

νi

∑
a=1

̂f †
a

̂fa] |Φi⟩ = νi |Φi⟩

|Γ; i⟩ = [ ̂c†
i1]

q1(Γ) . . . [ ̂c†
iνi

]qνi(Γ) |0⟩

|n; i⟩ = [ ̂f †
i1]

q1(n) . . . [ ̂f †
iνi

]qνi(n) |0⟩



Impurity i Bath i

2νi × 2νi

2νi × 2νi

[ϕi]Γn ⟶ |Φi⟩ := ∑
Γn

ei π
2 N(n)(N(n)−1)[ϕi]Γn |Γ; i⟩ ⊗ UPH |n; i⟩

Quantum-embedding formulation

N(n) =
νi

∑
a=1

qa(n)

Tr[ϕ†
i ϕi F†

iaFib] = ⟨Φi | ̂fib
̂f †
ia |Φi⟩ = [Δi]ab

Tr[ϕi ϕ†
i �̂�[F†

iα, Fiα]] = ⟨Φi | �̂�[ ̂c†
iα, ̂ciα] |Φi⟩

Tr[ϕ†
i F†

iαϕi Fia] = ⟨Φi | ̂c†
iα

̂fia |Φi⟩



Variational energy:

Ĥ = ∑
k

∑
ij

νi

∑
α=1

νj

∑
β=1

tαβ
k,ij c†

kiαckjβ + ∑
R

∑
i≥1

Ĥloc
Ri

Where:

⟨Φi |Φi⟩ = ⟨Ψ0 |Ψ0⟩ = 1

⟨Φi | ̂fib
̂f †
ia |Φi⟩ = ⟨Ψ0 | f †

Ria fRib |Ψ0⟩ =: [Δi]ab ∀ a, b ∈ {1,..,νi}

ℰ = ∑
kij

∑
ab

[ℛitk,ijℛ†
j ]ab

⟨Ψ0 | f †
kia fkjb |Ψ0⟩ + ∑

R,i≥1

⟨Φi | Ĥloc
Ri [ ̂c†

iα, ̂ciα] |Φi⟩

⟨Φi | ̂c†
iα

̂fia |Φi⟩ = ∑
c

[ℛi]cα [Δi(1 − Δi)]− 1
2

ca



Necessary steps:
1. Definition of approximations (GA and G. constraints). 


2. Evaluation of  in terms of .


3. Definition of slave-boson (SB) amplitudes.

4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.

⟨ΨG | Ĥ |ΨG⟩ {Λi≥1}, |Ψ0⟩



Variational energy:

Where:

⟨Ψ0 |Ψ0⟩ = 1

⟨Ψ0 | f †
Ria fRib |Ψ0⟩ =: [Δi]ab

ℰ = ∑
kij

∑
ab

[ℛitk,ijℛ†
j ]ab

⟨Ψ0 | f †
kia fkjb |Ψ0⟩ + ∑

R,i≥1

⟨Φi | Ĥloc
Ri [ ̂c†

iα, ̂ciα] |Φi⟩

⟨Φi | ̂c†
iα

̂fia |Φi⟩ =: ∑
c

[ℛi]cα [Δi(1 − Δi)]− 1
2

ca

⟨Φi | ̂fib
̂f †
ia |Φi⟩ = [Δi]ab

⟨Φi |Φi⟩ = 1



Variational energy:

Where:

⟨Ψ0 |Ψ0⟩ = 1

⟨Ψ0 | f †
Ria fRib |Ψ0⟩ =: [Δi]ab

ℰ = ∑
kij

∑
ab

[ℛitk,ijℛ†
j ]ab

⟨Ψ0 | f †
kia fkjb |Ψ0⟩ + ∑

R,i≥1

⟨Φi | Ĥloc
Ri [ ̂c†

iα, ̂ciα] |Φi⟩

⟨Φi | ̂c†
iα

̂fia |Φi⟩ =: ∑
c

[ℛi]cα [Δi(1 − Δi)]− 1
2

ca

⟨Φi | ̂fib
̂f †
ia |Φi⟩ = [Δi]ab

⟨Φi |Φi⟩ = 1 Ec
i

E

[λi]ab
[λc

i ]ab

[𝒟i]aα



Lagrange function:

Where:

ℒ =
1
𝒩

⟨Ψ0 | Ĥqp[ℛ, λ] |Ψ0⟩ + E(1 − ⟨Ψ0 |Ψ0⟩)

+∑
i≥1

⟨Φi | Ĥemb
i [𝒟i, λc

i ] |Φi⟩ + Ec
i (1 − ⟨Φi |Φi⟩)

−∑
i≥1 [∑

ab
([λi]ab + [λc

i ]ab)[Δi]ab + ∑
caα

([𝒟i]aα[ℛcα[Δi(1 − Δi)]
1
2
ca + c.c.)]

