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Kondo physics and spin-orbit interaction 
governing Ce volume collapse transition

• Decent description of the equation of state
• Volume collapse transition only in the presence of spin-orbit interaction. 

• A sharp crossover transition of the 
f-electron entanglement entropy

N. Lanatà, Y.-X. Yao*, C.-Z. Wang, K.-M. Ho, J. Schmalian, K. Haule, and G. Kotliar, Phys. Rev. Lett. 111, 196801 (2013).
N. Lanatà*, Y.-X. Yao*, C.-Z. Wang, K.-M. Ho, and G. Kotliar, Phys. Rev. B (R) 90, 161104 (2014).
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Correlation effects balance competition between 
Peierls effect and Madelung interaction

• Remarkably improved descriptions of all six phases of Pu, including equation of state, 
equilibrium volumes, relative energies. 

• Correlation effects are crucial to balance the competition between electrostatic Madelung 
effect (for closed pack structure) and Peierls effect (for low symmetry).

N. Lanatà*, Y. -X. Yao*, C.-Z. Wang, K.-M. Ho, and G. Kotliar, Phys. Rev. X 5, 011008 (2015).
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UO2: Selective Mott localized orbitals

Mott localized orbitals:

Nicola Lanata*, Yongxin Yao*, Xiaoyu Deng, Vladimir Dobrosavljevic, and Gabriel Kotliar, PRL 118, 126401 (2017)

Mott localized states have considerably mixed J2 character due 
to the crystal field effect (not a simple picture of all the J=5/2 
orbitals localized). 

Z: Kinetic energy 
renormalization factor
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UO2: Multiplet structure

Nicola Lanata*, Yongxin Yao*, Xiaoyu Deng, Vladimir Dobrosavljevic, and Gabriel Kotliar, PRL 118, 126401 (2017)

Most probable local configuration 𝑓2 Γ5 triplet, consistent with experiment.
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Multiplet structure in f-block chromates

• Dominant multiplet state correlates with valence.
• Smaller dominant multiplet weight in Am-compound implies relatively 

stronger f-covalency.

Shane S. Galley, Alexandra A. Arico, Tsung-Han Lee, Xiaoyu Deng, Yong-Xin Yao, Joseph M. Sperling, Vanessa Proust, Julia S. Storbeck, 
Vladimir Dobrosavljevic, Jennifer N. Neu, Theo Siegrist, Ryan E. Baumbach, Thomas E. Albrecht-Schmitt, Nikolas Kaltsoyannis,  and  
Nicola Lanatà, J. Am. Chem. Soc. 140, 1674-1685 (2018). 

𝐶𝑠𝐴𝑚 𝐶𝑟𝑂4 2

𝐶𝑠𝐸𝑢 𝐶𝑟𝑂4 2

𝐶𝑠𝑆𝑚 𝐶𝑟𝑂4 2
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Quantifying f-covalency
• Unique feature of handling multiple solutions on equal footing, including multiple 

(orbital-selective) Mott phases in Gutzwiller ansatz, allowing quantitative 
unbiased estimation of f-electron contribution to covalent bonding.

• Define the f-covalent bonding energy
∆𝐸𝑐𝑜𝑣 ≡ 𝐸𝑔𝑠 − 𝐸𝐹𝑢𝑙𝑙𝑀𝑜𝑡𝑡

Note for full Mott phase: | ۧΨ = | ۧΨ𝑓 ⊗ | ۧΨ𝑒𝑛𝑣

𝐶𝑠𝐴𝑚 𝐶𝑟𝑂4 2 𝐶𝑠𝐸𝑢 𝐶𝑟𝑂4 2 𝐶𝑠𝑆𝑚 𝐶𝑟𝑂4 2

∆𝐸𝑐𝑜𝑣 (eV/f.u.) 1.85 0.76 0.67

• 5f-electron covalency contributions to chemical bonds are non-negligible.
• Covalency effects are more important in α -CsAm(CrO4)2 than others.

Shane S. Galley, Alexandra A. Arico, Tsung-Han Lee, Xiaoyu Deng, Yong-Xin Yao, Joseph M. Sperling, Vanessa Proust, Julia S. Storbeck, 
Vladimir Dobrosavljevic, Jennifer N. Neu, Theo Siegrist, Ryan E. Baumbach, Thomas E. Albrecht-Schmitt, Nikolas Kaltsoyannis,  and  
Nicola Lanatà, J. Am. Chem. Soc. 140, 1674-1685 (2018). 
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Ground state structure and 
electronic phases

LDA fails to predict 
• ground state structure 

(rocksalt) of oxides
• insulating state.

• LSDA+U (or GGA+U) 
generally improves LDA

• Will still predict wrong 
crystal structures.

9

DFT+G calculations yield overall 
good description of ground 
state structure, electronic 
states and equilibrium volume.

N. Lanatà, T.-H. Lee, Y.-X. Yao, V. Stevanović, and V. Dobrosavljević, Npj Computational 
Materials 5, 30 (2019).
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Generic Hubbard Model and 
Gutzwiller Ansatz
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Gutzwiller wave function

Gutzwiller correlator



Expectation values

12

Renormalized nonlocal one-particle density matrix:

Renormalized local reduced many-body density matrix:

Expectation value of any local operator



Gutzwiller nonlinear equations
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Done



Gutzwiller Embedding Hamiltonian 

• The number of bath orbitals is exactly equal to the 

number of impurity orbitals.

