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Hedin’s equations

This system of equations

el 1s supposed to be solved

eyl 0 b} NN S P . .

+ 5GB( 45)Gﬁ(46)r'3(673)0i(70) self-consistently. As written,
7 it is exact. In practice,

P(12) = ¥ GY(13)T*(342)G"(41) approximations are needed.

[ (123) = 6(12)8(13)

L.Hedin
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G(12) = G2 (12) + G4 (13)2(34)G (42) Rivista del Nuovo Cimento
11,1 (1988)



GW approximation

Fa(123) _— 5(12)5(13) The approximation was first
considered by L. Hedin (1965)
P(12: 1) = —G(12: T)G(21: B — 1) (electron gas). Applications to the

real materials (non-self-consistent)

first appeared in 1980’s:
W(12;v)=V(12)+ / d(34)V(13)P(34; vW(42; v)

G. Strinati et al., Phys. Rev. B 25,

.):(12. 'L') — —G(]z ‘[)W(Z] T). 2867 (1982).

M. S. Hybertsen and S. G. Louie,
G(12; w) = Go(12; w) + / d(34)Go(13; w)X(34; w)G(42; ) Phys. Rev. B 34, 5390 (1986).

R. W. Godby et al., Phys. Rev. B 37,
10159 (1988).



Quasiparticle GW approximation (QSGW)
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Approximations for GW+Vertex schemes

o (123) = 6(12)5(13) Two different routes to make

§N(12) . | approximations for the vertex
+ 5GP (15) G”(46)17(673)G"(75) are used.

B

P(12) = Y G(13)1(342)G" (41) 1) Finite order expansion of I'
a in terms of W
W (12) = V(12) + V(13)P(34) W (42) 2) Fixed diagrammatic
approximations for X in the
$(12) = —G(14)T(425)W (51) expression for the kernel of
BSE
G*(12) = G5 (12) + G5 (13)X°(34)G* (42) §XT*(12)

§GP(45)



Approximations for the vertex
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LAPW+LO/APW+lo basis set
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Product basis set

In order to perform GW (and beyond) calculations one needs not only LAPW basis set but also
the basis set which represents sufficiently accurately the products of the one-electron wave
functions. The choice for this basis set naturally comes from the MT geometry.

MT spheres: One constructs all products of radial functions inside a given MT sphere (for each L
separately) and evaluates the overlap matrix between these products. Then one diagonalizes it.
The linear combinations corresponding to non-zero eigen values are used as PB functions inside
a given MT sphere.

Interstitial: In the interstitial region the products of one-electron functions are always some
linear combinations of plane waves. Thus, natural choice for the PB in the interstitial region is
PW basis set. Exact representation corresponds to the size of this PB being 8 times larger than
the size of PW part of LAPW basis set. In practice, good choice is to take it 3-4 times larger
(instead of 8).



Details of the GW implementation
Polarizability evaluation (Mt-Mt)
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Details of the GW implementation

Polarizability evaluation (Mt-Int)
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Details of the GW implementation
Polarizability evaluation (Int-Int)
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Details of the GW implementation
Evaluation of the screened interaction W

W(12: v) = V(12) + ] d(34)V(13)P(34; v)W(42: v)

q _ a4 pd q ‘
Wik (V) = Viger + § \ Vi Pnm (0 IWignyr (V)
HK/!

For large unit cells (>10 atoms) this step becomes the most time consuming part of
the GW algorithm. The interface with the SCALAPACK subroutines
(PDGEMM/PZGEMM and PDGESV/PZGESV) was implemented (together with Anthony Ruth).



Details of the GW implementation
Evaluation of the self energy (Mt-Mt)
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Details of the GW implementation
Evaluation of the self energy (Mt-Int)
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Details of the GW implementation
Evaluation of the self energy (Int-Int)
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Details of the GW implementation
Evaluation of updated Green’s function

G(12; w) = Go(12; ) + / d(34)Gp(13; w)X(34; »)G(42; w)

D {oamr — Gy (ks w) S5 (ks w) 1650 (ks w)

_ g? (w( : )Z()\;\tﬂ(k w)g? a( )

The size of fermionic basis set (bands) usually is a few times smaller than the size of the bosonic
basis set (product basis). Thus, the matrix equation for W is about 100 times more time
consuming. However, we have to solve the Dyson’s equation for G a few times during each sc

iteration (chemical potential adjustment). SCALAPACK subroutines are planned to be used
as well.



