
Gutzwiller Rotationally Invariant Slave-Boson method 
and its combination with Density Functional Theory

Yongxin Yao, Sangkook Choi, Andrey Kutepov, 
Nicola Lanata and Gabriel Kotliar

1



Correlated Functional Quantum Materials
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Highest-Tc superconductors

Fastest optical switches



Elements with electron correlation effects
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Electron correlation in single element phase

4

FCC-Ce PuPr



Many-electron problem
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Approaches:



Toward a predictive theory of correlated materials
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Empowered by the massively parallel high-performance computations.



Efficiency matters
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Features of G-RISB approach
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Complementary to DMFT (CTQMC@T):

• Comparable accuracy for ground state properties (0K).

• Over two orders of magnitude greater efficiency.

• Able to treat any symmetry breaking (spatial, spin, etc.) 

without further approximations.

• Rotational/gauge invariance can be fully implemented.

• Semi-analytical, physically more transparent.



Single-band Hubbard Model

Hamiltonian:

𝐻 =

𝐑𝐑′

′



𝜎

𝑡𝐑𝐑′𝑐𝐑𝜎
† 𝑐𝐑′𝜎 +

𝐑

𝐻𝑙𝑜𝑐,𝐑

=

𝐑𝐑′

′



𝜎

𝑡𝐑𝐑′𝑐𝐑𝜎
† 𝑐𝐑′𝜎 +

𝐑



𝜎

𝜺𝜎𝑐𝐑𝜎
† 𝑐𝐑𝜎 + 𝑈𝑐𝐑↑

† 𝑐𝐑↑𝑐𝐑↓
† 𝑐𝐑↓

𝐑: site index

𝜎: spin index = ↑, ↓
𝑈: Hubbard interaction strength

𝑡𝐑𝐑′: hopping amplitude

𝜺𝜎: orbital level

ℋ𝐹 = ⨂𝐑ℋ𝐹
𝐑;  ℋ𝐹

𝐑 = ۧ|0; 𝐑 , ۧ| ↑; 𝐑 , ۧ| ↓; 𝐑 , ۧ| ↑↓; 𝐑

= ۧ|0 , 𝑐𝐑↑
† ۧ|0 , ൿ𝑐𝐑↓

† |𝟎 , ൿ𝑐𝐑↑
† 𝑐𝐑↓

† |0



Single-band Hubbard Model

Gutzwiller wave-function:

ۧ|Ψ𝐺 = 𝒫 ۧ|Ψ0 =ෑ

𝐑

ۧ𝒫𝐑|Ψ0 =ෑ

𝐑



𝐴𝑛

𝜆𝐴𝑛 ۧ|𝐴; 𝐑 ;𝑛ۦ 𝐑| ۧ|Ψ0

• 𝐴, 𝑛 span the same local Hilbert space of dimension 2𝑀, however, they are 

not necessarily the same. 

• 𝜆𝐴𝑛 , which is directly related with the local many-body density matrix, 

commutes with the local symmetry operations.

• For the single-band HM, 𝜆𝐴𝑛 commutes with 𝑁, 𝑆𝑧 ⟶Simple form for the 

projector:  𝒫𝐑=σ𝐹 𝜆𝐹 ۧ|𝐹; 𝐑 ;𝐹ۦ 𝐑|, with ۧ|𝐹; 𝐑 = ۧ|0; 𝐑 , ۧ| ↑; 𝐑 , ۧ| ↓; 𝐑 , ۧ| ↑↓; 𝐑



Single-band Hubbard Model
Local onsite exact treatment: able to recover the atomic limit.

Ψ𝐺 𝐻𝑙𝑜𝑐,𝐑 Ψ𝐺 =

𝐹

𝑝𝐑,𝐹 𝐹;𝐑 𝐻𝑙𝑜𝑐,𝐑 𝐹; 𝐑

Gutzwiller approximation:

Ψ𝐺 𝑐𝐑𝜎
† 𝑐𝐑′𝜎 Ψ𝐺 = 𝑧𝐑,𝜎𝑧𝐑′,𝜎 Ψ0 𝑐𝐑𝜎

† 𝑐𝐑′𝜎 Ψ0

Hopping renormalization factor:

𝑧𝐑,𝜎 =
σ𝐹𝐹′ 𝑝𝐹𝑝𝐹′ 𝐹; 𝐑 𝑐𝐑𝜎

† 𝐹′; 𝐑

𝑛𝐑𝜎 1 − 𝑛𝐑𝜎
Gutzwiller constraints:



𝐹

𝑝𝐑,𝐹 = 1; 