• Solve the grounds state of the model at “half-filling”: 

1) Exact diagonalization ➔ | ۧΦ

2) DMRG, …, ➔ | ۧΦ

ℋ𝑙𝑜𝑐 𝑐𝛼
† , 𝑐𝛼



𝑎𝑏

𝜆𝑎𝑏
𝑐 𝑓𝑏 𝑓𝑎

†

𝐷𝑎𝛼 𝐷𝑎𝛼
∗

Quadratic + quartic terms

However, what we need is some reduced 

information of | ۧΦ : റ𝑓 𝐷, 𝜆 = 𝐷𝑀

3) Machine learning

However, what we need is some reduced 

information of | ۧΦ : റ𝑓 𝐷, 𝜆 = 𝐷𝑀

3) Machine learning
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ML mapping function and derivative
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Represent local single particle matrices in the symmetry-adapted 
orthonormal Hermitian matrix basis

The ML mapping function

The analytical derivatives



Nitty-Gritties: full Jacobian matrix
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Second 
order 

derivativ
es of a 
matrix 

function?

Nicola Lanata'
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Analytical Jacobian for large system 
simulation
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Numerical Jacobian evaluation requires number of 
function evaluations proportional to dimension of the 
solution vector, which soon becomes dominant in 
systems of large size or low symmetry!
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Implementation: OOP
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Benchmark
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0 maxerr = 1.131318
1 maxerr = 1.131318
2 maxerr = 1.131318
3 maxerr = 1.131318
4 maxerr = 1.131319
5 maxerr = 1.131350
6 maxerr = 1.131334
7 maxerr = 1.131251
8 maxerr = 0.253372
9 maxerr = 0.021059
10 maxerr = 0.035637
11 maxerr = 0.045146
12 maxerr = 0.021059
13 maxerr = 0.021060
14 maxerr = 0.021071
15 maxerr = 0.021043
16 maxerr = 0.015036
17 maxerr = 0.017871
18 maxerr = 0.005150
19 maxerr = 0.000539
20 maxerr = 1.39e-05
21 maxerr = 2.28e-06

1 maxerr = 1.13131
2 maxerr = 1.13131
3 maxerr = 1.13131
4 maxerr = 1.13131
5 maxerr = 1.13131
6 maxerr = 0.28457
7 maxerr = 0.17625
8 maxerr = 0.04030
9 maxerr = 0.02578
10 maxerr = 0.01943
11 maxerr = 0.01356
12 maxerr = 0.00220
13 maxerr = 0.00166
14 maxerr = 0.00095
15 maxerr = 9.5e-05
16 maxerr = 1.7e-05
17 maxerr = 4.1e-06

0 maxerr = 1.02568
1 maxerr = 1.02568
2 maxerr = 1.02568
3 maxerr = 1.02568
4 maxerr = 1.02568
5 maxerr = 1.02571
6 maxerr = 1.02568
7 maxerr = 1.02571
8 maxerr = 1.02597
9 maxerr = 1.02570

10 maxerr = 1.02597
11 maxerr = 1.02570
12 maxerr = 0.30190
13 maxerr = 0.01960
14 maxerr = 0.03630
15 maxerr = 0.05215
16 maxerr = 0.01960
17 maxerr = 0.01961
18 maxerr = 0.01960
19 maxerr = 0.01961
20 maxerr = 0.01964
21 maxerr = 0.01961
22 maxerr = 0.01964
23 maxerr = 0.01961
24 maxerr = 0.01345
25 maxerr = 0.01372
26 maxerr = 0.00214
27 maxerr = 0.00015
28 maxerr = 9.4e-06
29 maxerr = 7.7e-07

0 maxerr = 1.02625
1 maxerr = 1.02625
2 maxerr = 1.02625
3 maxerr = 1.02625
4 maxerr = 1.02625
5 maxerr = 1.02625
6 maxerr = 0.58126
7 maxerr = 0.39147
8 maxerr = 0.15406
9 maxerr = 0.08180

10 maxerr = 0.06056
11 maxerr = 0.01275
12 maxerr = 0.00481
13 maxerr = 0.00049
14 maxerr = 0.00037
15 maxerr = 0.00152
16 maxerr = 4.5e-07
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Questions, comments criticisms to    

yxphysics@gmail.com

22



National Quantum Initiative Act
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Opportunities for Quantum Computing 
in Chemical and Materials Sciences 
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Hybrid Quantum-Classical Approach
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Solve discretized AIM:
• Adiabatic state preparation
• Quantum phase estimation (QPE)
• Measure real time GF 
For 𝑁𝑠0 = 2−20 @0 K:
• Measurements: 106~108

• Deep circuits: 106~108 gates



Noisy Intermediate Quantum Computing
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• 50 to a few hundred qubits
• Error rate per two-qubit gate: 0.1% or worse
• Measurement error: 1% or worse
• Circuit to run < 1000 two-qubit gates



Variational Quantum Eigen Solver
an unsung hero of approximate quantum computing
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Trade deep circuits with few measurements in QPE for short circuits with 
more measurements in VQE for error mitigation.



Noise tolerance

28



Gutzwiller Embedding Hamiltonian 

• The number of bath orbitals is exactly 

equal to the number of impurity orbitals.

• “Dimer” with much sparse Hamiltonian

• Various variational quantum eigen-solver 

to find the ground state and measure the 

one-particle density matrix.
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