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Abstract Cloud droplet spectral relative dispersion is critical to parameterizations of cloud radiative
properties, warm‐rain initiation, and aerosol‐cloud interactions in models; however, there is no consistent
relationship between relative dispersion and volume‐mean radius in literature, which hinders improving
relative dispersion parameterization and calls for physical explanation. Here we show, by analyzing
aircraft observations of cumulus clouds during Routine AAF [Atmospheric Radiation Measurement (ARM)
Aerial Facility] Clouds with Low Optical Water Depths (CLOWD) Optical Radiative Observations, that
the correlation between relative dispersion and volume‐mean radius changes from positive to negative as
volume‐mean radius increases. With the new observation, we postulate that the sign of the correlation is
determined by whether or not condensation (evaporation) occurs simultaneously with significant new
activation (deactivation). The hypothesis is validated by simulations of both an adiabatic cloud parcel model
and a parcel model accounting for entrainment‐mixing. A new quantity, first bin strength, is introduced to
quantify this new observation. Theoretical analysis of truncated gamma and modified gamma size
distributions further supports the hypothesis and reconciles the contrasting relationships between relative
dispersion and volume‐mean radius, including the results in polluted fog observations. The results could
shed new light on the so‐called “twilight zone” between cloudy and cloud‐free air, which in turn affects
evaluation of aerosol‐cloud interactions and retrieval of aerosol optical depth.

Plain Language Summary The width of cloud droplet size distribution is critical to aerosol‐cloud
interactions and warm rain initiation. Relative dispersion represents the relative width of cloud droplet
size distribution. Current parameterizations of relative dispersion often relate relative dispersion to
volume‐mean radius. Based on aircraft observations of cumulus clouds, it is found that relative dispersion is
positively correlated with volume‐mean radius when volume‐mean radius is small, and the correlation
becomes negative when volume‐mean radius increases. A hypothesis is raised by relating the relationship
between the two quantities to microphysical processes (activation, condensation, evaporation, and
deactivation) and is substantiated with an adiabatic parcel model, a parcel model considering
entrainment‐mixing, and theoretical analysis. The results may promote the studies on the zone between
cloudy and cloud‐free air, which in turn affects evaluation of aerosol‐cloud interactions.

1. Introduction

Clouds play important roles in the Earth's climate system through aerosol‐cloud interactions,
cloud‐radiation feedbacks, and so forth (e.g., Li et al., 2017; Zhang et al., 2013). Due to the coarse grid size
of general circulation models, many cloud processes are parameterized (e.g., Wang & Penner, 2010). One
of the key factors in the cloud microphysics parameterizations is relative dispersion (ε), defined as the ratio
of standard deviation of droplet radius to mean droplet radius of droplet size distributions. It is well known
that ε has significant influences on aerosol indirect effect evaluation, warm‐rain initiation, cloud‐climate
feedbacks, through its effects on cloud effective radius, cloud optical depth (Anil Kumar et al., 2016;

©2020. American Geophysical Union.
All Rights Reserved.

RESEARCH ARTICLE
10.1029/2019JD031868

Key Points:
• The correlation between relative

dispersion and volume‐mean radius
changes from positive to negative
with increasing volume‐mean radius

• A hypothesis is proposed to relate
positive/negative correlations to
microphysical processes

• This hypothesis is substantiated
with numerical simulations and
theoretical derivation

Correspondence to:
C. Lu and Y. Liu,
luchunsong110@gmail.com;
lyg@bnl.gov

Citation:
Lu, C., Liu, Y., Yum, S. S., Chen, J., Zhu,
L., Gao, S., et al. (2020). Reconciling
contrasting relationships between
relative dispersion and volume‐mean
radius of cloud droplet size
distributions. Journal of Geophysical
Research: Atmospheres, 125,
e2019JD031868. https://doi.org/
10.1029/2019JD031868

Received 20 OCT 2019
Accepted 1 APR 2020
Accepted article online 16 APR 2020

LU ET AL. 1 of 22

https://orcid.org/0000-0002-8967-0371
https://orcid.org/0000-0003-0238-0468
https://orcid.org/0000-0002-0879-1615
https://orcid.org/0000-0001-6347-5677
https://orcid.org/0000-0002-8391-2712
https://orcid.org/0000-0002-5181-304X
https://orcid.org/0000-0002-8478-0096
https://doi.org/10.1029/2019JD031868
https://doi.org/10.1029/2019JD031868
mailto:luchunsong110@gmail.com
mailto:lyg@bnl.gov
https://doi.org/10.1029/2019JD031868
https://doi.org/10.1029/2019JD031868
http://publications.agu.org/journals/
http://crossmark.crossref.org/dialog/?doi=10.1029%2F2019JD031868&domain=pdf&date_stamp=2020-05-04


McComiskey et al., 2009; Peng et al., 2007; Tas et al., 2012; Wang et al., 2011; Wang et al., 2013; Zhao
et al., 2006; Zhao et al., 2019), and autoconversion processes (Liu et al., 2004; Liu et al., 2006; Liu et al., 2007;
Lu et al., 2018).

