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Perfecting the Theory of XAFS
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I. Challenge of XAFS theory   

Theory vs expt
Small correction to 
atomic XAS - need 
high accuracy  & very 
large energy range



Many parameters - need to calibrate with “EXAFS standard”

→ X-ray Microscope!

EXAFS    𝟎

𝟎

Fourier Transform

Rnn

Shift ?

Cu

Shifted Radial Distribution

*Stern Sayers Lytle, UW 
PRL 27, 1204 (1971)

EXAFS          → FT =  Local structure

Historical Interpretation ~ 50 yrs ago*

XANES

XAFS Eq.



Can one calculate EXAFS shifts?

”I always thought it was easier to  

measure XAS than to calculate it.”

Hans Bethe 

ca  1980

Maybe or maybe not ?

Question: Can one calculate XAFS parameters?



DFT
FEFF
Expt

Ground state 

Missing in DFT:  Core-hole potential, mean free path 
& DW factors 

Fine structure too large  

Standard electronic structure theory FAILS



Breakthrough: Separable Green’s function  II. Theoretical Advances 

Asymptotic high energy approximation:
effective spherical wave scattering amplitudes  feff

Breakthrough: Spherical wave scattering theory
FIXES Plane Wave Approximation 



Curved wave scattering theory k ~ 25 Å-1 l ~ 25  feff Φk

Mean free paths λk  ~ 5 – 20 Å and self energy Σ(E)

Vibrational damping e-2σ2k2

Multi-electron excitations

Relativistic scattering potentials V(r)

Σꝶ for  XAFS  

No codes in 1970’s with all features !

Revised EXAFS Equation: Stern, Sayers, Lytle  



Curved wave single-scattering amplitudes  feff & phases φ

Hedin-Lundqvist  Self-energy Σ(E)

Relativistic Dirac-Fock scattering potentials V(r)

Three key advances  

Approximations: Overlapped atom potentials, const 



JACS 113, 5136 (1991) 

Result:  Theoretical XAFS Standards 

FEFF3  Accurate single-scattering standards  



Golden rule for XAS via Wave functions

G = 1/( E – h′ – Σ ) 

Ψ

Golden rule via Green’s functions: Real space MS 

h′ Final-state Hamiltonian with core-hole
Σ Self-energy including mean-free-path 

Challenge: Multiple-scattering in XAFS



Multiple-scattering path expansion

Computational bottleneck N~100, lmax~20
Matrix products Nlmax2 x Nlmax2   ~ 104 x 104

Exact form useful only for low order 4-leg MS paths  



Cut diagrams 

Breakthrough: Separable Green’s function  Breakthrough: RA Separable Green’s function  

Fast, accurate GF and high-order real-space      
multiple-scattering path expansion

ρ=kR



Breakthrough: Full multiple scattering - XANES   

Full multiple scattering 
by matrix inversion
+ SCF potentials



Breakthrough: Separable Green’s function  Implementation – FEFF6

Efficient MS path filters, algorithms and coding 



No peak shift!

Path Expansion 15 paths

Rnn= 2.769 
fcc   Pt

χ(
R

)

R (Å)

Phase  Corrected XAFS Fourier Transform

Example:  Accurate distances Rnn from XAFS   

Partial answer to Hans Bethe: ”XAFS can be easier to 
calculate than to measure  - IF the structure is known” JJR 



J. J. Rehr & R.C. Albers

Rev. Mod. Phys. 72, 621 (2000)

http://feff.phys.washington.edu

FEFF

Review: 30 yrs of developments in XAFS  



Validation with Expt: IFEFFIT & ARTEMIS

J. Synchrotron Rad.  8, 322 (2001)

J. Synchrotron Rad.  12, 537 (2005)



EXAFS vs XANES 

Short MFP     λ ~ k/[Γ+| Im Σ |]
~ [ 5 – 20 ] Å

Long MFP

XANES        EXAFS  E-E0 > ωp~ 30 eV

FMS  Path expansion

LRO      SRO

(2002)



JJR et al., Comptes Rendus
Physique 10, 548 (2009)

Improved theory:  Parameter free XAFS & XANES

Phys. Chem. Chem. Phys. 12, 5503–5513 (2010)

Ab initio theory with  NO
adjustable parameters   



 Green’s fn GLR,L’R’              Separable propagators

 Atomic data  Z < 138           Relativistic Dirac-Fock

 Scattering potentials V(r) SCF, all-electron   

 RPA Core-hole Vc Screening, excitonic effects

 HL Self-energy Σ(E) Mean-free path, energy shifts   

 Ab initio Debye-Waller σ2 Thermal vibrations 

 Many body factor S0
2(E) Multi-electron excitations

Ingredients in ab initio XAS theory 

G



RPA

Final state rule 

Unscreened

Tungsten core-hole

RPA

RPA improves on final state rule, half-core hole, etc
.