Ĥemb
i [𝒟i, λc

i ] = Ĥloc
Ri [ ̂c†

iα, ̂ciα] + ∑
aα

([𝒟i]aα ̂c†
iα

̂fia + H.c.) + ∑
ab

[λc
i ]ab

̂fib
̂f †
ia

Ĥqp[ℛ, λ] = ∑
k,ij

∑
ab

[ℛitk,ijℛ†
j ]ab

f †
kia fkjb + ∑

Ri
∑
ab

[λi]ab f †
Ria fRjb



Lagrange equations:
(ℛ, λ) ⟶

1
𝒩 [∑

k

Πi f (ℛtkℛ† + λ) Πi]
ba

= [Δi]ab
⟶ [Δi]ab

1
𝒩 [∑

k

Πitkℛ†f (ℛtkℛ† + λ) Πi]
αa

=
νi

∑
c,a=1

νi

∑
α=1

[𝒟i]cα [Δi (1 − Δi)]
1
2 ⟶ [𝒟i]cα

νi

∑
c,b=1

νi

∑
α=1

∂
∂ [d0

i ]s
[Δi (1 − Δi)]

1
2

cb
[𝒟i]bα [ℛi]cα

+ c . c . + [li + lc
i ]s = 0 ⟶ lc

i

Ĥemb
i |Φi⟩ = Ec

i |Φi⟩ ⟶ |Φi⟩

[ℱ(1)
i ]αa

= ⟨Φi | ̂c†
iα

̂fia |Φi⟩ − ∑
c=1

[Δi (1 − Δi)]
1
2 [ℛi]cα

!= 0

[ℱ(2)
i ]ab

= ⟨Φi | ̂fib
̂f †
ia |Φi⟩ − [Δi]ab

!= 0

Δi =
ν2

i

∑
s=1

[d0
i ]s

t [hi]s

λi =
ν2

i

∑
s=1

[li]s [hi]s

λc
i =

ν2
i

∑
s=1

[lc
i ]s [hi]s

{



Lagrange equations:
(ℛ, λ) ⟶

1
𝒩 [∑

k

Πi f (ℛtkℛ† + λ) Πi]
ba

= [Δi]ab
⟶ [Δi]ab

1
𝒩 [∑

k

Πitkℛ†f (ℛtkℛ† + λ) Πi]
αa

=
νi

∑
c,a=1

νi

∑
α=1

[𝒟i]cα [Δi (1 − Δi)]
1
2 ⟶ [𝒟i]cα

νi

∑
c,b=1

νi

∑
α=1

∂
∂ [d0

i ]s
[Δi (1 − Δi)]

1
2

cb
[𝒟i]bα [ℛi]cα

+ c . c . + [li + lc
i ]s = 0 ⟶ lc

i

Ĥemb
i |Φi⟩ = Ec

i |Φi⟩ ⟶ |Φi⟩

[ℱ(1)
i ]αa

= ⟨Φi | ̂c†
iα

̂fia |Φi⟩ − ∑
c=1

[Δi (1 − Δi)]
1
2 [ℛi]cα

!= 0

[ℱ(2)
i ]ab

= ⟨Φi | ̂fib
̂f †
ia |Φi⟩ − [Δi]ab

!= 0

Δi =
ν2

i

∑
s=1

[d0
i ]s

t [hi]s

λi =
ν2

i

∑
s=1

[li]s [hi]s

λc
i =

ν2
i

∑
s=1

[lc
i ]s [hi]s

{

√

√



Necessary steps:
1. Definition of approximations (GA and G. constraints). 


2. Evaluation of  in terms of .


3. Definition of slave-boson (SB) amplitudes.

4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.