In the search for ways to parameterize ε or effective radius ratio (β), relationships of ε or β to cloud droplet
number concentration (nc) or aerosol number concentration (na) have been studied intensively; β is the
ratio of effective radius to volume‐mean radius (rv). Positive correlations (Anil Kumar et al., 2016; Liu &
Daum, 2002; Martin et al., 1994; McFarquhar & Heymsfield, 2001; Pandithurai et al., 2012; Prabha
et al., 2012; Wood, 2000; Yum & Hudson, 2005), negative correlations (Chandrakar et al., 2016;
Chandrakar et al., 2018; Desai et al., 2018; Desai et al., 2019; Ma et al., 2010), and no correlations (Zhao
et al., 2006) have been all found based on in situ observations or cloud chamber experiments. One impor-
tant reason for these different correlations is that ε and nc are sensitive to many factors, such as turbulent
fluctuations, aerosol properties, and vertical velocity (w) (Chandrakar et al., 2016; Liu et al., 2006; Lu
et al., 2012b; Peng et al., 2007). Based on many experiments in a turbulent cloud chamber, Chandrakar
et al. (2016, 2018) and Desai et al. (2018) concluded that increasing na (nc) decreased ε. The reason was
that, for a higher nc, the cloud was in a fast microphysics regime and supersaturation fluctuation was
reduced; all droplets were expected to have similar condensation growth histories, resulting in smaller ε.
Pawlowska et al. (2006) found that flight‐averaged ε seemed to increase with nc, consistent with theoretical
expectation (Liu, Daum, & Yum, 2006). However, the correlation between the two quantities was negative
within each flight, which could be due to the dominant effect of w (Liu, Daum, & Yum, 2006). With a
parcel model, Chen et al. (2016, 2018) found that, for a given w, ε increased with increasing na in the
aerosol‐limited regime, peaked in the transitional regime, and decreased with increasing na in the
w‐limited regime.

Many studies have been focusing on the effects of ε on radiative transfer and precipitation in models, using
different parameterizations of ε (Peng & Lohmann, 2003; Rotstayn & Liu, 2003; Xie et al., 2017; Xie &
Liu, 2011). By implementing different parameterizations of ε‐nc in the Weather Research and Forecast
model, Xie et al. (2013) found that the sign of the surface precipitation response induced by aerosols was
dependent on the ε‐nc relationships, which influenced the autoconversion processes. For a positive (nega-
tive) ε‐nc correlation, the domain‐averaged cumulative precipitation increased (decreased) with aerosol con-
centrations from maritime to continental backgrounds. Peng and Lohmann (2003) applied a positive β‐nc
relationship to a general circulation model; the results indicated that, considering the dispersion effect,
the global mean indirect aerosol effect at the top of atmosphere was reduced by 0.2 W m−2. With positive
ε‐nc relationships in different general circulation models, Rotstayn and Liu (2003) and Xie et al. (2017) also
found that the aerosol indirect effects were significantly reduced.

Besides ε versus nc (na), the relationship between ε and rv, the equivalent relationship between β and water
per droplet (γ), and also the relationship between ε and γ are suggested for parameterization of ε (Liu
et al., 2008; Tas et al., 2012), which is thought to be better than ε versus nc (na) (Liu et al., 2008;
Wood, 2000) due to their consideration of covariations in nc and liquid water content (LWC). Similarly, both
negative correlations (Liu et al., 2008; Pandithurai et al., 2012; Wood, 2000) and positive correlations (Tas
et al., 2012) have been found from observations and/or simulations. Rotstayn and Liu (2009) applied two
relationships of β‐γ (Liu et al., 2008) and β‐nc (Liu & Daum, 2002) in a general circulation model; the scheme
with β‐γ gave a stronger increase of β with increasing nc and offset the aerosol indirect effect more strongly
than the scheme with β‐nc.

The diverse relationships between ε and nc (na) and between ε and rv, indicate that our understanding on the
factors affecting ε is far from complete, hindering parameterization of ε. More observational, numerical, and
theoretical analyses are needed for a better understanding and parameterization of ε.

This study focuses on the new relationship between ε and rv and the underlying physical mechanisms.
Section 2 analyzes the aircraft observations of cumulus clouds during the Routine AAF [Atmospheric
Radiation Measurement (ARM) Aerial Facility] Clouds with Low Optical Water Depths (CLOWD) Optical
Radiative Observations (RACORO) field campaign, which operated over the ARM Southern Great Plains
site near Lamont, Oklahoma, from 22 January to 30 June 2009 (Vogelmann et al., 2012). Plausible physical
mechanisms are proposed to explain the new observational relationship between ε and rv.
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Section 3 presents numerical simulations and theoretical analysis to illustrate the proposed mechanisms.
Concluding remarks are given in section 4.

2. New Observational Results and Underlying Physical Mechanisms
2.1 Observational Results in Cumulus Clouds

During RACORO, the Twin Otter aircraft from the Center for Interdisciplinary Remotely‐Piloted Aircraft
Studies was used to measure aerosol, cloud, meteorological information, and so forth (Vogelmann
et al., 2012). The cloud droplet size distributions were measured by the Cloud and Aerosol Spectrometer
probe that covers radius range from 0.29 to 25 μm in 20 bins at 10 Hz, manufactured by Droplet
Measurement Technologies (Baumgardner et al., 2001). The aircraft flew at the speed of ~50 m s−1; thus,
the spatial resolution of droplet size distributions is ~5m. Cloudmicrophysical properties are calculated only
for the bins with the criterion of droplet average radii larger than 1 μm, which has also been widely used in
previous studies (Bera et al., 2016; Hsieh et al., 2009; Ma et al., 2010; Small et al., 2013; Yum et al., 2015).
Another criterion used to define cloud droplets is based on whether the particle has crossed the peak in
the Kohler curve. However, data for the Kohler curve method are not available; thus, 1 μm is used as the
threshold of cloud droplet. Droplets in the range of 7.50 to 781 μm (radius) were measured by the Cloud
Imaging Probe at 1 Hz. The Differential Mobility Analyzer recorded aerosol particles with radius between
0.006 and 0.3 μm roughly once per minute. The Passive Cavity Aerosol Spectrometer Probe measured aero-
sols in the range of 0.05–1.12 μm (radius) at 1 Hz. The Diode Laser Hygrometer (Diskin et al., 2002; Podolske
et al., 2003) and a Rosemount probe were used to measure water vapor mixing ratio and temperature at
10 Hz, respectively. Cloud droplet size distributions satisfying both criteria of LWC > 0.001 g m−3 and n-

c > 10 cm−3 are considered to be cloud records (Deng et al., 2009). A criterion that the in‐cloud mean drizzle
LWC (radius > 25 μm from the CIP) < 0.005 g m−3 is used to identify nondrizzling clouds. Nondrizzling
cumulus clouds from eight flights along horizontal legs are analyzed for the following dates: 22 May, 23
May, 24 May, 11 June, 19 June, 23 June, 24 June, and 26 June 2009.

