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ABSTRACT 

Recently it has been shown that many traditional models used for a 
description of dilute magnetic alloys are completely integrable and may be solved 
exactly without any approximation. In this article we summarize the results 
which have been obtained in this way. 

The main part of the article is devoted to the consistent and detailed account of 
the Bethe-Ansatz technique for the s-d exchange (Kondo) model with arbitrary 
impurity spin, s-d model with anisotropic exchange, degenerate exchange model 
and for the canonical Anderson model. The thermodynamic properties of a 
magnetic impurity in a non-magnetic metal host obtained by the Bethe method 
are considered in detail. Mainly attention is paid to the analysis of singularities 
associated with the formation of a localized moment, Kondo effect and mixed- 
valence phenomenon, which can be treated analytically. 

In the introductory part of the article we discuss the applicability of the 
models which we study in the paper to the real alloys and consider some modern 
experimental data which give the evidence of the many-body effects in dilute 
magnetic alloys. A brief review of some theoretical results which have been 
obtained using alternative approaches is given. We think that these results 
illustrate some features of the exact solution. 

This review was completed in June 1982. 
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INTRODUCTION 

In the last two decades theoretical physicists have frequently encountered 
quantum many-body problems characterized by the growth of an effective coupling 
at low energies. The  principal difficulty in solving these problems, which attracts a 
great deal of attention from both condensed matter and particle physicists, is that the 
relevant low-energy phenomena cannot be treated in the framework of conventional 
perturbation theory. This implies that the genuine ground state of the system is 
radically different from that of the perturbation theory. Sometimes this can be 
understood intuitively and one can employ a suitable phenomenological theory. 
Even so, there remains the difficult p rob lem--how to treat the crossover between the 
infrared and ultraviolet regions of the spectrum. A widespread opinion is that one 
can learn about the crossover only via numerical analysis. 

The third approach, and an alternative method of avoiding perturbation theory, 
in which active development and growing popularity has recently been witnessed, is 
integrability. We have now had half a century since the work of Hans Bethe (1931) in 
which the integrability concept was discovered and foundations of the theory of 
integrable systems were laid. Remarkably, integrability was discovered only 6½ years 
after Schr6dinger's 'Erste Mitteilung' had been published; however, the subsequent 
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development  of the theory had to wait until the 1960s. T h e  growing interest of recent 
years in the integrability approach is a peculiar revelation of the ' retro ' .  Indeed,  
starting s imple-mindedly with conventional quan tum field theory one immediately 
encounters mathematical  difficulties. The  presence of many  particles brings in a 
broad range of physical effects which have made the solution of the many-body  
problem a more elusive goal. On the other hand, the integrability proper ty  is not 
directly related to features of the many-body  behaviour.  Rather it is a consequence of 
specific, so-called 'h idden symmetr ies ' ,  which show up already at the two-particle 
level. All the propert ies of the many-part ic le  system are already built-in in the two- 
particle system: one has to start f rom two particles, then add the next ones. 

T h e  subject of this paper  is a microscopic theory of dilute magnetic alloys. As is 
well known, a small amount  of magnetic  impurit ies dissolved in a non-magnet ic  
metal  drastically affect its properties.  T h e  problem encountered in the theory of this 
phenomenon is that the per turbat ion theory in the impur i ty-conduct ion  electron 
exchange interaction is not applicable at low temperatures.  

The  exchange interaction between the magnetic impuri ty  and the electrons, 
which is responsible for those striking effects in the above alloys, can be described by 
a simple model  hamiltonian. I t  is the so-called s-d  exchange model of the Kondo 
hamiltonian, which is apparently one of the first and, perhaps,  simplest quantum 
field theories with a growth of coupling at low energies. I t  is this model  which has 
been successfully treated in the strong coupling limit in the f ramework of the 
phenomenological  and numerical  approaches ment ioned above. A phenomenologi-  
cal description of the low-temperature  limit was given by Nozi~res (1974, 1975), 
whereas a numerical  t reatment  of the crossover was given by Wilson (1974, 1975). 

I t  has been shown recently that many  of the models,  which for more than two 
decades have been applied to the description of dilute magnetic alloys, are 
completely integrable and the relevant solutions have been produced. These include 
the s-d  exchange (Kondo) model,  the degenerate exchange model,  the Anderson 
model and the degenerate Anderson model.  

The  subject of this review is a Bethe-Ansatz approach to the above-mentioned 
models and a discussion of physical results which can be obtained using exact 
solutions. Our  t reatment  differs f rom that of a conventional review article. Our  goal 
is to present  a self-contained microscopic theory of the dilute magnetic alloys based 
on a systematic use of the Bethe-Ansatz technique. T h e  theory of dilute magnetic 
alloys and quan tum integrable systems are interwoven to such an extent that we have 
tried to make our review an introduction to the theory of integrable systems also; 
though our principal subject is the physics of the magnetic alloys. To  preserve the 
self-contained character we have in places recapitulated some details we have given 
elsewhere. 