⟨ΨG | Ĥ |ΨG⟩ {Λi≥1}, |Ψ0⟩



Outline

A.  GA method (multi-orbital models): QE formulation.

B.  DFT+GA algorithmic structure.

C.  Spectral properties.

D.  Recent formalism extensions.



DFT+GA: algorithmic structure



Kohn-Sham scheme:

ℰ[ρ] = TKS[ρ] + EHXC[ρ] + ∫ dr V(r) ρ(r)

TKS[ρ] = min
Ψ0→ρ

⟨Ψ0 | ̂T |Ψ0⟩

min
ρ

ℰ[ρ] = min
Ψ0

[⟨Ψ0 | ̂T + ∫ dr V(r) ̂ρ(r) |Ψ0⟩ + EHXC[⟨Ψ0 | ̂ρ |Ψ0⟩]]

{



Kohn-Sham scheme:

TKS[ρ] = min
Ψ0→ρ

⟨Ψ0 | ̂T |Ψ0⟩{
𝒮[Ψ0, ρ(r), 𝒥(r)] = ⟨Ψ0 | ̂T + ∫ dr V(r) ̂ρ(r) |Ψ0⟩ + EHXC[ρ]

+∫ dr𝒥(r)(⟨Ψ0 | ̂ρ(r) |Ψ0⟩ − ρ(r)) Enforcing 
definition of ρ(r)

min
ρ

ℰ[ρ] = min
Ψ0

[⟨Ψ0 | ̂T + ∫ dr V(r) ̂ρ(r) |Ψ0⟩ + EHXC[⟨Ψ0 | ̂ρ |Ψ0⟩]]

ℰ[ρ] = TKS[ρ] + EHXC[ρ] + ∫ dr V(r) ρ(r)



Kohn-Sham scheme:

TKS[ρ] = min
Ψ0→ρ

⟨Ψ0 | ̂T |Ψ0⟩{
𝒮[Ψ0, ρ(r), 𝒥(r)] = ⟨Ψ0 | ̂T + ∫ dr (V(r) + 𝒥(r)) ̂ρ(r) |Ψ0⟩ + EHXC[ρ] − ∫ dr𝒥(r)ρ(r)

ρ0(r)

ĤKS

𝒥(r)

Solve 

& calculate 

ĤKS
ρ(r)

min
ρ

ℰ[ρ] = min
Ψ0

[⟨Ψ0 | ̂T + ∫ dr V(r) ̂ρ(r) |Ψ0⟩ + EHXC[⟨Ψ0 | ̂ρ |Ψ0⟩]]

ℰ[ρ] = TKS[ρ] + EHXC[ρ] + ∫ dr V(r) ρ(r)



Kohn-Sham-Hubbard scheme:

TKSH[ρ] = min
ΨG→ρ

⟨ΨG | ̂T |ΨG⟩{
+∑

i≥1

ĤUi,Ji
i

+∑
i≥1

EUi,Ji
dc (⟨ΨG | N̂i |ΨG⟩)

ℰ[ρ] = TKSH[ρ] + EHXC[ρ] + ∫ dr V(r) ρ(r)

min
ρ

ℰ[ρ] = min
ΨG

⟨ΨG | ̂T + ∫ dr V(r) ̂ρ(r) + ∑
i≥1

ĤUi,Ji
i |ΨG⟩+

+EHXC[⟨ΨG | ̂ρ |ΨG⟩] + EU,J
dc (⟨ΨG | N̂i |ΨG⟩)]

Projectors over “correlated” 
degrees of freedom



Kohn-Sham-Hubbard scheme:

min
ρ

ℰ[ρ] = min
ΨG

⟨ΨG | ̂T + ∫ dr V(r) ̂ρ(r) + ∑
i≥1

ĤUi,Ji
i |ΨG⟩+

+EHXC[⟨ΨG | ̂ρ |ΨG⟩] + ∑
i≥1

EUi,Ji
dc (⟨ΨG | N̂i |ΨG⟩)

+∫ dr𝒥(r)(⟨ΨG | ̂ρ(r) |ΨG⟩ − ρ(r)) Enforcing 
definition of ρ(r)

+∑
i≥1

Vdc
i (⟨ΨG | N̂i |ΨG⟩ − Ni) Enforcing 

definition of Ni



Algorithmic structure:
ĤKSH = ̂T + ∫ dr [V(r) + 𝒥(r)] ̂ρ(r) + ∑

i≥1
(ĤUi,Ji

i + Vdc
i N̂i)