The cumulus clouds are shallowwith thicknesses mainly in the range of 200–500m (Vogelmann et al., 2012).
By use of the same methods in Liu et al. (2008) and Tas et al. (2012), microphysical properties, including ε
and rv, are calculated. Briefly, the mean and standard deviation of LWC, nc, ε, and rv, are
0.16 ± 0.18 g m−3, 652.6 ± 459.2 cm−3, 0.35 ± 0.11, 3.64 ± 1.01 μm, respectively. Based on D.
Baumgardner (personal communication, February 18, 2020), the Poisson sampling theory is used to estimate
expected error (standard error, SE). The Cloud and Aerosol Spectrometer has a sample area of 0.24 mm2, so
the sample volume for 10 Hz is 0.24 mm2 * 5 m = 1.2 cm3, and SE is

SE ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
nc*1:2

p ; (1)

For nc = 652.6 cm−3, SE is 3.6%; for nc = 652.6–459.2 = 193.4 cm−3, SE is 6.6%. Even if 10 cm−3 (the criterion
for selecting clouds) is taken to be nc, SE is 28.9%, still smaller than 30%. Therefore, 5 m is a reasonable
length to obtain a statistically significant droplet size distribution.

Figure 1a shows that ε and rv are positively correlated when rv ≤ 2.2 μm but become negatively correlated
when rv > 2.2 μm. To clearly show the relationship, the frequency distribution for rv > 2.2 μm is also added.
The branch of negative correlation is consistent with the results shown inWood (2000), Liu et al. (2008), and
Pandithurai et al. (2012); the branch of positive correlation is consistent with the previous study by Tas
et al. (2012). Compared with this study, these studies used similar instruments or had similar ranges of cloud
droplet sizes. Therefore, the comparisons between this study and the previous studies are valid. To the
authors' knowledge, such a nonmonotonic variation of the correlation between ε and rv has not been
reported so far.

To help understand the reason why the sign of the correlation between ε and rv changes, Figure 1b compares
the mean cloud droplet size distributions for the groups of rv≤ 2.2 and rv > 2.2 μm. Evidently, the peak of the
mean cloud droplet size distribution is at the first bin (~1 μm, i.e., a significantly truncated size distribution)
for the rv ≤ 2.2 μm group but around 3 μm for the rv > 2.2 μm group. To further quantify the difference
between the two groups, we define the first bin strength (FBS):
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FBS ¼ n1
nc

; (2)

where n1 is the first bin number concentration. Larger FBS corresponds to more likelihood of having peak
at/close to the first bin. FBS is 0.54 for the group of rv ≤ 2.2 μm, much larger than 0.03 for the group of
rv > 2.2 μm.

2.2 Plausible Physical Mechanisms

To help understand the physical processes underlying the two groups, Figure 1c shows nc and rv as a func-
tion of height above cloud base in all cumulus clouds in RACORO. Along each horizontal leg, there are some
growing cumulus clouds. The maximum LWCwithin a cumulus cloud is assumed to be adiabatic LWC. The
cloud base for each growing cumulus cloud is estimated based on the adiabatic LWC. A cloud parcel with the
adiabatic LWC moves downward until LWC is equal to 0 (cloud base). The uncertainty of this method has
been discussed in Lu et al. (2012a). Many other methods have been used for cloud base height estimation.
For example, cloud base can be estimated as the cloud condensation level using meteorological information
in the boundary layer or near surface (Wallace & Hobbs, 2006). Gerber et al. (2008) and Lu et al. (2012) fitted
maximum LWC at different heights from aircraft observations with a linear profile to estimate cloud base.
Some instruments, such as lidar, are often used to determine cloud base (Clothiaux et al., 2000). However,
there were significant spatial changes in cloud base heights even during one flight in RACORO
(Vogelmann et al., 2012), so these methods are not applicable. After cloud base is determined for each cloud,
all the cloud base heights along one aircraft horizontal leg are averaged and taken to be the cloud base height
along that leg. As shown in Figure 1c, nc does not varymuch with height; the data points with rv≤ 2.2 μmare
present at all heights, but most of them are near the cloud base. Figure 1d shows an example of rv as a

Figure 1. (a) Relative dispersion (ε) as a function of volume‐mean radius (rv) in the cumulus clouds during RACORO.
The frequency distribution for rv > 2.2 μm is also added. (b) Cloud droplet size distributions (dn(r)/dr) in different rv
ranges; r is droplet radius, and n (r) is number concentration for the bin of r. First bin strength is also shown in the
legend. (c) Number concentration (nc) and rv as a function of height above cloud base. (d) rv as a function of time in a
typical cloud on 23 May 2009 (one example). The solid straight lines in (c) and (d) represent rv equal to 2.2 μm.
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function of time in a typical cloud on 23May 2009; many data points with rv≤ 2.2 μm in the individual cloud
are near the cloud edges.

