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ABSTRACT

Sect. I The specEra, angular dístributÍon and polarization
functions of synchrotron radiation are tâbulated Ín pararnetric
form. Numerous graphs of the functions are included, and can L¡e
used for rapid estimation of photon flux as a function of the
various paraneters.

Sect. lI The extended synchrotron radíation source is
described and the exact, but unintegrable, equations are <ìerived.
Properties of this source depend upon at least nine parameters.
An approxirnati.on of the source accurate enough for estimating
flux in optical instruments is developed.

Sect. lIT Power and power densiby in the radiation beam
are described and convenient approxlmations are cìeveloped.

Sect, lV Simple opLical transfornations are used to
i1lusÈrate some of the important properties of the extended
source described in Sect. lL

Appendix A Brief description and short table of the
Iles se 1 functions used.

Appendix Il OutLine of the proÞerties of electron
orbits in a storage ring.

.t\ppendjx C Description and short table of integrating
function ef (a, Y) 

"
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I. Synchrotron Rad i.at i on SPectrq

The basic equations of synchtotron radiation were publ.ished by
It

Schwinger' and by Sokolov and -fcrnov." QuanLiLative mcasurcnrc¡tts of

the radiation r,¡ere given by Tomboulian and Hartman.3 llo\.'ever, Lltere

is no reasonably complete numerical compendium of the sPectra in the

liLerature, and the required Bessel functioos are nol easily available

in tables, (They are now readily generated by the large scientific
cornputers.) Numerous review papers have been published, of which Mack,4

\67
CodLíng,- Rowe" and tlìe Orsay Group' are good examples, The CEA internal

L
report by Macl<' is parametric in terms of flux pex eV but is not no\,í

easy to obtain (see Appendix A). The Orsay Group paper llas the nost

complete published survey of the spectra bub lhe many graphs and tables

apply specifically to the ACo and DCI rilrgs, If one can find it (8.M.

Rov,re kindly sent ne a copy) tllere is a useful report by E1lis and

Stevenson8 r,¡hich taì¡u1ate " Kt¡3, K2¡3, K5/3 aird c(x).

îhis section is an attempt Èo sunmaríze the cha¡acteristics of

synch-L-oLron Ìadiati.on i.r-ì pal.ametric form, Tables a¡rd graphs are arranged

to give values to t\do or Lhr:ee figures by inspeclion, or by use of a band

calcuLator.

1. Fundâmental Equa c ion s

If an electron Ís noving with velocity v the quantity fl is defined by

F = v/c

and the tobal eDergy of the electron ís

,n 
"2E = -9-, = y m^c' (1)

.lt-s'
wÍth ¡n the el.ectron rest niass and c the velocily of Light. SiLÌce the

o
rest energy of the electron is 0,5110 MeV

y = 195 7 Ea.U

and at large values of 1 \^¡e can put E as either cotal energy oÌ: kinetlc
eûergy r^rith very sùÉ1.1 erro):. (Particle energy i.D accelerators 1s usually
qrroLed as l(íìrcL ic crrergy),

2" ?-F=(l-ll1-) "t-t/2tSi¡rce (2)
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and even at y = 1000 is less than I by only I/Z part per rnillion, p will
be set equal Èo l and will not be explicitly included in the equations.

If the electron is moving in a circular paLh in magnetic fieLd B the
radius of curvaLure is

o = pcleß =.oFy"2/uB

aod the energy radiared per turn is (Ref. l, Oq. f,I0T

at = 4¡te2y4 / 3p

Schwingerl (Eq, Iï.16) derives the po\.ier per unit angular frequency of the
radiatio¡1, p, per elecCron, per unit ti¡ne

.,3/2 2 , :.tw ^-i,(o,c) = #-å t" + | K./i(n) dl' ut ul wn -''

wirh oo = c/p and utc= j %r, = 3ry3/Zo

dX dX dvusrng ¡; = fi d" and Lhe relationships

cu=2ny=2nc/),

À" = 2nclo" = +np/313

À = (À /À.) 4n p/3.13

e = hv = þ¡¡/2n = hc/X

ur/ o" = v/v" - e/e" À./À = v

and defining the resolution by t = 6¡7¡' the power p and number of photons
per sec N radiated into all space per electron are;

35/2 2.,r7 'À ,3 *"
P(À,1) = ä ï 

(+) J, Ks/3 (r)dr per unit À

^3/z 2 4 .x.2 -
N(À,t) = #- 9+ (t') l' r^," {rì)ar per unir À' hP- rY rt¿

1 2 ,À^t n-\r /r È\ - ""¿ 
l<e Y / c \ |i\k\^,1., - , hil u / Jy K5l3 (.fl)dTl per kÀ

(3)

(4)

(5)

cgs uníts are used in accordance r,¡í th Refs. l and 2.