ρ0(r)

𝒥(r)

Solve  with GA

& calculate 

ĤKSH
ρ(r)

Fixed Vdc
i

} Vdc
i

Check Vdc
i =

dEU,J
dc

dNi



Outline

A.  GA method (multi-orbital models): QE formulation.

B.  DFT+GA algorithmic structure.
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D.  Recent formalism extensions.



Spectral properties
Ground state: |ΨG⟩ = 𝒫 |Ψ0⟩

Excited states: |Ψkn
G ⟩ = 𝒫 ξ†

kn |Ψ0⟩

Aiα,jβ(k, ω) = ⟨ΨG |ckiα δ(ω − Ĥ) c†
kjβ |ΨG⟩ + ⟨ΨG |c†

kjβ δ(ω + Ĥ) ckiα |ΨG⟩

Phys. Rev. B 67, 075103 (2003)



|ΨG⟩ = 𝒫 |Ψ0⟩Ground state:

Excited states: |Ψkn
G ⟩ = 𝒫 ξ†

kn |Ψ0⟩

Aiα,jβ(k, ω) = ⟨ΨG |ckiα δ(ω − Ĥ) c†
kjβ |ΨG⟩ + ⟨ΨG |c†

kjβ δ(ω + Ĥ) ckiα |ΨG⟩

𝒢(k, ω) = ∫
∞

−∞
dϵ

A(k, ω)
ω − ϵ

≃ ℛ† 1
ω − [ℛϵkℛ† + λ]

ℛ =:
1

ω − tloc − Σ(ω)

Spectral properties



|ΨG⟩ = 𝒫 |Ψ0⟩Ground state:

Excited states: |Ψkn
G ⟩ = 𝒫 ξ†

kn |Ψ0⟩

Aiα,jβ(k, ω) = ⟨ΨG |ckiα δ(ω − Ĥ) c†
kjβ |ΨG⟩ + ⟨ΨG |c†

kjβ δ(ω + Ĥ) ckiα |ΨG⟩

Σi(ω) = tloc − ω
1 − ℛ†

i ℛi

ℛ†
i ℛi

+ [ℛi]−1λi[ℛ†
i ]

−1
Σ(ω) =

[0]ν0×ν0
0 … 0

0 Σ1(ω) … ⋮
⋮ ⋮ ⋱ ⋮
0 … … ΣM(ω)

Spectral properties
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A more accurate extension: 
the g-GA method

arXiv:2106.05985 (2021)



The GA variational wave function:

𝒫Ri = ∑
Γn

[Λi]Γn |Γ; R, i⟩⟨n; R, i |
|Ψ0⟩

|ΨG⟩ 𝒫Square matrix: 2νi × 2νi

|ΨG⟩ = 𝒫 |Ψ0⟩ = ∏
R,i≥1

𝒫Ri |Ψ0⟩



The g-GA variational wave function:

|ΨG⟩ = 𝒫 |Ψ0⟩ = ∏
R,i≥1

𝒫Ri |Ψ0⟩

𝒫Ri = ∑
Γn

[Λi]Γn |Γ; R, i⟩⟨n; R, i | |Ψ0⟩

|ΨG⟩ 𝒫

𝒫Ri = ∑
Γn

[Λi]Γn |Γ; R, i⟩⟨n; R, i |

Rectangular matrix: 2νi × 2ν̃i



The g-GA variational wave function:

|ΨG⟩ = 𝒫 |Ψ0⟩ = ∏
R,i≥1

𝒫Ri |Ψ0⟩

𝒫Ri = ∑
Γn

[Λi]Γn |Γ; R, i⟩⟨n; R, i |𝒫Ri = ∑
Γn

[Λi]Γn |Γ; R, i⟩⟨n; R, i |

Rectangular matrix: 2νi × 2ν̃i

Impurity i
Bath i

Self-consistency

2νi × 2ν̃i



Benchmark calculations ALM:

Impurity i
Bath i

Self-consistency

2νi × 2ν̃i



Benchmark calculations ALM:

Impurity i
Bath i

Self-consistency

2νi × 2ν̃i



Benchmark calculations ALM:

Analytical (approximate) 
expression for self-energy 
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