Details of the GW+Vertex implementation

(i) three-point vertex function from the Bethe-Salpeter
equation

"(123) = 8(12)8(13)

dx%(12)
+ G (46)I'*(673)G(75). (1
Zﬁ:(SGﬂMS) = ) b 85
where o and g are spin indexes, and the digits in the brackets
represent space-Matsubara’s time arguments:
(i1) polarizability

P(12) = Z G(13)I'“(342)G*(41); (2)

(iii) screened interaction
W(12) = V(12) 4+ V(13)P(34)W(42); (3)
(iv) and the self-energy
E12) = =GY(14)I'“(425)W(51). 4)

In Eq. (3), V stands for the bare Coulomb interaction. The
new approximation for the Green’s function is obtained from
Dyson’s equation

G*(12) = G3(12) + Gg(13)X%(34)G* (42), (5)

where Gy is the Green’s function in Hartree approximation.

62%(12)

il sk U 3
5GP (34) 3qp8(13)6(24)W(21)

— G*(12)GP(43)[W(23)W(4]) + W(4)W(31)]

ATY(123) = —W(2,1)G%(13)G%(32)
— W2, D)G*(14)AT%(453)G*(52)
— G“(12) Z GP(5H)[W(24H)W(51)
B
+ WQR5)WAED][G?(43)G?(35)
+ GP(46)ATP(673)GP(75)].



Details of the GW+Vertex implementation
(continuation)

K%(123) = —G*(13)G*(32). (9)
AK%(123) = —G%(14)AT%(453)G*(52), (10)
K%(123) = K%(123) + AK%(123), (11)

AT(123) =WQRDK*(123) + G*(12)

x Y WQ4[GP(54)K’ (453)
p
+ G 5K (543)|W(51). (12)

=Y [6’@nhK?(123) + GP(12)K*(213)]  (13)
B

T(213) = W(24)Q(453)W(51), (14)

AT (123) = W(21)K*(123) + G*(12)T(213). (13)

The iterations for the I'gw are performed as the following.
One takes K = K" [Eq. (9)] as an initial apploaah then
calculates Q [Eq. (13)], T [Eq. (14)], and AT [Eq. (15)]. Then,
a correction to K" [Eq. (10)] is evaluated and the pmcess is
repeated with a new K = K" 4+ AK. The iterations for the
'Y, are simpler. They follow the same scheme but without

Q and T evaluation. Finally, the approximation Iy is obtained
with just one step: AT’y = WK,



Details of the GW+Vertex implementation
(Ko calculation)
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Details of the GW+Vertex implementation
(K function in real space)

MT-MT: Int-Int:
Al o
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MT-Int: The coefficients A{Y represent the expansion of band
states in plane waves in the interstitial region Wo¥(r) =
K (sq; T3v) a Y AL ®TOr and the coefficients Z{¥, represent the

[ expansion of the band states in the orbital basis inside MT
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Details of the GW+Vertex implementation
(evaluation of W(21)K(123))
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Details of the GW+Vertex implementation
(transformation of vertex to band representation)
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Details of the GW+Vertex implementation
(AK evaluation)

AK“(123; w;v) = — f/ d(45)G*(14; w) AT*(453; w; v)G*(52; w — v)
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Details of the GW+Vertex implementation
(correction to polarizability)

AP(12) = Z G*(13)AT*(342)G*(41)

— Z AK“(112),

| o ak— q\*
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Details of the GW+Vertex implementation
(correction to the self-energy)

O <>




scGW, QSGW: combination with DFT kernel

PO — GG
Good reference:
P=P.+P SVXC R. Del Sole et al., Phys. Rev. B
0 0 J 49, 8024 (1994)
W=V+VPW
>=GW

G = Gy + G2G



DFT

[Initialp} -}[ Ve = pV; Viclpl }

‘ [ Veff:Vext+VH+ch }

E Properties }.E New p }- [Ek; Yy, }




GW

Implementation:
. P=GG PRB 85, 155129 (2012)
[ nitial G } - [ } CPC 219, 407 (2017)

[ W=V+VPW }

!