T h e  subject Magnetic impurities in nonmagnetic metals is rather wide. The  first 
experimental  data on this subject belong to the early days of quantum metal physics 
when a striking phenomenon,  the resistance min imum,  was found in certain, 
supposed to be pure, metals at low temperatures.  Later  it was realized that the effect 
is due to transition element impurit ies and is proport ional  to their concentration. 
Experimental  data on transition impurit ies in simple metals obtained in the course of 
extensive researches of the 1960s-1970s can be found in numerous  reviews, for 
instance: van den Berg (1964), Heeger  (1969), Nara th  (1970, 1973), Fisher (1970) 
and Daybell  (1973). T h e  most  complete reviews are those by Rizzuto (1974) and 
Grfiner (1974), which cover more than 800 papers published f rom 1962 to 1975. 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

hi
ca

go
 L

ib
ra

ry
] 

at
 1

8:
11

 1
8 

A
ug

us
t 2

01
5 



458 A . M .  Tsvelick and P. B. Wiegmann  

Detailed studies of dilute magnetic alloys have shown that in all alloys below a 
certain temperature  TK, called the Kondo temperature,  the impuri ty  part  of the 
magnetic susceptibility becomes tempera ture  independent  and remains finite at 
T =  0. One may say the effective magnetic momen t  of the impuri ty  vanishes as the 
tempera ture  is lowered. T h e  peculiar anomalies of thermal  and t ransport  propert ies 
of magnetic alloys are due to the smooth transition into the non-magnet ic  state. The  
Kondo temperature  may change by orders in magni tude f rom impuri ty  to impuri ty  
and/or f rom the matrix metal  to m e t a l - - f r o m  mill iKelvins to 102 K; for instance, 
f rom 1 K for LaCe alloy (Sugawara and Eguichi 1966) to 40 K for YCe alloys (Maple 
and Wittig 1971), f rom 0"8 K for AuFe (Daybell  1973) to 300 K for AuV (van D a m  
et al. 1972). Hence the Kondo effect is not always a low-temperature  phenomenon,  it 
can be observed at room temperatures.  

The  propert ies of dilute alloys with localized moments  are basically determined 
by the exchange interaction between the conduction electrons of the metal  and the 
impuri ty  magnetic moment .  A conventional description of this interaction is based 
on the so-called s-d  exchange (Kondo) model. I t  is the simplest model in which the 
impuri ty is represented by the localized magnetic momen t  S = ( S x ,  Sy, S~). The  
origin of this model goes back to the early 1950s (Zener 1951, Vonsovskii 1946). In 
1964 Jun Kondo applied per turbat ion theory to this model  and explained the 
logarithmic growth of the resistivity at low temperatures.  His paper  gave rise to an 
enormous amount  of theoretical activity in this area, which continued up to the mid-  
1970s. 

The  hamiltonian of the s -d  exchange model is 

k ,a  k,k" 
~, tT' 

where c[~, Ck~ are the conduction electron creation and annihilation operators,  Ck is the 
electron's kinetic energy and 0- is the Pauli matrices. 

As far as the linear effects in the impuri ty  concentration are concerned we can 
confine ourselves to a s ingle-impuri ty problem,  the impuri ty  being located at X =  0, 
as was supposed when writing down (I). 

In real alloys the exchange interaction is always antiferromagnetic:  I >  0, with a 
small dimensionless coupling p(eF)I<< I(p(EF) is the density of states at the Fermi  
surface). 

Kondo observed that the spin-flip scattering effective amplitude,  computed  to 
second order of per turbat ion theory, rises as energy and temperature  decreases: 

p l ( e ) = p I  + ( p I )  2 l n D / e + O ( ( p I ) 3 ) ,  (p=p(eF)) ,  (II)  

where D is the cut-off of the order of the Fermi  energy. 
The  resistivity due to the magnetic impuri ty  is proport ional  to the scattering 

ampli tude squared: 

R i ~ c I 2 ( T )  ~-- c[I  + p I  2 In D~ T + 0(p213)] 2, (I I I) 

where c is a concentration of magnetic impurities.  I t  increases with decreasing T, in 
contrast with the phonon part  of resistivity Rph , which rapidly decreases. Hence the 
total, phonon-  and impuri ty- induced,  resistivity should have a m in imum at R i ~ Rph. 
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Exact results in the theory of magnetic alloys 459 

When the tempera ture  is of the order of the Kondo temperature  

T K ~ D exp ( -- 1/pI)  (IV) 

all the terms of the per turbat ion expansion are of the same order in magni tude and, 
despite the weak bare coupling, per turbat ion theory no longer holds. 

Soon after Kondo ' s  paper  Abrikosov in his pioneering work (Abrikosov 1965) 
summed the most  divergent terms in per turbat ion theory expansion (the so-called 
leading-log terms): 

I 
I ( T ) -  1 - p l l n D / T "  (V) 

T h e  same result was derived by Suhl (1965) who used the unitarity equation in the 
two-particle scattering approximation.  Besides summing  the leading-logs, 
Abrikosov proved that the exchange hamiltonian (I) is renormalizable. This  implies 
that for the antiferromagnetic interaction at pI<<l and D ~ o e  all the physical 
quantities are universal functions of the temperature,  magnetic field, etc. For  
instance, the tempera ture  dependence of the resistivity is of the form: 

R i =constf(T/TK). 

Formula  (V) is but  a leading approximation at T>> TK: 

I ( T ) = p l n T / T  K +O plna T/TK . 