RPA Screened core-hole potential 

FSR



Efficient ~ GW approximation for

self-energy Σ & mean free path  λ

Sum of HL plasmon-pole models 

matched to loss function

*J.J. Kas et. al, Phys Rev B 76, 195116 (2007)

LiF loss fn

- Im ε-1

Σ(E) = iGW = Σ′ - i Γ

Many-pole GW Self-energy  Σ(E)* 

DFT

XANES                   XAFS



  


 d
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 ii QDQ 

*F. Vila et al., Phys. Rev.  B 76, 014301  (2007)

Ψ

Many pole model

for phonons

*

VDOS

D dynamical matrix <  DFT codes
ABINIT or Quantum Espresso

e-2σ2k2

Ab initio Debye Waller factors 



Anharmonic effects & cumulant expansion  

Effects of large vibrational disorder beyond MSRD

C1 Thermal expansion, C2  MSRD, C3 skew … 
& relations between cumulants C1 C2 & C3



Last XAFS challenge: multi-electron excitations  S0
2

S0
2 ~ 0.8

Observed fine structure  
smaller than QP theory

Q:  How to treat S0
2  theoretically?



Phasor sum of many-body overlap integrals 

Huge computational bottleneck 

Shake-up & shake-off theory of  S0
2



Convolution XPS * XAS 
XAS

Satellite peaksReduction in peak height

CoO

Suggestion:  Approximate with XPS



Intrinsic multi-electron excitations & plasmons 
due to suddenly turned-on  core-hole: 

Core-hole Green’s function Gc(ω)

Theory: XPS from core hole Green’s function Gc

Quasiparticle XAS

Core-hole spectral function – broadens & shifts XAS
Ac(ω)  = (1/π) |Im Gc(ω)|

Result:  Convolution formula



Theory vs XPS expt*

ωct

Validation:  Satellites in XPS 

QP

Satellites

TiO2

Ac(ω)  = (1/π) |Im Gc(ω)| ~ XPS  Jk(E)

~ 
A

(E
)

J. J. Kas, F. D. Vila, J. J. Rehr, and S. A. Chambers, PRB 91, 121112(R) (2015)



S0
2e -2R/λ

~ 0.9 

*Ch. 27 in Sébilleau, Didier, Keisuke Hatada, and Ebert, "Multiple Scattering Theory 
for Spectroscopies." Springer Proceedings in Physics 204 (2018).

Fit to S0
2  and mean

free path correction

Application to S0
2 in XAFS*

Core-hole spectral function  A(ω,ω’)



Improved theory:  interference effects in S0
2

Interference reduces losses near E0

All losses  in convolution with particle-hole spectral function

Extrinsic + Intrinsic − 2 x Interference 



Ce L3 XAS of CeO2 Spectral function

Example: Particle-hole cumulant for CeO2
*

*J.J. Kas et al. Phys Rev B 94, 035156 (2016)

Result: improves agreement in correlated systems

P-H-cumulant

Large satellites



RIXS and NRIXS               Compton, S(q,ω)

III.  Beyond XAFS - XANES & Related spectra 



High temperature and extreme conditions     

Finite T cumulant Green’s 
function  theory of XAS



Multiplet + Cumulant Approach  

Atomic multiplet theory   
ignores CT satellites

Multiplet (local) + Cumulant 
(long-range) approach yields   
multiplets, satellites and 
background spectrum  



Full spectrum optical constants: UV-X-ray

Corvus Workflow Manager



Inelastic losses and many-body effects  
in x-ray spectra

High-throughput calculations for ML and AI  

npj Computational Materials (2018) 4:12 ; doi:10.1038/s41524-018-0067-x

All ~105 materials & structures in MP Data base

Including    feff.inp



Improved XANES: Bethe-Salpeter Equation  (BSE)

Ocean

Exciting

aka Particle-Hole Green’s function



XPS

F. Fossard, K. Gilmore, G. Hug, J J. Kas, J J Rehr, E L Shirley and F D Vila

Phys. Rev. B 95, 115112 (2017)

High accuracy XPS and XANES  

BSE   Particle-hole spectral function



Next generation XAS software  

TIMES@SLAC               SPEC@PNNL &UW

FEFF10, Corvus, etc EOM-CC, Real-time, etc



Are we there yet after 50 years ? 

XAFS − Fairly high accuracy now possible with  ab initio 
GF theory & automated codes  FEFF10 

XANES, XES, RIXS,  OPCONS  etc.     
−  High accuracy now possible with full potential BSE, 

DFT-MD and cumulant GF methods  

NIRVANA: High accuracy Corvus workflows for full-spectrum                 
XAS and related spectra may well be possible  !

Conclusions      

?
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