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Why is it useful?

1. Orders of magnitude less computationally
demanding than DMFT

(note also recent combination with ML).
2. Variational (7=0).

3. Accuracy can be systematically improved
(RISB formulation, recent extension g-GA)



Limitations

1. No accurate description of the Mott phase.

2. No access to high-energy excitations (Hubbard
bands).

3. Mott metal-insulator transition-point can be
overestimated.

(Note: recent extension may resolve these problems...)
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Why is computational speed important?
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Why is computational speed important?

Materials are useful  THE U.S. MATERIALS GENOME INITIATIVE
for society !

- President Obama, 2011

OMeeting Societal Needs ¢ Accelerating Our Pace The U.S. Materials Genome Initiative (MGI)
Advanced materials are at the heart : ‘ challenges researchers, policymakers, and
of innovation, economic opportunities, business leaders to reduce the time and
and global competitiveness. They are resources needed to bring new materials
the foundation for new capabilities, to market—a process that today can take
tools, and technologies that meet 20 years or more.
urgent societal needs including clean
energy, human welfare, and national <
security. g
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The MGI is a multi-agency initiative to
renew investments in infrastructure
designed for performance, and to
foster a more open, collaborative

approach to developing advanced W ' A Jud
materials, helping U.S. Institutions I e ‘m&»
accelerate their time-to-market. ~J—
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Outline

A. GA method (multi-orbital models): QE formulation.
B. DFT+GA algorithmic structure.
C. Spectral properties.

D. Recent formalism extensions.



The Hamiltonian:

Z Z()le;ta,z ll‘la kjﬁ_l_zzl loc
/ 1,20 o 1> /

K: Crystal momentum R: Unit cell

1. Projector information:

I = 0: Uncorrelated modes

1 = 1: First subset of correlated modes (e.qg. d orbitals of atom 1 in unit cell)

1 = 2: Second subset of correlated modes (e.g. f orbitals of atom 1 in unit cell)



The GA variational wave function:
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R,i>1
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The GA variational wave function:

[ W) = P|Wy) = H Pril Vo)
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Our goal is to minimize (¥ | H| ¥ )
wrt {A i > 1}, |P,).

DY x D /
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Our goal is to minimize (¥ | H| ¥ )
wrt {A i > 1}, |P,).

-/ Quantum-embedding
Wi ¢ W, formulation

/

Self-consistency

/ 2Ui X 2I/i

Impurity Bath !
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Necessary steps:

1. Definition of approximations (GA and G. constraints).

2. Evaluation of (V- | H| ¥s) interms of {A5}, | Wy).

3. Definition of slave-boson (SB) amplitudes.
4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.



Gutzwiller approximation:

\‘PG) can be treated only numerically in general:

We will exploit simplifications that become exact in the limit of co-coordination lattices.
In this sense, the GA Is a variational approximation to DMFT.

Gutzwiller constraints:
<\Po\gﬁ \T()):(To\‘{’(ﬁ:l
<\IJO‘qu meleb‘lP()> — <‘P0‘f1§iafRib‘lPO> Vd,b & {19“?I/i}
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Gutzwiller constraints:
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Gutzwiller constraints:
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Gutzwiller constraints:
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Gutzwiller constraints:
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Necessary steps:

1. Definition of approximations (GA and G. constraints).

2. Evaluation of (‘¥ | H| ¥s) interms of {A;5 ), | 'P))-

3. Definition of slave-boson (SB) amplitudes.
4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.
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The Hamiltonian:

K: Crystal momentum R: Unit cell

1. Projector information:

I = 0: Uncorrelated modes

1 = 1: First subset of correlated modes (e.qg. d orbitals of atom 1 in unit cell)

1 = 2: Second subset of correlated modes (e.g. f orbitals of atom 1 in unit cell)



Local operators:

(P61 0|cf W) = (¥l 20| P |¥o)
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Local operators: (disconnected terms)
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Local operators: (disconnected terms)

<TO | H @ Rl @[ Rla Rla] Lq)Ri | TO)
(R5)#R, D)
/—— (GA and G. constraints)
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Local operators: (disconnected terms)
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Local operators: (connected terms)
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Local operators: (connected terms)