(6)
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2@4-cAeN^-(€,1) - rT ìrï* I Ks/ì (Tì)d¡ rcr 
^d/\c a) ìrí Y' ry )t)

The ring currenf in anperes is related to the nunrber oI electrons and to
the revo Lut ior.r frequeucy by

I L - nc
- 

=D - i =-10 c Ztr P

(In a ríng r,/ith fiel.d free sections the circunìference C is greater than

lnp and t/Lo = ¡e/C. BuL the ûumbe¡ radiating is the fraction zrtÞ/C of

the total so n = 2npI/10e ln agreemenb with (7)). If the f orrnuli of (6)

are nulti.pliec by n and 1>y ê/2n the r:esrlL is radiatioD ín all vertical
angles per current .l an<l arc 0;t'

\/) 't \ 3 -e.01' ' " 'P(\,r) - 1-;:# (r!) I K.,., (l)dr Per unft À

lbr,r- p y

z3/2 "at14 /À.\2 r-N(À,r) = i- ú- (i,) L, Ksl3 (rl)dl per unit \

^!. - 
iÀ \ 

^@1 t{êHìv ( c ) I K, ,. (r,)dÎ per ktNk(À,t) = 10 - rì'- \À / ,.jo 
¡\5/3 \¡/ur

(7)

N^^(e,L) = t' 
- 

c^90l p- i' K. /., (")dl pcr ae
10.3' h'c y- ''y Jtr

3L eÀe0t r-or = Íõ îã 
yÀc 

Jy K5/3 (I)dl Þer ae

The power radiated at al.1 \,vavelengths as a functioD of angle Ù to the

orbib is (Ref . .l , Ilq . lL " 36)

'' -\/? 2 2

r(,1,,t) =# vs I {t * y2,t,2l 
-'' l+-i--5-ut }

or. r,, I + 1-u- lt 
O)

. ce0I 5 ..or P(V,t) =ffi f -t'<V,l,l Per rad V ergs/sec

ç t" "rn*, 0 in radíans, p in cm, other units see p. 7.

( B)
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2. Angular and polarÍzation Functions

Syncbrotron radiation is normally generated over ên orbital arc e
much larger than the radiation angle of enisslon, and is usually collected
in such a manner as to sum over the angles in the orbital plane, [.Ie are
then justified in taking the radiation from arc Ê as e/2n times the toral
fron a conplete circular orbit. The variation !¡ith angle {r, relative to
the orbital p1ane, is directly observable and is a complex function of y,
p, À/À" and rlr.

Sokolov and Ternov2 have examined the polarization in considerable
detail, They compute Èhat, if F æ 1, the ll polarized component of rhe
radiation (electric vecLor parallel to the orbital plane) contains 7/g of
the total radiated power, and the I cornponent only 1/g, The proporlion
varies with wavel.engtlì. If l{ is the energy (per sec) radiated iqto alL
angles then (Ref, 2, p. 32)

dl{. = W9.(Y)dY r,\'ith y = À./À = e/e"

or1 ( 2 ,> .? (10)
qi(r) = ifi v t,<$. rï ;,. K5l3(rl)dr , &t - tl> v,r,r<v)\

v

LZ=1,4"r= 0 for ll linear polarization; LZ=0, Lr= L for 1 linear
polar:ization. If we could observe the radiatíon from a short segnent of
arc, A0 << 1/y, th. total r component of radiation would appear to be four
1obes, the axis of each lying at angle 1/2y relative to the orbital Þ1ane,
and 1/2y relative to the normal plane through the tangent. Sínce only the
most critlcal optics could resolve the 0 angular structure, it is convenient
to express the functions of rlr as an average over 0.

The po\rer radiated by a single electron in solid angle dO is given by
Sokolov a¡rd Ternov2 (Eq. 5.17)

22 2
' ce v f " )/2 . ,l/t Idp.(e,v) = -a- =- \LZrt Z/t(å "''') + {., cos 0 f," *t/3 t} "'/')} aao 6n- '

in which theÍr 0 is the cornplement of rf. llarrnonic order v defines
üJ =V(l) = Vc/o

o

3to03)," = -j- y e = 1- B- sin
22Z -, L -l^.t ¡t
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and Lz= t, Ls= 0 for ¡¡ l Lz=0, Lr=Ifot t Polarization' rf we set

I = Z" € and substitule for V and uJ

dìlj dl)

2t.

* = 4 (i) "t {rL * n2,¡2¡ l"rorlrtç) + L3yv(1 + 12r2r-'" r(r/3(q)-Ì}
' 4rT P c

^^3/2 t ""3/2( = å; (t + y'v') = ti (l + Y"v') (1i)
c

or dP. ^ 2 , ,2I lê /tll \ /-

# =;:z- (i) t- 1t1l'/2À' lrlr)
'+pc

If the two comPoneûl-s are sumt¡ed this equstion is identical wíth Schwingerrs

angular distrlbutior.l equationl 1I'34. Making the substitutions of the

previous section gives the radiatÍon per I anìPeres' arc 0 and per radian

of Ù; 
L

p(ú,\,r) =-J--. 3*S el F(\./2r,1u) per unit À

32011' a

9 edr.'5 /À ^ 'N(v,^,E)= --Z#(t') . PcrunitÀ rtzr
8Ufi

31.u6J.r2 lÀ.t2
Nk(ù,À,r) = #i- (f) . Per kÀ

N^.({,,\,r,, = l+r;e"u ft¡ n pe,- ae
ae loh' c 1

^t /¡. ^ u' = It a€ eeor P2 
'-r\ae\\,u,1,- to n:=ïtï- 
r Pcr Ae

At l]J = 0

r(Àc/2^, o) = F i' (o) = K;/3 (\"/2\)
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At angle {i

, "2Frt (rt) = (1 + v-rtr-)

Fr (,1r) = y2,tr2 (t * yz,l

2),,- i-c,, 22.
"ztlt,Ã (1 +Y'l,)

t 2 -À^ .-) Kr/3 lã (r + y'

t,, 
)