𝐹

𝑝𝐑,𝐹 𝐹;𝐑 𝑛𝐑𝜎 𝐹;𝐑 = 𝑛𝐑𝜎



Single-band Hubbard Model
Total energy:

Ψ𝐺 𝐻 Ψ𝐺 =

𝐑𝐑′

′



𝜎

𝑧𝐑,𝜎𝑧𝐑′,𝜎𝑡𝐑𝐑′ Ψ0 𝑐𝐑𝜎
† 𝑐𝐑′𝜎 Ψ0 +

𝐹

𝑝𝐑,𝐹 𝐹;𝐑 𝐻𝑙𝑜𝑐,𝐑 𝐹; 𝐑

Gutzwiller constraints:



𝐹

𝑝𝐑,𝐹 = 1; 

𝐹

𝑝𝐑,𝐹 𝐹;𝐑 𝑛𝐑𝜎 𝐹;𝐑 = 𝑛𝐑𝜎

A constrained minimization problem.

𝐻𝑙𝑜𝑐,𝐑 =

0 0 0 0
0 𝜀↑ 0 0

0
0

0
0

𝜀↓
0

0
𝜀↑ + 𝜀↓ + 𝑈



Generic (Kohn-Sham) Hubbard Hamiltonian



Variational energy

𝑧 ⟶ ℛ

𝑝 ⟶ 𝜙



Lagrange function with linearization
promoting Δ𝑝 , 𝑅 to independent variables using Lagrange multipliers.



Functional formulation



Stationary equations



Embedding Hamiltonian
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o The number of bath orbitals is exactly equal to the 

number of impurity orbitals.

o Recursively solve the grounds state of the model 

at “half-filling” subject to different 𝐷𝑎𝛼, 𝜆𝑎𝑏
𝑐 . Only 

one-particle density matrix is required in the 

calculations.

o Methods:

1. Exact diagonalization. 

2. Quantum chemistry methods.

3. DMRG.

ℋ𝑙𝑜𝑐 𝑐𝛼
† , 𝑐𝛼



𝑎𝑏

𝜆𝑎𝑏
𝑐 𝑓𝑏 𝑓𝑎

†

𝐷𝑎𝛼 𝐷𝑎𝛼
∗

Quadratic + quartic terms

Quadratic terms only



DFT(LDA)+G-RISB energy functional
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ℒ 𝑁𝑙𝑜𝑐 , 𝑉𝑑𝑐; 𝜌, 𝒥; Φ, 𝐸𝑐; 𝑅, 𝑅†, 𝜆; 𝐷, 𝐷†, 𝜆𝑐; Δ𝑝

= − lim
𝑇→0

𝑇

𝑁
σ𝜔 𝑇𝑟log

1

𝑖𝜔+𝑅 𝛥ℎ𝑜𝑝− መ𝒥ℎ𝑜𝑝 𝑅†−𝜆+𝜇

+ σ𝑖 Φ𝑖 𝐻𝑖
𝑒𝑚𝑏[𝐷𝑖, 𝐷𝑖

†, 𝜆𝑐] Φ𝑖 + 𝐸𝑖
𝑐 1 − Φ𝑖 Φ𝑖

+ σ𝑖 σ𝑎𝑏 𝜆𝑖 𝑎𝑏 + 𝜆𝑖
𝑐
𝑎𝑏 Δ𝑝𝑖 𝑎𝑏

+ σ𝑐𝑎𝛼 𝐷𝑖 𝑎𝛼 𝑅𝑖 𝑐𝛼 Δ𝑝𝑖 1 − Δ𝑝𝑖 𝑐𝑎

1/2
+ 𝑐. 𝑐.

− 𝑑𝒓𝒥 𝒓 𝜌 𝒓 + 𝐸𝐻𝑥𝑐
𝐿𝐷𝐴 𝜌 + 𝐸𝑖𝑜𝑛 𝜌 + 𝐸𝑖𝑜𝑛−𝑖𝑜𝑛

+ σ𝑖 𝑉𝑖
𝑑𝑐𝑇𝑟 Δ𝑝𝑖 + 𝐸𝑖

𝑑𝑐 𝑁𝑖
𝑙𝑜𝑐 − 𝑉𝑖

𝑑𝑐𝑁𝑖
𝑙𝑜𝑐

Nicola Lanatà, Yongxin Yao, Xiaoyu Deng, Vladimir Dobrosavljević, and Gabriel Kotliar. Phys. Rev. 