— T — —
<‘PO | H @ <‘g Ria’ Rl(x] tq)Ri | lPO)
(R%i)#(R,1)

(GA and G. constraints)



Local operators:

(P61 0]cf |¥o) =[(Wol Py, | Pri| o)

Rla Rla] [ Rla Rla

Non-local 1-body operators, i.e., (R, 1) # (R’, i):
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Non-local quadratic operators:

N
<TG| “Ria RzﬁllP ) = <‘Pol [ Ri lim‘@ ][@I{z Rzﬁ Rz] |‘PO>

Z [% ]aa Rla] [2 [9? ]ﬁb R'7'b

Where &% . is determined by:
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Non-local quadratic operators:
[P
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Variational energy:
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Necessary steps:

1. Definition of approximations (GA and G. constraints).

2. Evaluation of (‘¥ | H| ¥s) interms of {A5}, | Wy).

3. Definition of slave-boson (SB) amplitudes.
4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.



Variational energy:
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Variational energy:

6= 2 X | R | ol | ¥o) + X (Bl P e 7y,
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(Wol Pl P | Po)|= Tr|PPATA | =1
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Variational energy:
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Necessary steps:

1. Definition of approximations (GA and G. constraints).

2. Evaluation of (V- | H| ¥s) interms of {A5}, | Wy).

3. Definition of slave-boson (SB) amplitudes.
4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.



Quantum-embedding formulation 2" x 2~
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Quantum-embedding formulation 2" x 2~
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Variational energy:
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Necessary steps:

1. Definition of approximations (GA and G. constraints).

2. Evaluation of (V- | H| ¥s) interms of {A5}, | Wy).

3. Definition of slave-boson (SB) amplitudes.
4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.



Variational energy:
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Variational energy:
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Lagrange function:
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Lagrange equations:
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Necessary steps:

1. Definition of approximations (GA and G. constraints).

2. Evaluation of (V- | H| ¥s) interms of {A5}, | Wy).

3. Definition of slave-boson (SB) amplitudes.
4. Mapping from SB amplitudes to embedding states.

5. Lagrange formulation of the optimization problem.



Outline

A. GA method (multi-orbital models): QE formulation.
B. DFT+GA algorithmic structure.
C. Spectral properties.

D. Recent formalism extensions.



DFT+GA: algorithmic structure
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Kohn-Sham scheme:

Elpl = Tyslpl + Egxclpl + Jdr V(r) p(r)

Txslp] = min (W | T|¥)

VY, —p

min &[p] = H\i’in [(‘Po | T+ [dl' V(r)p(r)|Y¥,) + EHXC[<‘PO a To)]
P 0



Kohn-Sham scheme:

Elpl = Tyslpl + Egxclpl + Jdr V(r) p(r)

Txslp] = min (W | T|¥)

VY, —p

min &[p] = Hé,in [(‘Po | T+ Jdr V(r)p(r)|Y¥,) + EHXC[<TO ra TO>]
P 0

SIWo. p(0), F(0)] = (| T+ Jdr V() A1) | Wo) + Enpeclp]

Enforcing

+ Jdrj (1) ((Fo | () [¥o) —p(D) w definition of p(r)



Po(r)

l

Kohn-Sham scheme:

/()
Elpl = Txslpl + Epxclp] + jdr V(r) p(r) |
Teslpl = min (%, | 7] %) Sove i
Yo—p & calculate p(r)

H,loin Elpl = H}Pin [(‘Po T+ Jdr V(r) p(r)|¥,) + EHXC[<‘PO ra T())]l

S, p(r), F()] = (¥ | T+ Jdr (V(I') + j(r)) P ¥o) + Egxclp] — Jdrj(r)ﬂ(r)

\' ﬁKS



Kohn-Sham-Hubbard scheme:

+ ) E (W6 N | ¥e))