" 3 /2-
'1,') I

( 13)

for convenient norrnalization set

tl¡ (ù,I) = N¡ (0) Flr(rl,)/Fr (o)

Nr(ú,À) = N (0) Fr(ú)/F1¡ (0) and N = Nl + N1

expressed as functions of y, L"/À and y¡l

The degree of linear polarizatÍon ís then

( 14)

- Fll - F,
' - Fil + Fr (I5)

ïn the orbiEal plane the polarization is linear aud para1le1. Out of
the plane it is ellíptical; the expressíons are given by Sokolov and Ter_

2nov. One rarher renìarkab Ie feature of this elliptical polarization is â
plrase difference between components ahvays + nf2, so that the axes of the
polarization ellipse are always ll and I to the orbital plane,

3. Numerical Va lues

Both Sch\,ùÍnger and Sokolov and Ternov use cgs units in lheir equatíons.
Substituting

e = 4.803 x 10-10 esu

c = 2.9979 x 1010 cm/sec

h = 6.6256 x 10-27 ".g "."
1 ev - 1.6021 x 10-12 utg

ô -aI A = 10 " cm

Bp = tZO4 y gauss cm = 33.35 Ea.U kBauss-m( 3)
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L(4) 6lj = 88.5 oa.u/on, kcv pcr Ltrrn

(7) n = 1..308 X 1011p,o l. ej-ectrons r:adiatiLlS

'ì?o(s) À" = 5.59 nu,/Eãov = 1.8 b . 4 / lJl(tsü; cv A

With p in meters, À and )'. iu Å, e i.,t eV, 1 i.n aups and 0 jn ra<ìians

e = 22rB Eïe,tlp ev
" , r 3 -

(s) p(r,¡) - 1"42L x 10 
13 orÏ', (t') .l ,. K5/3(1)d1 erss/Å sec alL rlj

o :, -\ /^

2c_ , 4 .^
N(À,r) = z,gg} x 10-) t9! ( ") l r<.,"(Ir¿î phorons/Å sec alL g

.,. ,L ..-
Nk(À,r) = r,256 x ro" r,re.¡ (;9) | Kq/r(Tl)ctî ph/kÀ sec a1.1 rl¡' \^ / Jy )t.)

N^e (À,1) = 4.242 x ro22 ry J] r<rrr<ruatl

= 1"013 x ro12 vÀ I n.,.tllol ph/ev sec âlt. 
'¡' c J )t)

v

î
(9) p = 1"440 ¡ 10-15 lil p1t,l,) w/mrad 0, rnrad y (lB)

r/, ar-B /À,.\(rz) P(!r,À,t) = 3.918 x to-'*:î (È/ r(À./2À,yli) eresl¿ sec rad ri

:5 ,À r
N({r,À,t) = 8,263 x 10" 9r:Y* (*) o ph/Å sec rad r¡p \^/

^ ,À.2
Nk(ì!,À,r) = 3.461 x Lor) ketyz (t') . ph/ktr sec rad \t (:19)

)

N.-(ïi,\,1) = I.1,69 "'rn22 -g.t9 l-t-\ F ph/ev sec racl y¿]Þ y \À /'
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NAe(t,€,t) = 3.95r * lo'o "oåp F ph/eV sec rad q

The function G rs defined by Tomboulian and Hartrnan3 as

c = yr I K.,^(Tl)dI
'y 

)IJ

This can be generalized to

, = rt J* K5/3(Tl)dl wirh i = o,L,2,3 (zo)
v

:)Also let H. (y,o) = v'r,i,r3/z) eL)

Ì,ùe can now vrite (17) aod (19) in porieì: and photons per sec per mâ and peï
¡rrad of 0 and tir (where applÍcable)

with v=\/\=ele-cc

(s) P(À) = 1.421 x 10*19 ! "rrr, 
ergs,/Å, sec, rna, mrad 0, all rf

p

N(À) = 2.998 x fo-t I cr(y) ph/Å, se., ma, mrad 0 all rlrP¿ez)

Nk(À) = 1,25b x iOl0 i.yC,.{v) ph/kÀ, sec, ma, mrad 0 aII y

NA€(À) = 4,24 x 1016 \ c"{v)
1

= 1,013 x t06 yÀ" co(v) nly'eV, sec, ma, rnrad g all ,l

and at {' = 0

(L2) p(¡.,0) = 3.918 x Lo-23 4 HO (r,0) e.gs/Å, se", ma, mrad 0, rnrad !r
p

-5
N(À,0) = 8.263 x rO-'I H3 (y,o) ph/Å, sec, ma, mrad 0, mrad rlr

^ 
,) (23)

tlU(À,o) = 3.46I X 10" k1' H2(y,o) ph/kÀ, sec, rna, nrad 0, mrad rlr
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N^ (\,o) = 1.1b9 x 10t3 f H'(r,o) plì/ev, sec, ma, nrrad 0, mracl !ra€ - Y r''

N, (e,o) = 3"95j x l019 +". H^ (y,o) ph/eV, sec, na, mrad 0, nrrad y1fe ' - 4 () '-

Of the above functi<¡ns the onès most useful in oplics and spectroscopy are

Nu and NO", Nk, rvl-rh k srnall, is directly relaled to the re6olublon of

nonochrofiÉt]ors ând spectro eter6" *A, "ut be dixectly applied to leveI
wj.dths and 1eve1 density and so seems preferable to N per Ac/0, although

N^- is nrÍsleading at sma1l e .just as N r'- s rìisleadÍûg at sma1l }.. N(À)

is the function n)osL oftel] seeD in tl]e l.itexature, al.though íts usefulness

is limited !o those instrumel.lts whicir have constant ïaLher thân proportjonal
resolutioÐ.