Liu et al. (2008) argued that condensation was responsible for the negative ε‐rv correlation. Tas et al. (2012)
attributed the positive ε‐rv correlation to the impact of collision‐coalescence. The nondrizzling clouds ana-
lyzed here are weakly, if any, affected by collision‐coalescence. Based on the fact that the branch of positive
ε‐rv correlation is associated with the peak radius at the first bin and the measurements are near the cloud

Figure 2. (a) Relative dispersion (ε) as a function of volume‐mean radius (rv), (b) temporal evolution of cloud droplet size
distributions, and (c) temporal evolution of number concentration (nc) during the adiabatic growing process simulated by
a parcel model with raerosol

¯
of 0.032 μm, σaerosol of 2.02 in equation 3, and vertical velocity of 0.81 m s−1. The red line

represents the maximum ε; the black line represents the criteria of liquid water content (LWC) equal to 0.001 g m−3 and

nc equal to 10 cm−3.
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boundary where condensation and new droplet activation, or evaporation and droplet deactivation, likely
occur simultaneously, we propose new mechanisms: Whether the correlation is positive or negative is
related to whether condensation occurs simultaneously with significant new droplet activation and/or
whether evaporation occurs with significant droplet deactivation.

As mentioned above, the positive correlation is generated by the data collected mainly near the cloud base in
the earlier formation stage and/or near the cloud edge in the dissipation stage, where LWC is small. The
negative correlation is generated from the data collected in developing and mature stages of cloud when

Figure 3. Same as Figure 2 but for raerosol
¯

equal to 0.032 μm and σaerosol equal to 1.78 in equation 3.
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condensation and entrainment‐mixing are active; therefore, a large variation of LWC exists among different
cloud parcels. As a result, rv for the positive correlation ranges from ~1.5 to 2.2 μm and the negative
correlation has a much wider range of rv starting from 2.2 μm. Therefore, the data scatter is wide and the
correlation is weak for the negative correlation. (Figure 1a).

3. Validation of the Hypothesis

Here the temporal variations of cloud microphysics in the parcel models are used to validate the hypothesis
raised based on spatial variations (Figure 1). This is valid because the cumulus observations include clouds

Figure 4. Same as Figure 2 but for raerosol
¯

equal to 0.047 μm and σaerosol equal to 2.02 in equation 3.
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in different stages at different heights above cloud bases. Different clouds are affected by activation,
condensation, evaporation, and deactivation to different extents. From the ensemble perspective, observed
spatial variation would be equivalent to temporal variation of the model result.

3.1 Condensation With/Without Significant New Droplet Activation

As discussed above, concurrent occurrence of condensation and droplet activation could be one reason
responsible for the group of rv ≤ 2.2 μm. To support this hypothesis, an adiabatic cloud parcel model
(Chen et al., 2016, 2018) is used to examine the effect of activation of aerosol on the correlation between ε
and rv during the formation and growth of an adiabatic cloud. This model follows the “Lagrangian bin”
and contains full treatment of cloud droplet nucleation and condensation (Howell, 1949). Supersaturation

Figure 5. Relative dispersion (ε) as a function of volume‐mean radius (rv) assuming biomass burning aerosols. (a) raerosol
¯

equals 0.032 μm and σaerosol equals 2.02 in equation 3. (b) raerosol
¯

equals 0.032 μm and σaerosol equals 1.78. (c) raerosol
¯

equals 0.047 μm and σaerosol equals 2.02. Vertical velocity is 0.81 m s−1.
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is produced due to adiabatic upward movement of the cloud parcel. Under the condition of supersaturation,
aerosols activate and cloud droplets grow according to the condensational growth equation. Aerosol
activation is treated by the κ‐Kohler method (Petters & Kreidenweis, 2007). This model does not consider
entrainment‐mixing or collision‐coalescence. The aerosol particles and cloud droplets are divided into
1,000 bins. The simulation is initialized with the RACORO measurements. The cloud base heights are
determined by assuming that the maximum LWC in each cloud is the adiabatic LWC, as discussed above
(Lu, Liu, Niu, & Vogelmann, 2012a). In five out of the eight flights (22–24 May and 11 and 19 June), there
were horizontal legs below cloud base; the meteorological and aerosol information along the nearest
horizontal flight leg below cloud base in these five flights are averaged and taken as the input to the
model. Air temperature, pressure, and relative humidity are 291.4 K, 888.8 hPa, and 83.9%, respectively.
The initial aerosol size distribution is assumed to be a lognormal distribution:

dnaerosol

dlograerosol
¼ Nt

2πð Þ1=2logσaerosol
exp −

lograerosol−lograerosol
¯

� �2

2log2σaerosol

0
B@

1
CA; (3)

where naerosol is aerosol number concentration for bin radius of raerosol; the mean value of Nt, raerosol
¯

, and
σaerosol are 13,391 cm−3, 0.032 μm, and 2.02, respectively, based on the aerosol observations from the
Passive Cavity Aerosol Spectrometer Probe and Differential Mobility Analyzer. The aerosols are assumed
to be ammonium sulfate. The mean w is 0.81 m s−1, calculated with all clouds along the horizontal legs in
the eight flights.