[ Properties }-[G=Go+GOZG}- [ 2=GW }




Vertex corrected GW

a6

Implementation:
PRB 94, 155101 (2016) W=V+VPW
PRB 95, 195120 (2017) 1

[ Properties }-[G=Go+GOZG}- [2=GFW}




General information about FlapwMBPT

Solid or electron gas (this talk is about solids only)
Flexible FLAPW+LO/APW+lo all-electron basis set

Non-relativistic, scalar-relativistic, or Dirac fully relativistic
treatment of relativity

Spin-polarized calculations
MPI for parallelization
Language: Fortran



How different methods are combined in one code

Reading the input file
Self-consistent DFT calculation

¥

Self-consistent Hartree-Fock/Hybrid calculation

¥

Self-consistent GW calculation

et

QSGW

et

Self-consistent vertex corrected (based on W-functional) calculation

Self-consistent vertex corrected (based on BSE for polarizability) calculation




Band gap (eV)
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Convergence wrt the basis set (LiF)
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Convergence wrt the number of k-points (LiF)
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Convergence of MgO band gap (GW+Vertex)

Parameter Setup Band gap
thl () 93]
] 8.81
10 8.40
20 8.28
30 8.29
Dl 3s(Mg)/2p(0) 8.56
3s3p(Mg)/3s2p(0) 8.40
3s3p3d(Mg)/3s2p3d(0O) 8.28
3s3p3d4f(Mg)/3s2p3d4£(0O) 8.27
Ng 26 8.19
59 8.25
92 8.28
Nk 2" 828
3’ 8.24
43 8.27
Wiyl B 46 8.28
62 8.29

94 8.29




Convergence with respect to the basis size (Si)

GW basis size
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Convergence rate

Convergence of the ladder sums
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Relative error (%)

30
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Easy ways to improve QSGW results

GaSb GaAs SiC ZnS

| Insb  si

AIP

ZnSe

C

BN

NaCl
MgO LiF

Exp - E-ph ——
LQSGW =
LQSGW| pa
LQSGWTI' pa
GWy(Wien-2k)
GoWy(VASP) =«
QSGW(VASP) =
QSGW(Kotani et al.)

Bootstrap approach:

Exp:

PRB 20, 624(1979)
PRB 35, 9174(1987)
PRB 53, 16283(1996)

E-ph corr-n:

PRB 89, 214304(2014)
PRL 112, 215501(2014)
RMP 77, 1173(2005)
PRB 93, 100301(2016)

S. Sharma et al., Phys. Rev. Lett. 107, 186401 (2011)



Relative error (%)

Self consistent GWI': Band gaps

Exp - E-ph ————
30 & scGW - —
\ Vertex 1-order - - - -
\ Vertex BSE for P
20 | -
\
\ - - = A / X
\
10 | . -~ b / 3 7’ |
RS . o i
0 B il S - = o= = |
GaAs SiC ZnS BN NaCl
10| Si AIP ZnSe C MgO LiF |




Mismatch in band width (eV)

0.9

0.8
0.7
0.6 -
0.5 |
04
03 1
0.2 -

0.1

Band width of Na

scGW s
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Details:
PRB 94, 155101 (2016)

Relative to the experimental band
width 2.65 eV from:

PRL 60, 1558 (1988),

PRB 41, 8075 (1990)



Speedup
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Scalability (PbTe)

Ideal speedup
Full iteration
P(Vertex)
Sigma(l\lertex)

2000

4000

6000 8000
Number of cores

10000
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Future plans for development

Inclusion of more diagrams in the vertex part + optimization
Optimization of DFT, Hartree-Fock, and GW parts

Standard implementation of BSE (frequency-independent W,
based on DFT or QSGW)

Non-collinear magnhetism implementation

Linear response for phonons, electron-phonon interaction
(DFT)



Hands on training (Plan)

e Basic DFT run — LiF

* QSGW - LiF

* QSGW+LDA Vertex (one shot) — LiF
* QSGW+LDA Vertex — LiF

* scGWI'1 — LiF

 scGWI'Gw — LiF

 Homework

Details about the variables in input file
/home/akutepov/EXAMPLES/FlapwMBPT _Input.pdf



How to run the code

copy /home/akutepov/EXAMPLES to your working directory

In order to run the code, go in any of the subdirectories and
perform:

qsub sub.pbs (please, replace e-mail with your e-mail before
submitting!!!)
The results will go in the same subdirectory.