The flux functions ot (22) and (23) are listed in Table I in terrüs of
fuÐcLions It., Tlìese funcLions are siûrp1y, as â nìatter of çonvenience, Lhe

1

nuruerical constant cor¡bined wit.h the llessel function" A short tabl.e of tlìe
Bessel furìctions is ir.rcluded in Appendíx,4.. 'Ihe functions Fn throuBi.r IrU are

graphed in Figs, 1 through 7, For esti ating flux it is tllen only necessary

to seLect the ììultiplier lrom Table f al]d to apply it to tlìe selected point

of the corresponding curve, These Log-1og graphs are cotlvenient l¡ecause

their shape remains fixed r,,¡hile the axes are tran¡llaled by the nult:i-pliers,'t
N, (À) and N, (À,o) seern particularly useful. because, for a gi.veû raIj.o of

Kl(,)
¡. /À, the flux is pì:oportionâl only to y or. to y- respectively. The para-

c
rneter y has been used, rather than 11, because 1:he arìgular functions ar:e

expressed more neatly in ter¡ns of y"

A símp1e-LnÍLrded 1og-1og farnÍl y oJì À" values is drawt.r in Ìigs" I and 9

for coDstaDt ll aùd coustant p" Tirese lla¡nil. j.es can l>e scanüed for rairges of

values, and are handy for sl(etching "Lun:ing curt/es".

The f l:act j-on of ¡>orver radiated ¿rt all \,/ève LeDgtlls greaLer than À ìs

f-
lP(\)dÀ/f,¡. l-of â I

and the nr¡mber of photoÌrs at all waveleLrgth$ gr:eater tltaD À is

'*Thi" i" not- .L ¡:-ue- for Fi¡i. 7 or for âlly function whose rnultÍpliers contaÍn
^ ox 6 expllclt1y,



General Re la t ions

v = 1957 E' GeV

llp - 17OO l gauss cr¡ = 33.35 [a"U l<gauss-n

Òt = BB.5 E1 ,,/a kev Þer rurnGCV ln '
11r = 1,308 \ l0-'oÌn .la electr:ons radiating

\c = 5.5e n¡ll/Eåov = rsb.4/ßr(sE:ev Å

Àc = 4,189 x rolo p*/13 Å

a = 12,398/\ eV, Å
-. 'ì -7 aec = 22IB fãuv/on, = 2.960 X t0 ' y"/pm cV

y = \ /l' = clecc

Flux in photons per sec, na, mrad Q

u(r) = v4lp lto(Àc/À) pu. Å, al1 rlr

Nk(À) - kyrr(À"/À) per kÀ, all r|r

wou(r) = { p /y2 )r- ,{x "/x¡
= yÀ"rr(À./À) per eV, aL1 rlr

Nk(À,0)= ky2n4(À"/À,o) per kÀ, mrad rI, ar r¡ = g

NAo(À,0) - (p/y)F5(Àc/À,0) per eV, mrad t at r¡ = I
tlo.(e,0) = (e02/y4)F6(\-/À,0) per ev, mrad rf at.r¡ = I
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n- r'-
I N().)dr/ | N(À)d^rÀ Jo

These two functioûs are plotted iD Figs. 10 and 1.1 as % vs, À/À..

The po\,r'er radiated (ât all À) as a funcLion of tit is derived from (9)

P(ì!) = 1,44 x 10-r8 (y5/pm) F(yll]) w/ma, mrad 0, rnrad {

p('1,) = (vslp) F7 (yìf ) (24)

with f (yrf) and F7 plotted in Fig, 12.

Linear polarizatioD components vary \u7ith wavelength. TIle function of
( 10)

t2))?ì
(o.(y) = 0.3101 y t(¿; + t;) Go(r) + (L; - L:r) r<r,r(:y\l

is plotted in Fig, 13 for the ll cornponent (LZ = I, Ll = O)' the f conponent

(LZ = O å: = 1), and the totâ1, vs. L/1," = I/y. The pexcentaged'of 11 and

of I componenEs radiated ínto all angles are Plotted ín Iig. 14'

Ac a giver'ì wavelength À Èhe flux varies with vertical angle { (13)

t t -t2 , è. , 
t''

F'(v) = I I + (yü)2-l tl.t, {å1 t * <vul'l }
2 \ )1 ) ¡^ ,-t/'.

F_L(,r) = (v{')' lI + (rV)'l *i¡, 1n ft + (yü)-l }

These functions are plotted in Fig, 15 "" 
p.t..nt^gJof f¡(0) vs' y{r for

À/tr. ..tio" raEging from 0'2 to 100' The sun, ox variatíon of total flux
vs. yù, is also shown. Nunber of Photons per sec, ma, mrad 0, mrad { at

any tf can then be found by multiplying the ratio of Fig' L5 by thc aPproPriate

N(À,o).