Figure 2a shows that, as rv increases, the correlation between ε and rv changes from positive to negative at
rv ~ 2 μm. The red dash line represents the time (481 s) when the sign change occurs. Since the parcel

Figure 6. Relative dispersion (ε) as a function of volume‐mean radius (rv) simulated by a parcel model with raerosol
¯

equal
to 0.032 μm, σaerosol equal to 2.02 in equation 3, and vertical velocity equal to (a) 1.66 and (b) 2.51 m s−1, respectively.
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model follows the “Lagrangian bin” concept (Chen et al., 2016; Howell, 1949), the boundaries and widths of
cloud droplet bins change with time. Here the cloud droplets with radii larger than 1 μm are resampled to
produce new size distributions with bin width of 0.5 μm. As shown in Figure 2b, to the left of the red line,

Figure 7. (a) Relative dispersion (ε) as a function of volume‐mean radius (rv), (b) temporal evolution of cloud droplet size
distributions, and (c) temporal evolution of (nmax‐nc)/nmax and first bin strength during the entrainment‐mixing
process simulated by the Explicit Mixing Parcel Model, where nc is number concentration and nmax is the maximum
value of nc. The red line represents the maximum ε; the black line represents the criteria of liquid water content (LWC)
equal to 0.001 g m−3 and nc equal to 10 cm−3. Initial droplet radius, dissipation rate in cloud, and water vapor
mixing ratio in environment are 4.35 μm, 0.00576 m2 s−3, and 10.6 g kg−1, respectively.
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the peaks of droplet size distributions are mainly at the first bin. Condensation occurs simultaneously with a
large number of newly activated droplets, as evidenced by the increase of nc until 481 s (Figure 2c); the
increase of nc signals the activation intensity. In contrast, the cloud droplet size distributions to the right
of the red line have their peaks in the middle of droplet size distributions (Figure 2b). This is caused by
condensational growth without newly activated droplets. According to the classical condensation theory,

Figure 8. Same as Figure 7 but for volume‐mean radius equal to 6 μm.
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rv increases with decreasing spectral width, for example, ε (Rogers & Yau, 1989); the truncation of cloud
droplet size distribution weakens and FBS decreases with time. Therefore, condensation with (without)
significant concurrent activation of new droplets could generate the positive (negative) correlation
between ε and rv. The adiabatic parcel model results support the hypothesis.

It is also interesting to find that nc begins to decrease at 481 s due to the ripening effect (Wood et al., 2002).
Small droplets need higher supersaturation to keep equilibrium than big droplets. Therefore, small droplets

Figure 9. Same as Figure 7 but for dissipation rate equal to 0.0576 m2 s−3.
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evaporate and some of them are deactivated. This ripening effect is also responsible for the discontinuous
data points to the right of the red line in Figure 2a. If w is large, supersaturation would be higher than the
equilibrium supersaturation for both small and big droplets. In this case, there would be no ripening effect
and nc would be constant after 481 s. Fluctuation of w could also affect the ripening effect (Wood
et al., 2002). In addition, if the data points to the left of the black line (LWC = 0.001 g m−3 and
nc = 10 cm−3) are not included, the variation trend of ε versus rv does not change. Including these
points, the positive correlation is more significant.

To understand the effects of raerosol
¯

and σaerosol on the results, sensitivity tests are carried out, assuming

that raerosol
¯

and σaerosol are 0.032 ± 0.015 μm and 2.02 ± 0.24, respectively; here 0.015 μm and 0.24 are

the standard deviations of raerosol
¯

and σaerosol, respectively. The results are similar to Figure 2, and two
examples are shown in Figures 3 and 4. Considering that the aerosols at the Southern Great Plains site
are continental, affected by biomass burning (Fast et al., 2019), sensitivity tests are carried out assuming
biomass burning aerosol. Figure 5 shows that the results are similar. In addition, the standard deviation
of w is 1.7 m s−1; changing w to 1.66 (=0.81 + 1.7/2) or 2.51 (=0.81 + 1.7) m s−1 does not affect the con-
clusions either (Figure 6).

3.2 Evaporation With/Without Significant Droplet Deactivation

As shown in Figure 1, many data points of rv ≤ 2.2 μm are near cloud edges, which are significantly affected
by entrainment‐mixing processes (Beals et al., 2015; Kumar et al., 2014; Lu et al., 2013). Some droplets could
evaporate significantly and deactivated into interstitial aerosol particles. According to the hypothesis,

Figure 10. Relative dispersion (ε) as a function of volume‐mean radius (rv) during the entrainment‐mixing process
simulated by the Explicit Mixing Parcel Model: (a) water vapor mixing ratio of 11 g kg−1 in environment with 12 dry
air blobs and (b) water vapor mixing ratio of 11.4 g kg−1 with 16 dry air blobs.
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whether evaporation occurs with significant droplet deactivation could determine the sign of the correlation
between ε and rv.

To substantiate this hypothesis, the Explicit Mixing Parcel Model (EMPM) (Krueger et al., 1997; Su
et al., 1998) is used. The domain size of EMPM is 20 m (width) × 0.001 m (height) × 0.001 m (depth),
which was used in Su et al. (1998), Lu et al. (2018), and Tölle and Krueger (2014). Krueger (2008) intro-
duced the events/processes in the model. When entrainment occurs, the entrained dry air replaces the
same‐sized segment of adiabatic cloud parcel. After that, the cloudy air and dry air undergo isobaric mix-
ing and evaporation. Many cloud droplets encounter the dry air and may evaporate partially or
even deactivate.

The model setting is based on the mean states in the cumulus clouds during RACORO. The adiabatic cloud
parcel is assumed to have water vapor mixing ratio (qv) of 12.3 g kg

−1, temperature of 286.7 K, and pressure
of 796.2 hPa. The adiabatic LWC of 0.46 g m−3 is assumed to be the average value of maximum LWC in dif-
ferent clouds, similar to Lu, Liu, Niu, and Vogelmann (2012a). The adiabatic nc of 1332.6 cm

−3 is the average
value of nc corresponding to the maximum LWC, and rv of 4.35 μm is calculated according to the adiabatic
LWC and nc. Ten dry air blobs are entrained, and each one has a size of 1 m × 0.001 m × 0.001 m that was
also used in Tölle and Krueger (2014). The entrained dry air has qv of 10.6 g kg

−1 and temperature of 286.2 K,
which are the average values near the cloud edges. The turbulent dissipation rate is 0.00576 m2 s−3, which is
the average value within all clouds.