In the case of a ferromagnetic exchange interaction eqn. (V) gives a complete 
solution since the effective ampli tude is small at all temperatures  and the higher- 
order per turbat ion terms are irrelevant. For  example, the impuri ty  part  of the 
magnetic susceptibility differs f rom that given by Curie law by logarithmic terms 
which are small at all temperatures  and, moreover,  vanish at T--*0 

Z i -  3 ~ ( # B g )  2 1 + l nD/~  + . . . .  (VII)  

One encounters a distinct situation at I >  0. In this case the effective interaction 
ampli tude increases as tempera ture  decreases. The  next-to-leading-log terms do not 
alter the situation. For instance, the magnetic susceptibility which at this order is 
proport ional  to the scattering amplitude, equals 

S(S+I )  ( l lnlnT/TK ) 
Z l -  3 ~ ( # B g )  z 1 In T/T K 21n a T/T K + . . . .  

It  is quite obvious that such a divergence is rather an artefact of the 
approximat ion used. The  per turbat ion expansion parameter  is (ln T/TK)- 1 hence 
per turbat ion theory breaks down at T , - -T  K and has nothing to tell us about the 
ground state of magnetic impur i ty  in a non-magnet ic  metal. This  problem is called 
the Kondo problem. 

The  exceptional simplicity of the s d exchange model (I), combined with giant 
effects easily observed experimentally made the Kondo  problem rather popular.  
Simple though it is, the physical and mathematical  features of the phenomena  
described by this hamiltonian proved to be not so simple. There  have been many  
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460 A . M .  Tsvelick and P. B. Wiegmann  

at tempts to go beyond per turbat ion theory. Most  of the theories, put  forward in the 
1960s, are but unsuccessful at tempts to develop an approximate  approach to the 
ground state of the impurity.  However,  the lack of any parameter  at T~< T K leads 
inevitably to uncontrolled approximations resulting frequently in wrong results. 

I t  would be impossible to survey the ' jungle '  of more  than 1-5 x 103 papers on the 
Kondo problem,  though a critical and valuable survey may well prove instructive as a 
contr ibution into the sociology of sciencet.  In the course of this section we shall 
ment ion the main lines of thought  which have been explored during the 1960s. More  
than 20 review articles, some of which are cited below, on the magnetic alloys 
prob lem have appeared since 1962; early theoretical works have been reviewed by 
Abrikosov (1969), Kondo (1969), Grfiner and Zawadowski (1974, 1978), Fischer 
(1970), and also by Yosida and Yoshimori  (1973), Brenig and Zittartz (1973) and 
Anderson and Yuval (1973) collected in the book Magnetism, Vol. V, edited by 
H. Suhl. For a more exhaustive bibliography we refer the reader to these articles. 

Although a consistent theoretical s tudy of the low-temperature  propert ies of 
magnetic alloys was lacking, in 1965 Nagaoka had already made a correct conjecture 
on the nature of the ground state of the impuri ty  (Nagaoka 1965, 1969). He  
constructed the special mean field theory using the decoupling scheme, which 
resulted in complex singular integral equations. T h e n  Nagaoka solved these 
equations 'approximately '  and obtained the desired result: namely, the ground state 
of the 1/2-spin impuri ty  is a singlet one. As a result he found the simple power laws at 
low temperature.  Other  approximate  methods (dispersion theory of Suhl (1965 a, b, 
1966) and Maleev (1966, 1967), per turbat ion expansions of Brenig and Ggtze (1968), 
etc.) proved to be equivalent to the equations of mot ion of Nagaoka. Fur thermore ,  it 
turned out that these approximate  equations can be solved exactly (Bloomfield and 
Hamann  1967, Zittarz and Mt i l le r -Har tmann 1968). This  exact solution of the Suh l -  
Nagaoka equations is drastically different f rom Nagaoka 's  approximate  solution, and 
results in physically meaningless behaviour when T ~ 0 .  In particular, instead of 
Nagaoka 's  powers one again finds, as at T>> TK, the inverse logs of the temperatureS. 

Factually, the starting approximat ion in all of these theories is poor at low 
temperatures.  It  was sensible only at T>> T K and only in the leading-log approxi-  
mation. Hence,  nothing comes out except formulae such as (VI) and (VII) .  Since 
Abrikosov's  approach was more  consistent, it explicitly stated what was neglected, 
one has never been tempted  to go beyond the per turbat ion- theory  approach. 

Of  all the works of the 1960s one can single out that of Mattis  (1967), in which 
it has rightly been conjectured that (i) the ground state of the S-spin  impuri ty  is 
2S-fold degenerate, (ii) for S > 1/2 the impuri ty  remains magnetic even at T =  0, but  
the spin becomes S - 1 / 2 .  

A qualitative understanding of the phenomenon dates back to the early 1970s and 
is due to remarkable papers by Anderson and Yuval (1969) and Anderson et al. 
(1970 a) (see also, Anderson 1970, 1971, Yuval and Anderson 1970, Anderson et al. 
1970b, a review of this approach is given by Anderson and Yuval (1973)), and by 
Wilson (1974, 1975) and Nozi~res (1974, 1975). As was stated, they produced 

A study of this kind on the specialized topic 'The formation of the localized moment in 
metals' was made by Morandi et al. (1981). 