If the vertical acceptance angle Atlt is very sma11 and ís near $ = 0

the flux is readj.ly obtained as N(À,o) À{. For lar:gex accePtance angles

ir is necessary to integrate the angular functions'

^Note thât these percentages are functions of À/À" rather than À.
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II. The S ource

The previous secLion treated lhe radiation from a currea! of eleclrons
as if the currert \rere a filament, or for the angular functÍons, as if the
electrons were travelling on paralle1 orbits. In an alternating gradient
ring the electrons will oscillate about the cenLral orbit and the oscilla-
tions t/i11 cause a spxead in position and angle. This distribution of the
bearn in size and angle is modulated by the magoetíc stxucture of the ring
and the rnodulation produces a ralher rapid variation of the transverse
dinensÍons. Photons radiated by the electrons are dístribuCed in angle
åbout the trajecto¡j-es of tlìe particles and are emitted all along the
trajectory. Thus we l]ave a source vhich is extended in three dímensions
in configuratíon spâce and iù six dimensions in phase space. The proper-
ties of the souÌce depend upon a sizeable numl¡er of parameters. In order
to make the problem sorne!.¡hat manageable Lhe procedùres reduce the descrip-
tion of the soul:ce to one in four phase space dimensions. There seems lo
be no very satisfactory general. mebhod. An outLiLre of the sout:ce in
laboraLory space provides no angular infornation, A four-dimensÍonaI
phase s¡>ace sol.ution i.s general, although very complex, but ca¡1not be

draw¡1, [4le nust then ì.rse two two-dimensíona1 diagrams, The curvilinear
coordinate s is taken along the central electron ot:bit, assùmed to lie
in a p1ane, lransverse coordinate x is perpendicular to s and in the
orbital plane, ancl x'= dx/ds. Since the angles are very small the
paraxial aÞproxination tan Tl æ sin 1È | is quite good. Similarly, y

and y/ = dy/ds lie in the plane perpen<licu1ar to tlìe orbital p1ane.

It is lìecessary to keep in mind that bhere are coxrelations between Lhe

x, x' plane and tl.ìe y, y' plane and that the figures in these two planes

¡rust often be considered together,

Tlìe configurat1on of the electron l¡eam as it goes along s is well
known frorn accelerator orbit dynamics. Emittance of this beam is described
by the Courant-Snyder invariant. When the electrons in an element ds emit
photons the angular spread íncreases and the resulbing photon disttibution
caD the¡ì be characterized by an invariant for succeding optical transforma-
tj.oì]s. lf tlìe Þhoton dÍst]:ibr¡tions fron alL elements of a source exteùded
in s are transformed to a single plane lhe resulL is a planar optical souxce

I,¡hich can be desc¡ibed by four phase space dimensio[s.
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1, ource Derivgtion

The electron bean in a well-behaved storage ring will have an ellip-
tÍcal crÒss section Ín configuration space x,y (Irig, 16). Size of the

l¡eam Ís governed by the characterístics of the ring and by Èhe quantum

flucluations of the emifted radiâtion, SÍnce the latter aTe random a

stabilized beam (e.g. one wich sma11 systematic instabilities) will
have a nornal distribution with probability density

Dlectrons are distrÍbuted in phase space x,x'and y,y/, and typical exanples

are shown in Fig. 1.6. l,Jj.Lhin tire slice dy there iô clistribution in y/
(yt = dy/as is the angle of the electron trajectory to tlìe ceatral axis s).
Consider tlte electron Ín elenent dydy'. On succesive transiLs of the riug
it rùi1I Èake various positiorìs indicated by tlìe dotEed ellipse in Fig. 16,

provided tl-Ìe motion is not on a resolìance. A resonaLrce is obviously ull-
a-11owab1e in a storage ring, These paths of all elernents ín the phase

a,
/ "-,--vi I

P(x,y) = ã#" " 
\2o; zoy'' (25)

xy

The probability functiorìs vi11 be defined as

22. -:n
rQy = -!- e ¿o

o¿ ¿tr

"2
^.x2 1 t"2"2

erf(x) =Ll ;' dt;err (x/o"t2\ = ---'- le-- dz
/rr J" oJ¿- i-*

2
zand to normal.Íze _ __n

z t- - -r2 ,- lT t r- 2c''
'--.1 e dt=/=;.1 " d,z=1 (26)-
J1- o.,

P(o) _ 1

ur¡- - ¡FA

The current in element dx dy at x,y is

d2l = r,, P(x,y) dx rly (27 )
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plane are símilar and, if y j.s a notmal variâte, then y/ is also a norma.l
variaLe. A brief desct-iptÍon of particle dynanics of a slorage ring is
given in AppeDdix iì.

An outlÍne of ùhe beam cross section in the y,y. plane as r!7e pro-
ceed along s caD be descrii:ed by the Courarìt_Snyder invariant

2,
Yy + zayy' +gy' =Ey

îhr'.s is aD el.lipse r¿Ítl.¡ coefficÍents cy, p, y \,rhich are functions of s
and an area equal to fl times the emittance E, a constaÞt of the rnotion,
There are constraint s

ßY=1+cv2

ct = -þ" /2

Figure 17a shoÌ,/s the beam elvelope at a rïaist, or r¡Í[imun of B, where we
wi.1l- set s = 0. SiDce o =Oat this s = 0 the emiÈtance elliÞse is

(28)

(2e)

2,2Yy r'9y" =[

ç = ,,r¡;n , ç,= ,trn , FY = r

It is preferable to cxpt:ess the maxina as

^/y=VtjÞ, y = /Ey andi/i'=g (30)

(The tt.ìird relatioü is nor true if the ellipse axes are tilted.)
If the ellipse of ¡'r'_g. I7a represents the orìe o contour of p(y,y/) the
orìe o emÍLtance beco¡tes ororr and the ellipse is described by