Lett. 118, 126401 (2017)

Nicola Lanatà, Yongxin Yao, Cai-Zhuang Wang, Kai-Ming Ho, and Gabriel Kotliar

Phys. Rev. X 5, 011008 (2015)



Local Projector

The choice of local projectors can be crucial!

Candidates:

• Maximally Localized Wannier Function

a) sufficiently large energy window

b) optimized initial guess (centered at atoms)

• Projected Wannier Function

• Quasi-Atomic Minimal basis set orbitals
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Double counting

• “Fully Localized Limit” DC

• “Around Mean Field” DC

• Nominal DC

• “Exact” DC
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• M. T. Czyżyk and G. A. Sawatzky. Phys. Rev. B 49, 14211 (1995)

• Kristjan Haule. Phys. Rev. Lett. 115, 196403 (2015)



Flow chart
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ComRISB 
structure
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What science can it address?
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Benchmark: 
Correlated metal

25
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• Good description of all six phases of Pu, including the 

equilibrium volumes, relative energies etc. 

• Correlation effects are crucial to balance the competition 

between electrostatic Madelung effect and Peierls effect, 

by renormalizing the quasi-particle bands.

• No artificial symmetry breaking is introduced.

Lanatà, Nicola*, Yongxin Yao*, Cai-Zhuang Wang, Kai-Ming Ho, and Gabriel Kotliar. 

Phys. Rev. X 5, 011008 (2015).

Plutonium: good description based on correct physics



Benchmark: 
Mott insulator
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UO2: orbital differentiation and covalent bonding

o DFT+G reproduces the experimental EOS.

o Mott localized states have considerably mixed J2 character due to the 

crystal field effect (not a simple picture of all the J=5/2 orbitals 

localized). 

Mott localized states:

Nicola Lanata*, Yongxin Yao*, Xiaoyu Deng, Vladimir Dobrosavljevic, and Gabriel Kotliar, 

PRL 118, 126401 (2017)



Multiplet effects

Most probable local configuration 𝑓2 Γ5 triplet, 

consistent with experiment.

Nicola Lanata*, Yongxin Yao*, Xiaoyu Deng, Vladimir Dobrosavljevic, and Gabriel Kotliar, 

PRL 118, 126401 (2017)



Benchmark: 
correlated semiconductor and 
nonlocal correlation effect
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GW+G: FeSb2 is a Hund’s semiconductor
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• Band gap size is more sensitive to Hund’s coupling J rather than Hubbard U

• qsGW+G produces the band gap size in close agreement with 

qsGW+DMFT: 88 meV vs. 70 meV, or at elevated 𝐽 ≈ 1.2 eV.

• Calculation time ≈ 1 minute/point.



Benchmark: 
Correct energetics for a series of 
transition metal compounds
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Critical role of correlation for crystal structures

33

Lanatà, Nicola, Tsung-Han Lee, Yong-Xin Yao, Vladan Stevanović, and Vladimir Dobrosavljević. “Connection 

between Mott physics and crystal structure in a series of transition metal binary compounds.” npj Computational 

Materials (accepted, 2019)



Correlation induced huge modification in potential 
energy landscape
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Lanatà, Nicola, Tsung-Han Lee, Yong-Xin Yao, Vladan Stevanović, and Vladimir Dobrosavljević. “Connection 

between Mott physics and crystal structure in a series of transition metal binary compounds.” npj Computational 

Materials (accepted, 2019)



• Some of functionalities presented above 

are still under development to be user 

friendly modules in the Comsuite.

• We need continuous support from US 

DOE and you!
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Toy H2 model

Hartree-Fock wavefunction (spin singlet):

Gutzwiller wavefunction (with selection rules due to symmetry):

Fixed (1/4) vs variationally optimizable double 

occupancy!



Toy H2 model
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𝑢0/2
GWF



Improving the accuracy: Gutzwiller renormalization 
group
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Nicola Lanatà, Yong-Xin Yao, Xiaoyu Deng, Cai-Zhuang Wang, Kai-Ming Ho, and Gabriel Kotliar

Phys. Rev. B 93, 045103 (2016)

Redefine:



Improving the accuracy: Gutzwiller renormalization 
group

Nicola Lanatà, Yong-Xin Yao, Xiaoyu Deng, Cai-Zhuang Wang, Kai-Ming Ho, and Gabriel Kotliar

Phys. Rev. B 93, 045103 (2016)



Improving the accuracy: Gutzwiller renormalization 
group
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Nicola Lanatà, Yong-Xin Yao, Xiaoyu Deng, Cai-Zhuang Wang, Kai-Ming Ho, and Gabriel Kotliar

Phys. Rev. B 93, 045103 (2016)



Possible improvement
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