Interestingly enough, there exists the logarithmic situation as T-~O, but only for S=# 1/2 
(see § 5). 
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Exact results in the theory of magnetic alloys 461 

(100--~)~o proof  that as the temperature decreases the effective coupling increases 
unboundedly,  which implies the complete compensation of the impuri ty magnetic 
moment  by the conduction electrons. As a result the ground state of the impurity is a 
singlet one, the magnetic susceptibility is finite at T = 0  and all physical quantities 
have a simple power law behaviour at T<< T K. Moreover,  the Fermi-liquid-like 
relationships have been proven between the lowest-order coefficients of the 
temperature expansions for the specific heat and magnetic susceptibility (Wilson 
1974, 1975, Nozi6res 1974, 1975) and resistivity (Nozi6res 1974, 1975). 

zi-2 TK\ + O  , 

c -3 T K \ I + O  ' ( v I n )  

Ro - T2 --7z2+ O ~ ' 

where R 0 = 3/(n(p Vre) 2) is the unitary limit. 
When the temperature goes through TK, the qualitative physical Fermi-liquid- 

like picture changes--only perturbative logarithmic terms make the impurity unlike 
the free spin. These limits T>> TI( and T<< T K are both conceptually rather simple. 

The  well-known anomalies in the specific heat, magnetic susceptibility, 
resistance, thermopower,  etc., can be qualitatively understood in terms of the 
concept of a many-body resonance at the Fermi level. The  phase shift r/(co), defined 
a s  

1 [- Im T(~o)T(c°) a ] '  r/(a)) = t a n -  [Ree 

where T(co) is a T-scattering matrix, reaches its unitary limit at co+0 and can be 
expanded in integer powers of co/TK<< 1: 

= (co/2 2 + 

Far away from the Fermi level the tail of the resonance has a perturbative logarithmic 
behaviour. This  so-called Abrikosov-Suhl  narrow many-body resonance is evidence 
of formation of the complex many-body bound state. 

One can justify all the theoretical efforts and theoretical games devoted to this 
fairly limited problem not only by the strong correlation of theory and experiments 
'in this particular field of solid-state physics, but  also by referring to the fact that 
many of the methods developed to attack it proved to be universal ones and 
productive in other branches of theoretical physics as well. For instance, the 
recursion procedure, the basic ingredient of the renormalization group approach, 
was first employed by Anderson et al. (1970). Th e  bosonic representation of the 
fermion operators, so effective in one-dimensional quantum and two-dimensional 
classical physics was developed in the remarkable papers by Schotte and Schotte 
(1969) and Schotte (1970) (for a review see Wiegmann 1980 b). This  list can easily be 
continued. 

Th e  first half of this paper is devoted to the solution of the Kondo problem. In the 
second half (§§ 4.5, 8 and 9) we discuss the solution of the model which describes the 
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462 A . M .  Tsvelick and P. B. Wiegmann 

electronic mechanism of the formation of the magnetic m o m e n t  of an ion with an 
incomplete inner shell placed in a metal. 

As is well known the behaviours of different impurit ies with incomplete inner 
shells in different metals are quite different. For  instance, Mn,  Cr and Fe in Cu, Au 
and Ag matrices, like Ce in La, possess well-defined magnetic moments :  the 
impuri ty  susceptibility follows the Curie law at high temperatures.  On the other 
hand, Ni and Ti  in the same Cu, .Au and Ag samples prove to be non-magnetic:  
rather weak Pauli paramagnet i sm is observed. Transi t ion ions which proved to be 
magnetic in Cu, Au or Ag samples, lose this proper ty  in A1 (see, for example,  
Rizzutto 1974). Similarly, Ce in La  ceases to be magnetic after T h  and/or Y is 
introduced, or under  a pressure of ,,. 6 kbar  (see Maple et al. 1978 and Steglich 1977 
for a review). 

Whether  the impuri ty  is magnetic or non-magnet ic ,  depends on the propert ies of 
both the impuri ty  ion and the host metal. A free 3d or 4 f  ion is obviously magnetic.  
However,  the metal  overlap of the 3d or 4 f  electron wave function with that of the 
conduction electron band of the host metal  leads to delocalization of the impuri ty  
electron states and can destroy the magnetic moment ,  a situation first recognized by 
Friedel (1958). A conventional approach to the formation of the localized magnetic 
moments  in metals is based on the Anderson model (Anderson 1961, see also 
Anderson 1978) 

J~4'~A = Z CkCt, Ck~+ V~, (Ck+~d,+d+Ck,)+ Zcand,+ Un~n s. (IX) 
k ,  a k ,  ff ff 

It  is the so-called non-degenerate  Anderson model where orbital degeneracy of 
the impuri ty  shell is neglected. I t  is supposed that no more than two electrons with 
spins a = T ,  J, can simultaneously occupy the impuri ty  level % The  intratomic 
Coulomb interaction is given by the te rm U, and g is the admixture  of the d level 
with conduction band states. 