Ot^OYt\tz
oy ' or'"

transverse coordinates

l;il-",',",1;,1

yy

y,y'u.u transformed by

( 31)

At s the



Since synchrotroD light sources are alnlost a1\tays bending magûets \tithout

gradient focussing, this natrix can be used to transform y,y'and x'x'

along s raEher tban the more complex matrices of nagDetic focussing sys-

tens. The one o contour at s (Fig. 17b) is now

and if the¡e Ís no (ùagûeEic)

"(,r/ " 
) =

n

L

2

3

4

l--16

Êocussing the tl:ansfornÌation matrix is

r "l
Io 'l

(32)

( 34)

2tt_ 
,,2 _ roo'".,, * (o-l- * 

or'" 
) ,rz =oo ,

o t "o \o I o /" YY-y v v v

If a bivariate distribution is described by (Ref' 9, Sect'

2^2- ' , È-#.\\
\ z(t-r') Vi "iY o;/

P(x,Y) - 
-----:------1 

e

ztto o ^/L-rxy

the one o contour is

( 33)

26.3)

2^2"x zriZ +J-- = (L-r"\-T- l-" 2o xv ox'y

ofl
and ll P(*'v) <lxdY=1-e'=o'39

J JA

where the integral is taken over the area enclosed by (35). ff the contour

2
represents no tlìe iotegral value is - ¡-

2

(35)

(36)

integra 1

0.3 9

0.865

0.989

0.9997
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A general elliptical coDtour (centered or the axes) is described by

2)
Ð< + ?axy +bY-=I (37)

and by equâting coefficienrs to (34) or (35)

2 2. I ,,
, =a/bË (t-r-)--(bg-a')/bg
2?')o" = ae,/ e(ug-a¿) o' = ag/,"{tr¿-^z¡ (3S)

, t-----6
' / ,/t' e- a'

The area is invariant under a Linear transfornati.on and ib is often useful
to seL areâ/fi = ll, tlte emitLance't of the beaÌn, Figure l.g 1j-sts several
useful proper:ties of (37) vrith the rh side replaced by E, tf (Ug_a2) is
set equal to t (as is usually done iD accelerator dynami.cs) the maxima of
the ell.ipse are simply described

î=Ær, t=Æs (3e)

Re\.'rite (33) wi.th 1on the rh side and (38) gives for the electron
beam at s;

2222o =a + s ,J ,Yl Y Y'

22o , =o tvr t 
,oo,

22221)rl - . o, r/(o- + s- o-,)

))r.,(t-rlt = o'/(o' 1 s' o't)

while (34) bec'¡rncs 
- | , 2 ^ , ,) ) . ?,- 
,; l_t--2"v" + (o' + "'"',t v' I

P,(v,v't =. 1 Y

r-' 2ît".', u (41)
vv

To obtâín the total current iD dy at y (Fig. 16) inregrate (27) over allx

dI = lo p(y) dy
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P

and since 1" I P(y)dy =

)
renormal ize d-I = I oP1(y,y

f
o

) dvdv

When an electron aE y,yt radiates its posiLion y will
ously but rhe radiation will be dislributed about its
according to

(42)

not change ins tantane -

instantaneous direction

(43)

obtaÍned from (12) and (13) by setting I0 = lds/p !o give number of

photons per anp Ín the element ds' Nr.ll is somewhat arbitarily selected

fo sinplify tlìe expressions, and because the ll component is reflected or

diffracted most efficienÈly with vertical disPersíon. If we define the

radiation ång1e as Y'then,! = Y'-y'and the number of Photons from ds

j¡ dY¿ from electrorl current in dy dy¡ is

a4w = rorr(r,l', 
NEll 

1v'-r',À¡ av av' dY/

as a function of y is

(44)

,, t ,) .2-1
-{O +s o ,)v I'y y" I

The number of photorrs in dY' at-Y'
-f_

.-2
.3 dvdYd'N=ro"*ä,,. Y

vv

for a given value of y and L^ /À.

f . t ( 45)
dy

An optical system can be rePresented by an optical transformation.

If a source is exteoded along the optical axis the elenents of the source

can be successively traLìsformed into a surface ín the image space in order

to compute the inage. However, if M(s./s") is the transfornation along

the optical axis from s, to s. then

M(so/s*) = lt(s^_r/sr),..M(so/sr)
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Then if M ( s 
, 

/ s^ ) t ra n s f orms a sLrrface .in tl.ìe object space to the desÍred
surface i.D the i'age space we ca¡r transfor¡ì â11 the eleûrerÌts of the
orbit to s, and c.re6¡s a synthesized object. lllhis caLr then be tj:ans_
ferred to the inåge space by a singre traDsformation, The syLrchrotron
light source is exteDded iJ:ì the direction of the oÞtical axís aJrd it
is reasonaì¡le to transforllì all Lhe elemeDts of the source to te Lrans,
verse plane at its ceDler, The transforrnation is

v1

Y;

and tire uunber of photons at y/ as a fur.lction of v2, i,r cìyrcly/, can be
obtairìed by integr:ating (4.1i) over the ra¡rge of s. since N¡ll was defined
as plto t oìls per ds

2

- 
(v2rsY/) 

f å lzs(yr+sv 
,¡y,-1ozn,2o2 

,\y
, dyndYtJ os^l 2o2 L - 2oi,

d-N = ¡i;;J . n li .l ,,,,,r,-u,,À) c 
,

vy -sl I-=-

v2

Y;
(46)