As shown in Figure 7, ε and rv are negatively correlated from 0 to 13.5 s (the red dash line). The reason is
that some droplets evaporate faster than the others. The ratio of nmax − nc

nmax
can quantitatively describe the

Figure 11. Relative dispersion (ε) as a function of volume‐mean radius (rv) during the entrainment‐mixing process
simulated by the Explicit Mixing Parcel Model assuming gamma distribution: (a) parameter (μ) of 20.4 in equation 4,
dissipation rate of 0.0576 m2 s−3, and water vapor mixing ratio of 11.4 g kg−1. (b) Parameter (μ) of 27.86 (= 20.4 + 7.46),
dissipation rate of 0.00576 m2 s−3, and water vapor mixing ratio of 11.4 g kg−1.
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deactivation process, where nmax is the maximum value of nc.
nmax − nc

nmax
is smaller than 0.41 before 13.5 s, and

FBS is smaller than 0.16. As a result, ε increases and rv decreases. The cloud droplet size distributions tend
to have their peaks in the middle of distributions. After 13.5 s, the correlation between ε and rv becomes
positive. The reason is that more and more droplets are significantly evaporated and deactivated into
aerosol particles; both ε and rv decrease at the same time. Both nmax − nc

nmax
and FBS increase significantly,

and the peaks of cloud droplet size distributions tend to be at the first bin. Therefore, evaporation with
(without) significant deactivation can also cause a positive (negative) correlation between ε and rv,
validating the hypothesis.

In addition, the black line represents the criteria of LWC = 0.001 g m−3 and nc = 10 cm−3. Even when LWC
and nc are smaller than the criteria, the correlation between ε and rv is still positive and the droplet size dis-
tribution still has its peak at the first bin. Sensitivity tests are performed by changing initial radius from 4.35
to 6 μm and dissipation rate from 0.00576 to 0.0576 m2 s−3, respectively (Figures 8 and 9). Two other sensi-
tivity tests are shown in Figure 10: qv of 11 g kg

−1 in environment with 12 dry air blobs and qv of 11.4 g kg
−1

with 16 dry air blobs, respectively. With the increasing qv in environment, more dry air blobs are needed to
satisfy the condition that evaporation occurs with significant droplet deactivation. The results are quite simi-
lar to Figure 7. In addition, a fixed droplet size is used in the above simulations. To examine the dependence
of ε versus rv on the initial droplet size distribution, cloud droplet size distributions corresponding to the
maximum LWC along each leg are fitted by

n rð Þ ¼ N0r
μe−λr ; (4)

where r is the droplet radius, n(r) is the number concentration for each bin with radius of r, and N0, λ, and μ
are three parameters. In the construction of initial droplet size distribution, only the mean value (20.4) and

Figure 12. (a) Relative dispersion (ε) as a function of volume‐mean radius (rv) and (b) mean cloud droplet size
distribution in a fog case in Nanjing, China, from 16:37 BST (universal time coordinated + 8 hr) on 19 December to
16:11 BST on 20 December 2007.
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standard deviation (7.46) of μ from the fitting equations are used; N0 and λ are calculated to meet the
conditions of adiabatic LWC of 0.46 g m−3, nc of 1332.6 cm−3, and rv of 4.35 μm with equations ((A4),
(A6), and (A8)). Figure 11 shows that the results assuming gamma distribution are similar to those with a
fixed droplet size shown above. Therefore, the conclusions reached by the EMPM simulations are robust.

3.3 Further Discussions

Another interesting point is that the hypothesis can be further supported by observational data of eight fog
events, collected in Nanjing (32°12′N, 118°42′E; 22 m above sea level), China, during the winter of 2007 (Liu
et al., 2012; Niu et al., 2012). Fog droplets from 0.5 to 25 μm (radius) in 20 bins were measured with a droplet
spectrometer (FM‐100) at 1 Hz. Only the droplets within the range of 1 to 25 μm (radius) are used to calculate
microphysical properties (Niu et al., 2010). As an example, Figure 12 shows a case from 16:37 Beijing
Standard Time (BST = Universal Time Coordinated + 8 hr) on 19 December to 16:11 BST on 20
December 2007. The results in other cases are similar. As shown in Figure 12, like the rv ≤ 2.2 μm group
for the cumulus clouds, ε and rv are positively correlated; the mean fog droplet size distribution has the peak
at the first bin, and FBS is 0.60, even larger than that for rv ≤ 2.2 μm in Figure 1b. Since the correlation is
always positive, here the maximum rv (around 8 μm) is taken to be the transitional rv, much larger than
2.2 μm in RACORO.