The  mixing of d and s states leads to broadening of the d level. I f  U ~ 0  the 
resonance level has the width F = 7~p@F)r 2 and is centred at c a. If, after adding or 
removing one electron to and f rom the impuri ty  shell, the respective energy variation 

- *a and ¢ a + U exceeds the resonance width, the shell can be considered as singly- 
occupied and the impuri ty  would possess a magnetic moment .  The  virtual processes, 
which change the number  of particles by + 1, induce the exchange interaction 
between the conduction electrons and the localized momen t  (Anderson and Clogston 
1962). Schrieffer and Wolf  (1966) produced the formal proof  of the equivalence of 
the S =  1/2 Kondo model and the Anderson model in the limit 

F << - ca, ~a + U, (X) 

with the antiferromagnetic exchange 

1 , )  
- - - - + - -  >0 .  P(£F)[= Ed (;d+ 

In the opposite case, when a broad resonance level is formed near the Fermi  level 
ledr<<F and the Coulomb energy is relatively small compared  with F(U.%<F) the 
impuri ty  is partially occupied with spin-up and spin-down electrons. This  state is 
non-magnetic ,  only the fluctuation of the occupation numbers  for different spins can 
result in magnetic susceptibility. For this reason at temperatures  below the level 
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Exact results in the theory of magnetic alloys 463 

width (T~< F) all the physical quantities can be expanded in integer powers of T. For  
instance, for the symmetr ic  Anderson model  (U  = - 2q), the magnetic susceptibility 
is 

( (7 ) ~(u/r)  1+ /~(U/F) + 
Z i =  F F " "  ' 

where dimensionless coefficients ~ and fl can be calculated in perturbat ion theory in 
u/r. 

I f  we change the relative values of U, Q and F the non-magnet ic  regime goes over 
continuously to the magnetic regime, but, simultaneously, the impuri ty  magnetic 
m o m e n t  is compensated by the conduction electrons due to the Kondo effect. Hence, 
the Anderson model,  being the microscopic justification of the exchange hamiltonian 
(I), provides, simultaneously, a unified description of the narrow many-body  and the 
broad single-particle resonances. With regard to the Anderson model the theoretical 
part  of the prob lem has not been developed in a satisfactory manner  and has lagged 
behind the advances in the theory of the exchange model.  

The  Har t r ee -Fock  approach to the description of transition between the 
magnetic and non-magnet ic  regimes was proposed by Anderson (1961). I t  is a fairly 
rough approximat ion which leads to the sharp transition at U =  ~I ~ and, frankly, has 
no region of applicability. None the less, it provides the qualitatively correct 
description of the tendency of the formation of the localized moment ,  i.e. splitting of 
the peak in the impuri ty  density of states, and is confirmed by the available optical 
data (for a review see Grfiner 1974). Early theoretical works based on the Har t r ee -  
Fock approximation are reviewed by Blandin (1973). Correlation effects, due to the 
Coulomb repulsion, were treated in a large number  of papers; the reader can find a 
detailed analysis of these in Mills et al. (1973) and Grfiner and Zawadowski (1974). 
In  the early 1970s great hopes were related to the functional integral method,  
reviewed by H a m a n n  and Schrieffer (1973) and Morandi  et al. (1974). We refer also 
to the book by Morandi  et al. (1981) for analysis of all theoretical papers on the 
format ion of local magnetic m om en t  in metals published between 1952 and 1973. 
This  volume contains an interesting study of the sociology of this area of creative 
activity. 

Of  all the approaches to the Anderson model,  as well as the exchange model,  the 
most  reliable and productive ones proved to be the Fermi-l iquid approach by Yosida 
and Yamada (1970, 1975) and Yamada (1975) for the symmetr ic  Anderson model, 
the scaling approach by Haldane (1978) for the asymmetr ic  Anderson model and 
Wilson's  numerical  renormalization group approach by Kr i shna-Mur thy  et al. 
(1975, 1980a, b) for both  the symmetrical  and asymmetrical  cases. 

Yamada and Yosida gave the closed mathematical  form for the per turbat ion 
theory in U and used it to prove the Fermi-l iquid like general relations between 
different physical quantities, particularly, relation (VI I I )  in the Kondo limit U-+ oo. 

Recently, interest has been aroused in the asymmetr ic  Anderson model in view of 
the mixed valence problem. In the asymmetr ic  limit [Q[, F << U the state with double 
occupation may only be a virtual one, whereas in the states with n d = 0 and 1 the 
impuri ty  ion may be stable for a long time. In  the mixed valence regime 1QI ~ F ,  
which is apparently the most  interesting one, there appear new features due to the 
average occupation number  being essentially non-integer,  thus leading to strong 
renormalization of the effective level: E ~ = q + F / ~ I n U / U .  Haldane (1978) for- 
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464 A . M .  Tsvelick and P. B. Wiegmann  

mulated the scaling approach to this case and showed that all the physical quantities 
are universal functions of F/¢~, the latter being the real expansion parameter .  For  
example, the average occupation number  n d has the form 

1 + F/nE~ + O(F2/E~ 2 in F/IE~=I) 
n,~= 2F/mE~ q- O(F2/E~ 2 In F / ~  =) 

(ey < 0), 

(c~ > 0). 

Thus ,  one encounters a situation reminiscent of that in the Kondo  problem: 
despite the bare coupling being arbitrarily small, F<< U, when the level approaches 
the Fermi  surface the effective mixing increases and in the most  interesting region 
[eYl ~< F per turbat ion theory no longer holds. (A much  closer analogy exists between 
the Kondo and mixed valence problem for the single impuri ty,  see below.) 

Kr i shna -Mur thy  et al. (1975, 1980a, b) extended Wilson's  numerical  re- 
normalization group technique to the general Anderson model.  The i r  results, 
though being only numerical,  provide a comprehensive tempera ture  dependence of 
the magnetic susceptibility in all the possible regimes and enable one to follow the 
smooth crossovers f rom one to another regime as the parameters  are varied. 