,r]r,]

ds (47)

Vhere yrYl ar:e the y phase coorclinates at s = 0, clefined as Llìe position of
a waist of the e.l.ectron l¡eam. Thís would be the sÍtuation at the focus in

i,.,"li'i"",; "': ;:"i:":::.::";,:::ï:i,"1"'llu", 
and Lhe next waist projected

{-Íon reprÈci,rs ,or, ," ,,i"-i;:":':::,"":tt.:"""t^"" 
= (sr+sr)/2' îhe equa-

by the rransforùation 
tegrated f rorn st to s' and is obliained from (45)

-(s-õ)

1

Dquation (47) was obtained by assuurir.r¡¡ thaL the ceutral orbit Iies in
the plane y = 0, a cor.rdition r:easonably \eell_ satisfièd when a storage ring
is iu good adíusrment. In the x phase plane Eg. (45), with y,y, replaced
by x,X', tepresents the radiatio)l froru ârc elemenL ds. Ilut xX¿ are the
coordiDates relative to s at ds.
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The opLical axís Projects on the plane s = 0 at (Flg' 19)

*2 = t2 /rp , xi- s/o

and the transformation from s to s = 0 become

:,1 l. ;l I ii
(48 )

Eq. (47) expressed iL.r x,x'then becomes, ProjecEed on s = 0

", 
- :-1,.,*,*í¡,- 

4-ì' I
u2^ = 'oo*2o"2 l"' - "* t] inr,, <*j _ I - *,, r)-6ã",J " lr ¡_"'',, ¿ pxx -st 

L ,)

1 r' , s. s'' , , 2 2 2 ,
- ---:- lzsr x^+s(x^-:) - 

2 p_l 
* -(o"-is o"r)x

2o¿ \ L¿ ¿P
X

').,.,1 ." (4e)

2. Approximation of the Source

TheeXPIesSiot-lsofLhepreceedingsection6canbesysten]atizedandnunreri-
cal1y integrated, but they are Loo un\^'ieldy for estinating the effects of the

several parameters. The electron distributioo is described by a normal

probability funcLion and, since the nÌaniPulation of these functíons is r'¡e11

known, approximation of the radiatioû distrÍbution by a Probability function

js ir.rd ica Led. rrom (I7)(f9)(20)(21)

Nk(À) = L.256 x to16 tervc,

N,.rr (ù,À) = 3.46L, ror5 tor1zr¡ç'¡¡ per rad

Nr.tt (o,r) = 3'46L * to15 terY2n,
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_t_
rf r.,e set Nurr ({,À) = c(À) x h " 

2o2

then nnrr (o,À) = gtl) r ,,*ã

and s(À) = 3.46i x tOI5 tery2n, x uäñ o (s0)

Bur 
"f 

tlur, tV,l)arlr = c(À) = f r,ru(\) = r.256 x 1016 rerlrc, (5r)

rvhere f is the fractÍon of togal radiation at À vhich is ll polarized,
and is plotted in Fig. 14.

From (50) (5r)

fc-
W = r.aa8;l (rad)

and ís a function only of À./À, plotled in Fig. 20. It is approxirnately

yo = 0.565(À/À .r''0" (52), 
_ rr,

and Nutt({r,À) = 3.46L x 1015 k0ry2H2e 7 (per rad) (53)

The exponentiaf of (53) is compared in Fig. 21. with the BesseI function
curves of Fig. 15. The agreement is good up to À/À = 10 and is fair at
100.

If we again start at an electron bean rnÍnÍmum, the currenL in dydy /

is giver by

a2r = rop(y,y') dy dy' (54)

and the one o contour of the beam at s = 0 by (Jl ). When transformed to s

the electron beam is described by (33) and (40). In the y,y, plane at s=g
the currenE in dy dy' is

a2r = toPr(l,v') ¿y dy' (55)



wÍEh Pl given by (41). Let the

(53) becomes
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electrons radiâte from arc 0 = ds/p and

l
dNur¡ (g,À) = Ar ds JF; "

21qA=3.46x10'-kr,/2noH
p

2
_ __u_)

¿o dv

2

The radiation angle, referred to s, is Y/ so rlr = Y' - y', SubstiÈute

I from (55) ín (56) ro determÍne photon flux in dY/ from elenent dy dy'ds

d4r, = Ar^d" "*o i- l--¡: (-t- -"t"' - 4) I -r! o (z".)'t "ooror, L 2(l-ri) 'oy' orrori "rí

x 
"*p f- 

l.; <r'-r'¡21 ay ay'av't 2o'

and to find Èhe plìoton flux in dy dY/ inEegrate (58) over all y/

1 dv dY' I 1. / ,2 
" 

2\ 
-l

d-¡ik = Arods ã37r*,,exp L- u çzi;ã 
* 
7)' *

y y yl r.