The different values of transitional rv can be further examined by analyzing the role of truncated gamma dro-
plet size distribution in view of its popular use in describing cloud droplet size distributions (e.g., Liu
et al., 2002). Because droplets in the range of 1 to 25 μm (radius) are often taken to be cloud droplets, a trun-
cated gamma distribution from 1 to 25 μm is employed to study the correlation between ε and rv, when λ and
μ vary. See Appendix A for the equations of ε and rv. As expected, Figure 13 shows that both μ and λ are cri-
tical to the correlation of ε versus rv. When μ is larger than 0, the correlation of ε versus rv mainly changes

Figure 13. (a) Volume‐mean radius (rv) as a function of parameters (μ and λ) in the gamma size distributions
(equation 4). (b) Relative dispersion (ε) of cloud droplet size distribution as a function of μ and λ. The yellow dots
represent the scenarios where the correlation of ε versus rv changes from positive to negative with increasing μ for λ = 5
and 0.5 (the yellow lines), respectively. The black, red, and blue dots represent the fitting results of mean droplet size
distributions in fog (Figure 12b), cloud with rv ≤ 2.2 μm, and cloud with rv > 2.2 μm (Figure 1b), respectively. The two
white contours represent first bin strength.
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from positive to negative with decreasing λ. However, when μ is smaller than 0, the correlation is mainly
positive with varying λ. For a given λ, the correlation always changes from positive to negative with
increasing μ, but the transitional rv is different for different values of λ. For λ varying from 5 to 0.5 (the
yellow lines), the transitional rv (the yellow dots) increases from 2.1 to 4.3 μm; at the same time, μ
decreases. When μ further decreases to be smaller than 0, as mentioned above, the correlation of ε versus
rv is positive, and the transitional rv can reach 6 μm or even larger, as λ decreases.

With Figure 13, the different behaviors of ε versus rv in the fog and two groups of cloud samples can be recon-
ciled. The mean fog and cloud droplet size distributions are fitted by gamma distributions, and the para-
meters of the fitting equations are shown in Figure 13. Both the fog droplet size distributions and the
cloud droplet size distributions with rv ≤ 2.2 μm have negative μ, and therefore, ε and rv are positively cor-
related; compared with these cloud droplet size distributions with rv ≤ 2.2 μm, the fog droplet size distribu-
tions have larger μ and smaller λ, which corresponds to larger transitional rv. This could be a reason why the
fog always exhibits a positive correlation, whereas the cloud has the transitional rv around 2.2 μm.
Physically, the phenomenon in fog is likely related to very high interstitial aerosol number concentration
with radius close to 1 μm and low supersaturation. Although the data in the range of 0.5–1 μm (radius)
are often thought to be noisy, they can still give some hints (Lu et al., 2013). The number concentration in
this bin is much higher than that at the current peak in the radius range of 1–2 μm (figure not shown).
Shen et al. (2018) estimated that supersaturation in their fog cases was generally lower than 0.04%.
Because of low supersaturation, only a small fraction of aerosols can be activated and they grow slowly.
The cutoff between droplets and interstitial aerosols becomes important to affect the relationship between
ε versus rv. This conclusion needs to be further substantiated when better and more comprehensive data sets
are available. Unlike this, in the cumulus clouds, condensation with continuous new activation of droplets
mainly occurs near the cloud base where rv is small. That could be a physical reason why the correlation
between ε and rv is positive only for rv ≤ 2.2 μm in the cumulus clouds but continuously positive even when
rv reaches ~8 μm in the fogs. For the cloud droplet size distributions with rv > 2.2 μm, μ is positive; conden-
sation is the dominant process, as discussed in Liu et al. (2008).

Besides gamma distribution, the modified gamma distribution is also examined

Figure 14. (a) Volume‐mean radius (rv) as a function of two parameters (μ, q) in the modified gamma size distributions
(equation 5). (b) Relative dispersion (ε) of cloud droplet size distribution as a function of μ and q. The parameter (λ) is set
to be 0.5. The two white contours represent first bin strength.
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n rð Þ ¼ N0r
μe−λr

q
; (5)

where q is the fourth parameter. This four‐parameter distribution covers both gamma distribution and
Weibull distribution as special cases. The results (Figures 14 and 15) are similar to those for the gamma dis-
tribution and support the conjecture as well. In addition, contours of FBS in Figures 13–15 show that the sign
change points of ε versus rv with maximum ε are well between the contours of 0.15 and 0.35. The range of
0.15–0.35 can also separate the positive and negative correlations in the adiabatic parcel model and
EMPM simulations (Figures 2–4 and 7–9). FBS in the RACORO clouds is 0.54 for the positive correlation
of ε versus rv and 0.03 for the negative correlation (Figure 1b); FBS in the Nanjing fog event is 0.60 for the
positive correlation (Figure 12b). Therefore, theoretical, numerical, and observational results all support that
0.15–0.35 could be the critical FBS at the sign change points. More studies are needed to quantify the rela-
tionship between FBS and the relationship of ε versus rv. This quantity will be useful in future studies. It
would be more convenient to calculate FBS to estimate the relationship between ε and rv in analyzing cloud
microphysics observations or binmicrophysics simulations. Currently, gamma distribution with radius from
0 to ∞ is often assumed in bulk microphysics schemes. If truncated gamma distribution is assumed, FBS
could be also helpful. Furthermore, application of FBS is not limited to cloud droplet size distribution.
This quantity can be used, as long as a distribution can be described by gamma or modified gamma distribu-
tion, for example, size distributions of rain, graupel, and snow.

4. Concluding Remarks

Analysis of microphysical measurements collected in the cumulus clouds during RACORO shows a nonmo-
notonic relationship between ε and rv: ε is positively correlated with rv when rv ≤ 2.2 μm and negatively cor-
related with rv when rv > 2.2 μm. The positive correlation for small rv is expected, since both ε and rv are
small when clouds are newly born. Based on the result, it is hypothesized that whether or not condensation
(evaporation) occurs simultaneously with a large number of newly activated (deactivated) droplets deter-
mines the sign of the correlation between ε and rv.