The  bulk of this review is devoted to the exact solution of the s-d  exchange model 
(§8 4.2, 4.3, 5, 6) and the Anderson model (88 4.5, 8). T h e  crossover between the low- 
and high-energy regimes in the Kondo  model  will be described in an analytical way. 
For the Anderson model we give a similar analytic description of the crossovers 
between non-magnet ic  and local m om en t  regimes and between local momen t  and 
mixed-valence regimes. T h e  theory to be exposed below restores our naive 
perception of hamiltonians (I, XI )  as simple ones. The i r  simplicity reveals itself, 
however, not in the many-body  dynamics,  but  rather at a quite different level- - in  the 
dynamics of the two-particle scattering. Readers familiar with the history of studies 
in the Kondo and Anderson models could not miss noticing what a frightening 
mathematical  debris one is t rapped in, while attacking by inadequate methods the 
phenomena which were eventually described by such simple mathematics.  

Despite the considerable contributions of the theory of integrable systems to 
mathematical  physics in one-dimension,  the elegant methods  of this algebraic theory 
are not that wide-spread. For this reason we have tried to make our presentation of 
the Bethe-Ansatz technique as applied to the s-d  exchange (Kondo) model (§4.2), 
the exchange model with anisotropic exchange (84.3), the degenerate exchange 
model (8 4.4), the Anderson model  (8 4.5), the degenerate Anderson model  (§ 4.6) and 
the resonant level (RL) model (supplement)  as self-contained as possible, so that one 
should not need to consult the original papers. In  our presentation we employ the 
recently discovered quantum inverse scattering method (for a review, see Faddeev 
1980). 

The  Bethe-Ansatz technique enables one to parametrize the spect rum of the 
hamil tonian in terms of the so-called rapidities which characterize the state of the 
many-body  system. These rapidities obey the system of algebraic transcendental 
equations, the so-called Bethe-Ansatz equations. T o  find that the system is 
integrable is not the same as to solve it. In  order to get certain results, one has to 
construct the equil ibrium state of the system at the given temperature  and solve the 
relevant Bethe-Ansatz equations. T h e  relevant mathematical  technique is exposed 
in detail on an example of the s-d  exchange model  (8 5.1, 6.1) and applied afterwards 
to other models (8 5.2, 6.2, 7). 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

hi
ca

go
 L

ib
ra

ry
] 

at
 1

8:
11

 1
8 

A
ug

us
t 2

01
5 



Exact results in the theory of magnetic alloys 465 

Once the Bethe-Ansatz equations are solved, one can comprehensively describe 
the magnetic and thermal properties of the impurity in the non-magnetic metal. 

We conclude with a discussion of the thermodynamic properties of the non- 
degenerate and degenerate Anderson model in §§8 and 9. In these sections the 
relation between the Anderson model and the s-d exchange model in terms of the 
exact solutions will also be discussed. Particular attention is paid to the asymmetric 
Anderson model for the mixed-valence states. 

The detailed presentation and discussion of exact solutions follows the three 
introductory review sections (§§ 1-3). Some recent theoretical developments will be 
briefly reviewed in § 3. We have selected only those papers which are the most 
instructive in that the ideas developed are related to the mathematical structure of 
the solutions and shed light on the physical meaning of the latter. On the other hand, 
an exact solution enables us to justify and visualize the physical approximations and 
hypotheses of these works. This is most relevant in the phenomenological Fermi- 
liquid picture which played an important heuristic role in the construction of exact 
solutions. 

Reviews of Nozi~res' phenomenological Fermi-liquid approach to the Kondo 
model and Yamad~Yos ida ' s  approach to the Anderson model are given in §§ 3.1.2 
and 3.2.1. In § 3.1.1 we discuss the Anderson et al. (1970 a, b) approach to the triad of 
Kondo hamiltonian, Coulomb gas partition function and resonant level model 
equivalences. Also in §§ 3.1.2 and 3.2.4 we give a brief review of Wilson's numerical 
renormalization group approach to the Kondo and Anderson models. The pertur- 
bation theory motivated scaling approaches to the exchange models and asymmetric 
Anderson model are discussed in §§ 2.2.4 and 3.2.4 respectively. 

Theoretical activity on magnetic alloys was based mainly on the simple exchange 
Kondo hamiltonian, although until recently there were no known magnetic 
impurities to which application of this model in its present over-simplified form was 
justified without ignoring qualitatively important features. Now such substances are 
found among La-based compounds,  two of which are discussed in § 1.1.1. Hence, it 
seemed worthwhile to present the microscopic derivation of realistic hamiltonians 
with allowance for the orbital structure of the impurity ion, the crystal field effects, 
fine and hyperfine structure, etc., and to discuss the limits of applicability of the 
traditional models to real metal (§ 2). 

§ 1. EXPERIMENTAL EVIDENCE FOR THE MANY-BODY EFFECTS IN DILUTE MAGNETIC 
ALLOYS. KONDO-LIKE BEHAVIOUR IN DILUTE LANTHANIDE IMPURITY SYSTEMS 

In the 1960s considerable efforts were made in experimental investigation of the 
properties of dilute alloys in the Kondo state. 