TEXT *** band structure calculation of LiF (B1) ***
CONTROL iter_dft 20 iter_hf 0 iter_gw 16 iter_qp 0
iter_psi 0 iter_bsp 16
restart_begin O restart_end 0
admix 0.3 adspin 0.7 adm_gw 0.3 acc_it_gw 0.3
iexch 5 scal_spin 1.0 psi_fncl_use 0
irel O clight 274.074 rel_interst F
temperature 300.0
MPI mpi_pref ktb
nproc_t 16 nproc_k 1 nproc_b 1
FILES
allfile 'lif'
tmpfile 'lif'
SYM symgen '|_R4Z_R3D_'
STRUCTURE par 7.60804 nsort 2 istruc 3
b_a1l.0 c_al.0
a '0.0,0.5,0.5'
b '0.5,0.0,0.5'
¢ '0.5,0.5,0.0'
tau '0.0,0.0,0.0'
'0.5,0.5,.5'
REAL SPACE MESHES mdiv 16 16 16
nrdiv 10 10 10
nrdiv_red 3 3 3
BASIS cut_gw_ratio 0.6 cut_vrt_ratio 1.0
eps_pb 0.001 eps_pb_vrt 0.01
ZONES nbndf 80 nbndf_bnd 1 6
BND_PLOT n_k_div 18
DOS emindos -1.0 emaxdos 1.0 ndos 600
e_small 0.005 e_small_bos 0.04
K_POINT ndiv 4 4 4 k_line 001
ndiv.c 2 2 2
k_integral FDn_k_int111

Input file (ini) - LiF

MULTI_SCF vv0 1.0

MAGNET b_extval 0.0 iter_h_ext 00000
b_ext 0.0 0.0 1.0

COULOMB eps_coul 0.0001

W w_sc_gw scfw_sc_qp scf w_sc_psi scf w_sc_bsp non

HARTREE-FOCK alpha_hbr 0.25 omega_hse 0.165
hybrid_type 0
VERTEX_P psi_p 60000 bse_kernel_p 6000
iter_ladder_p 6 nu_w_stat0
VERTEX_S psi_sig 60000 psi2_sig 60000
iter_sigma_gwg 1
VERTEX_XI iter_ladder_xi 0 q_suscept 2
chi_cmp 000 vrt_x_appr 000
nrax_chi 100 freq_chi 1.0
theta_bse GWO
OPTICS opt_mode 000000 opt_loc_fld F
TAU MESH n_tau 62 exp_tau_gw 4.0
OMEGA MESH n_omega_exa 10 n_omega_geom 46
n_omega_asy 6
omega_geom 500.0 omega_max 1900.0
NU MESH n_nu_exa 10 n_nu_geom 46 n_nu_asy 6
nu_geom 300.0 nu_max 900.0
HEGrs -4.0 k_inf 5.0 n_k_heg 50

ATOMIC DATA
txtelLi z 3.0 magn_shift 0.0 z_dop 0.0
smt 1.9 h 1.d-6 nrad 600
Imb 6 Impb 4
lim_pb_mt= 12 10 10 10 10 10 10
lim_pb_mt_red4220000
nte4321111

| augm atocc ptnl corridmd

A U1 A W NNR R RBR OOOO

txtel _F z 9.0 magn__

LOC 2.0 1.9
AWL 1.0 2.9
LOC 0.0 3.9
LOC 0.0 4.9
AWL 0.0 2.9
LOC 0.0 3.9
LOC 0.0 4.9
AWL 0.0 3.9
LOC 0.0 4.9
APW 0.0 4.9
APW 0.0 5.9
APW 0.0 6.9
APW 0.0 7.9

N
L

z2z2-~22

N
N

222

N

0
shift 0.0 z_dop 0.0

smt 1.9 h 1.d-6 nrad 600
Imb 6 Impb 4
lim_pb_mt= 12 10 10 10 10 10 10
lim_pb_mt_red4220000

nte=3321111

| augm atocc ptnl corridmd

0

O U A W NN R = R OO

AWL 2.0 2.9
LOC 0.0 3.9
LOC 0.0 4.9
AWL 5.0 2.9
LOC 0.0 3.9
LOC 0.0 4.9
AWL 0.0 3.9
LOC 0.0 4.9
APW 0.0 4.9
APW 0.0 5.9
APW 0.0 6.9
APW 0.0 7.9

L
N
N

z2zz=z%2%%r



Basic DFT — output files

LiF LDA.0611874 — monitoring total energy/density
convergence

if.out — general output (basis set sizes, timings,...)
if_dft.dos - DOS

if _dn_dft.dosk — k-resolved DOS

ifLi___ sum_dft.pdos — PDOS for Li

Lif F sum_dft.pdos — PDOS for F
lif_dft _band LAPW.dat — data file for band plotting
lif_dft_band LAPW.gnu— GNUPLOT file for band plotting