Figure 15. (a) Volume‐mean radius (rv) as a function of two parameters (μ, λ) in the modified gamma size distributions
(equation 5). (b) Relative dispersion (ε) of cloud droplet size distribution as a function of μ and λ. The parameter (q) is set
to be 0.5. The two white contours represent first bin strength.
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The hypothesis is substantiated by use of numerical simulations with activation intensity, deactivation
intensity, and a newly defined quantity (FBS). An adiabatic parcel model is used to examine the correlation
between ε and rv in the formation and growth processes in clouds. The correlation changes from positive to
negative when a cloud parcel moves upward from cloud base. From the cloud base to the transitional point
of correlation coefficient sign change, condensation occurs with a large number of newly formed droplets;
above the transitional point, condensation occurs without newly formed droplets, consistent with the
hypothesis. The EMPM is used to study the correlation between ε and rv in the isobaric
entrainment‐mixing processes. The correlation changes from negative to positive as the mixing and evapora-
tion proceeds (i.e., rv decreases). At the beginning of evaporation, evaporation occurs without a large num-
ber of droplets deactivated; thus, ε and rv are negatively correlated; when evaporation proceeds, more and
more droplets are deactivated, and ε and rv become positively correlated. In both simulations with the adia-
batic and EMPM parcel models, the positive correlation between ε and rv corresponds to large FBS, deactiva-
tion intensity, or activation intensity, which tends to cause the peak of cloud droplet size distribution at the
first bin; the negative correlation corresponds to small FBS, deactivation intensity, or activation intensity,
which tends to cause the peak at the middle of cloud droplet size distribution. The critical FBS dividing posi-
tive and negative correlations is 0.15–0.35.

The fog observations in Nanjing, China, also support the hypothesis. There is a positive correlation between ε
and rv, and the peaks of droplet size distributions are always at the first bin. The reason is that a large number
of haze particles are readily available for activation along with condensational growth of fog droplets. In
addition, assuming that cloud droplet size distribution follows truncated gamma distribution, the correlation
between ε and rv changes from positive to negative with increasing rv and the transitional rv increases with
decreasing μ and λ; when μ further decreases to be negative, the correlation is always positive. This theore-
tical understanding reconciles the different behaviors of ε versus rv in the fog and two groups of cloud droplet
size distributions. Assuming modified gamma distribution also supports the above conclusion.

This study suggests that it is critical to consider the concurrent occurrence of activation and
condensational growth, or deactivation and evaporation, in study of aerosol‐cloud interactions.
Homogeneous/inhomogeneous entrainment‐mixing mechanisms are also expected to affect ε, rv, and their
relationship. In reality, entrainment‐mixing mechanisms are often between the two extreme mechanisms,
which usually increases ε and decreases rv, compared with adiabatic values. Although
entrainment‐mixing mechanisms are not discussed in detail, different mechanisms are already included
because different conditions (droplet size, dissipation rate, relative humidity in environment, and dry air
fraction) are assumed in section 3.2. Furthermore, the key processes affecting the relationship of ε versus rv
(e.g., droplet activation and deactivation) frequently occur near cloud boundaries where separation between
clouds and aerosols becomes murky. Therefore, understanding of the ε versus rv relationship likely sheds
new light on the so‐called “twilight zone” between cloudy and cloud‐free air as well, which in turn affects
evaluation of aerosol‐cloud interactions and retrieval of aerosol optical depth (e.g., Chiu et al., 2009;
Koren et al., 2007; Schwarz et al., 2017; Varnai & Marshak, 2011).

Several points are noteworthy. First, the conclusions in this study are valid under different w conditions in
the observations and simulations; however, the detailed effect of w fluctuations merits further inspection.
Second, also merits special attention is the fact that cloud edge regions have been likely significantly under-
sampled due to aircraft sampling bias toward cloud cores and probe measurement uncertainties. Third, the
ratio of nc to cloud condensation nuclei concentration could serve as a good measure of activation. The
ratio's impact on the relationship between ε and rv deserves further examination.

Appendix A: Derivations of the Moments in Gamma Size Distribution

Gamma size distribution is

n rð Þ ¼ N0r
μe−λr ; (A1)

where r and n(r) are the droplet radius and the number of droplets per unit volume per unit radius
interval, respectively; N0, λ, and μ are three parameters. For the truncated size distribution, the
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radius is in the range of 1–25 μm. The normalized first, second, and third moments of the gamma size
distribution are

m1 ¼ λ−1 μþ 1ð ÞP 25λ; μþ 2ð Þ − P λ; μþ 2ð Þ
P 25λ; μþ 1ð Þ − P λ; μþ 1ð Þ ; (A2)

m2 ¼ λ−2 μþ 2ð Þ μþ 1ð ÞP 25λ; μþ 3ð Þ − P λ; μþ 3ð Þ
P 25λ; μþ 1ð Þ − P λ; μþ 1ð Þ ; (A3)

m3 ¼ λ−3 μþ 3ð Þ μþ 2ð Þ μþ 1ð ÞP 25λ;μþ 4ð Þ − P λ;μþ 4ð Þ
P 25λ;μþ 1ð Þ − P λ;μþ 1ð Þ ; (A4)

respectively. In equations ((A2)–(A4)), P(x, a) is incomplete gamma function:

P x; að Þ ¼ 1
Γ að Þ ∫

x

0e
−t ta−1dt; (A5)

where x and a are two parameters; Γ is complete gamma function. With the moments, rv and ε can be calcu-
lated as follows:

rv ¼ m1=3
3 ; (A6)

ε ¼ m2−m2
1

� �1=2
m1

; (A7)

respectively. The cloud droplet number concentration (nc) is

nc ¼ N0Γ μþ 1ð Þ
λμþ1 P 25λ;μþ 1ð Þ − P λ;μþ 1ð Þ½ �: (A8)
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