One of the results of this effort is that even in classical Kondo transition alloys 
there are always traces of interimpurity correlation. To  avoid impuri ty- impuri ty  
interaction effects it is required that the impurity concentration be in the p.p.m. 
region, which makes it difficult to extract the single-impurity effect from the 
measured signal. For instance, in the case of the traditional CuMn alloy the estimate 
of the RKKY-interact ion energy proves that at temperatures near and below T K the 
alloy can be regarded as dilute only if the concentration is less than 5 p.p.m. Such 
pure substances are not in fact available (Hirshkoff et al. 1971). 

The  situation is contrary in Kondo systems containing rare-earth ions such as Ce 
and Yb. In these systems the interaction between rare-earth ions is believed to be 
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466 A . M .  Tsvelick and P. B. Wiegmann 

negligible. In rare-earth alloys the impurity can be considered as isolated for 
amounts up to l~ot .  Moreover, the concentrated lanthanide systems exhibit 
anomalies strongly resembling those of the dilute transitional alloys. 

In 1965 Sugawara observed the first resistance minimum phenomenon due to a 
lanthanide solution in the dilute alloy system YCe. Following this discovery of the 
Kondo effect in the YCe system numerous dilute and concentrated lanthanide 
metallic systems have been investigated. Of the thirteen lanthanide ions with a 
partially-filled 4f  shell only Ce, Sin, T u  and Yb have Kondo-like behaviour. We 
shall confine the discussion below mainly to Ce as the most explicit example of an 
ambivalent rare-earth element. 

Recent developments confirm that RE-alloys have great advantages over similar 
transition metal systems. First, as we have mentioned above, the single-impurity 
effects can probably be studied not only in the extremely low-concentration range. 
The second reason is that the structure of the moment  in the magnetic state is well 
defined and rather simple. 

The Hund  correlations between the 4 f  electrons and the spin-orbit coupling 
result in a ground state of the 4 f  shell which exhibits a magnetic momentum of the 4 f  
shell. Further  simplification is due to a strong crystal field. The Kramers .ion Ce 3 + 
(2F5/2) in a crystal environment of the cubic La-based compounds Splits into a F 7 
doublet ground state and a F 8 quartet separated by AcF ~-, 150-200 K. Therefore, at 
sufficiently low temperatures only the doublet is important and the orbital structure 
of the shell is maximally simplified. 

To have a sufficiently wide temperature range above and below T K to observe the 
low-temperature properties as well as high-temperature properties of the Kondo 
state, the Kondo temperature of such systems should be of the order of degrees. At 
the same time T K is sufficiently small in comparison with the crystal electric field 
(CEF) splitting and the Ce alloys may be perfect examples of substances adequately 
described by the s-d exchange model (!) with the 1/2 spin. Such an arrangement of 
the magnetic CEF levels enables one to observe simultaneously the Kondo, and CEF 
effects. Both these effects are characteristic of the single Ce impurity in lanthanide 
systems. 

Finally, there are important phenomena relevant to the Kondo effect of Ce 
dilutely dissolved in La-based compounds,  namely, a strong increase of the Kondo 
temperature and, as a result, destruction of the local-moment state under pressure or 
under the so-called 'chemical pressure'. 

1.1. Two typical examples: (La, Ce)AI 2 and (La, Ce)B 6 

Recently, great attention has been drawn to the matrix-lanthanide impurity 
systems, where the metallic matrix is a compound.  Today,  such systems exhibiting 
Kondo-like anomalies have been observed. Of all these, the system (La, Ce)A12 has 
been by far the most extensively investigated and, therefore, we discuss properties of 

The reason that the RKKY interaction displays itself so weakly is not quite clear since the 
exchange integral in the RE-alloys is of the same order as that for the transition alloys; 
however, numerous experiments have consistently indicated that the result of the RKKY 
polarization of the conduction electrons must be weak and does not lead to any appreciable 
modification of the local moment. 
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Exact results in the theory of magnetic alloys 467 

this example in some detail. T h e  Kondo effect of (La, Ce)A12 was first discovered by 
Maple and Fisk (1968). Kondo anomalies were observed in 

(i) resistivity (Winzer 1973), 
(ii) magnetic resistivity (Felsch and Winzer 1973), 

(iii) specific heat (Deenades et al. 1971, Armbr/ister et al. 1974, Steglich and 
Ambr/ister 1972, Bader et al. 1975, Steglich 1976), 

(iv) thermoelectric power (Moeser et al. 1974), 
(v) magnetic susceptibility (Felsch et al. 1975) and in addition 

(vi) (La, Ce)A12 is a classical example of the ' re-entrant '  superconductivity 
phenomenon (Maple et al. 1972). 

Unfortunately the investigations of these Kondo anomalies in (La, Ce)A12 are 
restricted to Ce concentrations ~>0"7 at.~o because for smaller concentrations the 
system becomes superconducting in the temperature range of interest. 

Another typiehl La-based compound exhibiting Kondo-like anomalies but  not 
showing superconductivity was found in the borides. It is (La, Ce)B 6 whose 
conductive and magnetic properties were investigated in the remarkable experi- 
ments by Winzer (1975), Samwer and Winzer (1976) and Felsch (1978). 

As is known, the most characteristic behaviours of the many-body effects are: 

(i) Fermi-liquid simple power behaviour at low temperatures (T<< TK); 
(ii) logarithmic behaviour at high temperatures (T>> TK). 