QSGW example — output files

if _qp.dos —DOS for QSGW

if_dn_gp.dosk — k-resolved DOS for QSGW

ifLi__ sum_qp.pdos — QSGW PDOS for Li

if F__sum_qp.pdos — QSGW PDOS for F

if Nu_ Q_ P Re.qp—P asafunction of Matsubara freqg-cy
if Im_sigc_ w_band_k.qp — Im part of Sigma_corr

if Re_sigc_w_band_k.gp — Re part of Sigma_corr

if __qp_x.eig— QSGW one electron energies

if Z factor_band_k_x.qp — Renorm Z-factor



scGWI example — output files

* |if_psi.dos — Spectral function (SF) for scGWI

* |if_dn_psi.dosk — k-resolved SF for scGWI

* |ifLi__Chain_psi.pdos — scGWI" PSF for Li

* |lif F__Chain_psi.pdos —scGWI" PSF for F

* |lif Nu_Q___ P Re.psi—P asafunction of Matsubara freq-cy
* lif_Im_sigc_w_band_k.psi—Im part of Sigma_corr

* |if Re _sigc_w_band_k.psi— Re part of Sigma_corr
lif_Z factor _band_k_x.psi— Renorm Z-factor

For Bethe-Salpeter based calculations “psi” is replaced with “bsp”



File lif_bsp_qp.eig

QP Eigen states relative to the Chemical Potential (eV)

K\Band 1 2 3 4 5 6 7 8 9

1 -57.0698-31.4757 -7.2689 -7.2689 -7.2689 7.2688 23.2200 23.2200 23.2200
2 -57.0409-31.1694 -8.9305 -7.4340-7.4340 8.6936 16.7809 19.8054 19.8054
3 -57.0149-30.9087-10.3690 -7.5677 -7.5677 9.0583 15.8777 17.9970 17.9970
4 -57.0332-31.0488 -8.9646 -7.8999 -7.8999 9.9236 17.1144 18.8727 20.0458
5 -57.0063-30.7120-10.1212 -8.6751 -8.0528 11.5622 14.6430 17.8156 18.9570
6 -57.0146-30.8479 -9.5330 -8.8664 -7.5983 10.6295 14.5394 18.7095 18.7164
7 -56.9999-30.5803-10.8597 -8.4868 -8.4868 13.8695 14.6428 16.3576 19.8552
8 -56.9980-30.5772 -9.7477 -9.7477 -8.2816 13.8594 13.8594 16.5586 18.4393



(eV)

Energy

_lo -

~20

LDA band structure vs GW+Vertex

N ZE/
oy g?; Lifbsp_band.gnu
/\ S Lif bsp band.dat
Lif dft _band LAPW.dat
Y~ T
= ~— S




Spectral function

K-resolved spectral function
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Assessing the quality of the reduced basis set

DOS

D

E

T
s (Li .
y Lif F sum_dft.pdos
p(Li) - = - S —
L d(Li) ===-- lifLi___ sum_dft.pdos

E =20 771 0.043 0.000 .000 0.000
Y -20.680 0.053 0.000 .000 0.000
-20.589 0.068 0.000 .000 0.000

-20.499 0.091 0.000 .000 0.000

-20.408 0..132 0.000 .000 0.000

a -20.317 0.231 0.000 .000 0.000
-20.227 0.389 0.000 .000 0.000

! -20.136 0.620 0.001 0.000 0.000
| -20.045 1...550 0.001 .000 0.000
-19.955 1.690 0.001 .000 0.000

-19.864 1.865 0.001 .000 0.000

-19.773 3.293 0.001 0.000 0.000

-19.682 4.099 0.001 .000 0.000

=19.592 2.622 0.001 .000 0.000

-19.501 1,583 D001 0.000 0.000

-19.410 0.594 0.000 0.000 0.000

-19.320 0.299 0.000 0.000 0.000

-19.229 0.18 .000 0.000 0.000

-19.138 0.12%5 0.000 0.000 0.000

-19.047 0.092 0.000 0.000 0.000

-18.957 0.070 0.000 0.000 0.000

-18.866 0.055 0.000 0.000 0.000

Energy -18.775 0.045 0.000 0.000 0.000

-18.685 0.037 0.000 0.000 0.000

-18.594 0.031 0.000 0.000 0.000



Spectral function

Assessing the quality of the reduced basis set

23

20

15
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REDUCED = = s

FULL

lifX_FULL_RED.dos



Band gap error (eV)

Summary of

the calculated band gap (LiF)

LDA mmmm |

QSGW |

SCGWI'; mmmm |
SCGWFGW |




Homework

Try to apply the same approaches to Si:

Copy “ini” file in another directory and edit it:
New crystal structure (a=10.26)

New symmetry operations

New kind of atomic data



Thank you!