1>1
Elpl = Txsylpl + Egxclp] + Jdr V(r) p(r) T
T o : A Projectors over “correlated”
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Yo -+ Z
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P Yq i>1
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Kohn-Sham-Hubbard scheme:

min &[p] = min [(‘I’G\ T+ Jdr V(r) p(r) + Z ﬁiUi’Ji [ W)+
P Ye 1>1

+Ech[<lPG‘P‘\PG>] ZEUJ (s N, ‘\PG>)

1>1

Enforcing

+ Jdrj (r)((‘PG [p(0) | ¥g) —p (r)) " definition of p(r)

) A B Enforcing
+2Vi (<‘PG‘Ni“PG> Ni) " definition of NV,

1>1



Algorithmic structure:

Aoy =T+ [dr V) + 70] p) + Y (HUJ 4 Vl.d“Z\AJi)

1> 1

Fixed V4



Outline

A. GA method (multi-orbital models): QE formulation.
B. DFT+GA algorithmic structure.
C. Spectral properties.

D. Recent formalism extensions.



Spectral properties

Ground state:  |Y;) = 2 |Y)
Excited states: | V) = P& |

5w+ H) ¢

A gk, @) = (¥l G, 800 = H) g kia| TG

Kif |We) + (Pslc!

kJﬁ

Phys. Rev. B 67, 075103 (2003)



Spectral properties

Ground state:  |Y;) = 2 |Y)

Excited states: | V) = P& |

/N

Aia,jﬁ(ka a)) — <‘PG ‘ CklO[ 5(60 H) Ck]ﬁ ‘ ‘PG> T <LI’G ‘ k]ﬁ 5(0) 1 H) CklO[ ‘ ‘PG>
> AWK, w) | |

ZKk,w) = de V7 P — R
e W —E @ — [Re AT + A] w—1t,.— 2(w)



Spectral properties

Ground state:  |Y;) = 2 |Y)
Excited states: | V) = P& |

A ip K 0) = (WPl ¢ . o — H) cljjﬁ | W) + (P cljjﬁ 5w + H) .. | ¥g)
0 0 .. 0
[ ]yoxvo 1 — %j@l —1 + —1
() = O Zlfa)) Zl(a)) — thC — G)W + [%l] /11. [%l]

6 ZM.(a))
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A more accurate extension:
the g-GA method

PHYSICAL REVIEW B 96, 195126 (2017)

Emergent Bloch excitations in Mott matter

Nicola Lanata,! Tsung-Han Lee,! Yong-Xin Yao,? and Vladimir Dobrosavljevié!

arX1v:2106.05985 (2021)

Quantum-embedding description of the Anderson lattice model with
the ghost Gutzwiller Approximation

Marius S. Frank,! Tsung-Han Lee,”? Gargee Bhattacharyya,! Pak Ki Henry Tsang,"
Victor L. Quito,*® Vladimir Dobrosavljevié,> Ove Christiansen,” and Nicola Lanata' ¢ *




The GA variational wave function:
[We) = P|W) = H Pril Yo)

R,i>1
PR = Z
I 'n

)

Square matrix: 2% X 2V




The g-GA variational wave function:
[We) = P|W) = H Pril Yo)

R,i>1
‘@Ri — Z
I'n

[Ai]rn | F; Ra l><n9 Ra l |

)

Rectangular matrix: 2% X 2V



The g-GA variational wave function:
[We) = P|W) = H Pril Vo)

R,i>1
PRi = Z
I'n

Self-consistency

(Al TR, iV R, i

)

Rectangular matrix: 2% X Vi

f Vi x Qi
@

O

Bath
Impurity ! Q



Benchmark calculations ALM:
H = EZ (ti; + 0ij€p) pija—kz ndz—l

Metal

g-GA: Un

- g-GA: Ug
—— GA: U,

® DMFT: Us

Insulator

-I-VZ (pw w+H.c) “ZN

Self-consistency

DY x 2
e

Impurity !

Bath ;

OO0



Benchmark calculations ALM

Self-consistency
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Benchmark calculations ALM:
H = LL i+ 0ij€p) pija—l—z (gi — 1)°
+ VZ (pl,dip +Hec.) - YN

Analytical (approximate)
expression for self-energy




THANK YOU FOR YOU
ATTENTION !!! §