Experiments in a magnetic field also testify to the appearance of the characteristic 
scale: unlike a free ion, dimensionless physical quantities are not determined by the 
ratio #sH/kBT only- - they  change with variation of, for instance, H with I~BH/kBT 
constant. Note that the observation of pure many-body effects is rather delicate: at 
low temperatures the interimpuri ty interaction becomes involved, at high tempera- 
tures in magnetic experiments a strong influence of the crystal field is observed and 
separation of the logarithmic behaviour is a difficult task. For some measured 
quantities, for instance for the specific heat, the logarithmic behaviour displays itself 
at extremely high temperatures: In T/TK,,~6-7. 

More clear-cut evidence of the logarithmic behaviour is given by the temperature 
dependence of the impuri ty resistivity. Note that the simple power low-temperature 
behaviour above cannot be considered as evidence of the many-body effects. Th e  
case is that due to the broad one-body resonance the Fermi-liquid like behaviour is 
demonstrated also by the non-magnetic alloys for which the criterion of the local- 
moment  state and the Kondo effect, defined as U>>F, is not fulfilled. Only the change 
of the regime from logarithmic to simple power laws is the characteristic feature of 
the Kondo effect. 

We shall give below certain experimental data for magnetic susceptibility, 
magnetization, specific heat, resistivity, magnetoresistivity, lattice pressure effects 
and re-entrant superconductivity effect for (La, Ce)A12 and (La, Ce)B 6 testifying to 
the many-body effects. 

(a) The crystal field effects 
The  6F5/z term of Ce 3 + ion is usually believed to be split by the cubic crystal field 

into the doublet F v and quartet F s. In recent neutron scattering experiments on 
(La, Ce)A12 Loewenhaupt  et al. (1979) studied the energetic level scheme of the 
Ce 3 + ion. A well-resolved inelastic peak was observed at an energy transfer 100 K in 
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468 A . M .  Tsvelick and P. B. Wiegmann 

the energy-gain spectrum. In  addition, extra scattering intensity was observed at 
180 K. The  first peak is at tr ibuted to the C E F  transition between F 7 and F8, while 
the second is considered to be due to a dynamic strain which couples the states inside 
the excited F 8 quartet.  

Thus  at T<< 100 K only the doublet  F 7 is significantly populated. According to 
Murao and Matsubara  (1957) this F 7 state may be described by a spin with the 
magni tude S = 1/2 and a modified Lande factor g' = - (5/3)g with g = 6/7 for the free 
Ce 3 + ion. Therefore,  the CEF  theory gives g ' =  --5/3 x 6/7--- --1"43 for the ground 
state of cerium impurities in the La-based compounds¢.  T h e  effective magnetic 
momen t  #ef f=g ' (S(S+l) )  1/2 is 1"24~B. Then  the exchange interaction with the 
conduction electrons will be described by the effective s-d  exchange hamiltonian (I) 
with an impuri ty  spin S = 1/2 and g = 1"43. Note,  that al though the splitting of the F 8 
quartet  may appear sufficiently large, it is evident that the matr ix  elements of the 
quadrupole operator are also large and lead to a large Van Vleck contr ibution to the 
magnetic susceptibility (Loewenhaupt  et al. 1979). 

(b) Magnetic susceptibility and magnetization 
Felsch (1977, 1978) measured the low-field magnetic susceptibility of the rare- 

earth (RE) Kondo system (La, Ce)B 6 for low and modera te  Ce concentrations in the 
temperature  range between 30 m K  and 300 K as well as low-temperature  magneti-  
zation extending to high magnetic fields. He  studied the single impuri ty  behaviour of 
Ce ions subjected to the Kondo effect and found out how the impuri ty  interaction 
and crystal field effects interfere with the Kondo  effect. In  fig. 1.1 the data for the 
inverse low-field impuri ty  susceptibility are represented as Z-1, for two (La, Ce)B 6 
alloys with 0"072 and 0"13 a t .~  Ce as a function of the tempera ture  in the regime 
below 10 K. 

The  data scale well with the concentration, indicating that Z originates f rom 
isolated Ce ions. In  a wide temperature  range the solute susceptibility can be 
described by the Curie-Weiss  law 

C 
Z=  T + ~  

with the Curie temperature  0=(2-8__0"1)K which is independent  of the Ce 
concentration, and the Curie constant C =  1/3#2ff yielding the effective magnetic 
momen t  #eff= (1'13 __ 0"02)# B ( remember  that the theory gives #elf= 1"24#B). 

However,  the behaviour of the susceptibility even at high temperatures  could not 
be described in terms of the crystal field effects alone as is illustrated in fig. 1.2. 
Alongside these effects one should take into account the logarithmic corrections due 
to the Kondo  effect. 

At temperatures  below ~,0"3 K X -1 decreases more  slowly with tempera ture  
decrease than according to the Curie-Weiss  law. This  is demonstra ted by the insert 
in fig. 1.1. For (La, Ce)A12 the accord between experimental  and theoretical values 
of #eff is still better, #eff=(l '25+0"03)#B. The  Curie temperature  is equal to 
(0"40 _+ 0"05) K (Felsch et al. 1975). T h e  inverse low-field susceptibility per mole Ce 

t One can expect similar orders of magnitude of the crystal fields for all cerium 
compounds. 
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Fig. 1.1 
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Z T versus temperature T for (La, Ce)B 6 alloys. The dashed line is the behaviour of free C e  3 + 

ions. The dotted line is the behaviour of Ce 3 + ions in the cubic crystal field of LaB 6 
(after Felsch 1978). 
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