(s8)

but

a3tlu = 41

v

222o.-t = o t + ot Yl

the exponential is put in the formac of (34)

* 
J] 

.*o { Lqlhf *L)," (Ë",¡,,*{¡,'¡}0,' <,nr

,,-
Ito -lax"+2bxl /ttI e dx =^/-
¿-a

so (59) becornes

2 2r.o t- o*, z tYr 
--,.--,21

| -*- v"-;-v v'+v'- 
|zla'+ov1.(r-ri)7 oí, "r, l

e

ã
e

tf
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- r. /u2 2trvv' , 
"'2u---.'.---ãl+--=-r-r---z-)

z\-r:r'o..¿ y"y^ (...t

" 
. y2 -z-tr y2

The coefficients are

222222o-.'=o t=a t*o =o i+ot !2 y1 y

2 2 2 22o =o *so ry2 yl y y

,t2ra
r? = rtow tl\o,,t +a ))1

(r-,11 =lo2+o1<r,?>1 /ø1 *o'>z I yt L '/ yl

This flux in dy dY/ from ds nusE no\,J be transformed back to s = 0 by

1 -s

01

The exponential of (60) then becomes

I L ,y2 l2s ", \,.,, , , 1"2 _ 
2t2" . r \,, 121.ì,u"p t-:;. 2. ll.-z*\ z -, , , /vv'+1=-- - " , ,.--a. )y 1¡ (0r)t\'-'z) o!2 or, Yz rz or, Yz Yz otí

and equating coefficients to the forn of (34), plus (62)

2 22 2O = s o +o
Y3 Y

(64)

(6r)

(62)

1.
o t=o t=o t+o = o..1y" v^ v Y
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u 21 2*2o2 z z zz 2

tr_.2, = 
Y Y3 Y _dnoy'*so ou'

2222or, ot' or, ot'

?-.2 22 22
*oy/(oy+so)+Õov

1o2 *t2o2 ¡ ç 
,1no2 

)

Ëhen fron (63) and (64), (60) transforms to

(64)

( 6s)

,, a-.,., 1

_ 1 lf__"3tt _y''f2,1 2 a o t 2 |

" 
,,,-r3, oy3 y3 Y¡ "rj

or substitutiDg from ( 64.)

,3n, = n., ds dy dY '"'n ,-,.,f,Ç!]jifl'yY y

1 2 2 2 -z"o2ry' + G2+"2o2)y'21;æ.2;3J7' L(oYl+Õ )Y r
\ q Yr Y

_3This d-Nk is i:he nurÌrber of photons Ín dy dY/ ín the "source plane" s = 0,
whÍch come from radiation along ds at s = s,

(66)

Fí9. 22 Successj-ve transmations in verEfcâl (y,yr) phase space
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These successive fiânsformations are sho\,,/n graphically in Fíg. 22

ir.r vhich rhe exarnp le is exaggerated, as Íf f ro¡n the end of a very long
source, Most real sources, fortunately, have less rotaEion of Lhe

e11ipses, The contours are o (or nc) ellipses. Tl.re electron l¡eanr

eLlipse at s = 0 is upright, by arbitrary defioitÍon. It transforrns,
without rÌagnelic focussiog, to a slanEed ellipse in which the angles
y'are presewed but bhe size y increases. The radiation then increases
the angles to form the real source and, at s, tbe density of this source
\,ri1l be less than at s = 0" ln order to synthesize the optical. source
the radiation is then transformed to s = 0 with angLes preservecì but wj.Ll.r

increase in apparent size. Once established, the radiation area in phase
space ís an invariant but its shape can be changed and distorted"

The xadical in (65) is or"o u4 [4 and we cao inregrate over y,
using the ptoperEies of uir.riáte"aisrriburions9,l0

h
a2nu = Aro asavt fr-." 

Y3

Y3

= Alodsdy /

-l v
2 . 2 2.(o /+o )

e-

and sioce s occurs only as ds this integrates over s as

(67 )

(68)

, - + -+'?--
rr, ,'..,\ - l. 

d"*t 
" 

' (o:'*')
dNk(y') = 

J: -- ds = 2Aro ,t' ñffi|. 
)

Simí1ar1y integrate (65) over y/ to obtain

7u2

dz.,u=Aroffi:4?3 (6e)
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Integration of (69) over s can be done by rneaos of a function which I

will call ef(a,Y), defined as

^2.
^Y ' 

-f,cos'r
efla-Y) = I -:----= e - dtJo cos t

and norrnalized bY

at a = 0 er(o,Y)=zr"(+*Ì*+)

^2
and forY<0.1 cf(a,V¡-Y oZ

Appendix C has a descrÍptlon of the function together wÍth a graPh and

short table of va lues ,

l\_
I ef(a,v)da = /2rr tan Y

'l--

(70)

(71)

rt v¡e 6et cos t = o r/,,Fll7 ^no "

given by tarr Y = os/o,

= y/oy, then limit Y ls

a

The integral of (69) over s Èhen becomes (Appendix C)

u -g2.^.2 ,dv r' 1 2 "--
dN lv) = AT ,+- | qE-..k\r., .^,o ,[ht o J o cos t

and the distribution of Photons over y in the Plane s = 0

dN- (v) = Ar 9-"r (¿- , ..,,-1 ï)--k"' o ^12" o to, or,

r,rhile the probabilily.n"t ^ olï". j.Ìrtt dv' ar v'is, from (68)

2.2 2.\6 /+o)
o- ____sJ.- ê v (72)rz---2 -

JzrÍ "/o io'v

1S

The distribution ove! s = O with equaL conlributions fron negatÍve s and

positive s is symnetrical about the y axis, and ís from (72) symmetrical

about the y axis, Ther:e \n'i11 be no cross terrns of the indepeodenÈ varÍates

of (71) and (?2) and the equi-intensity contours will be symmetrical abouÈ

the axes. We can then combine (71) and (72) Lo gtvè the y,y' intensity in

the synthesÍzed source in the trânsverse plane s = 0 with (71)X2
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.,2_ r*y **
2 , 2 2,

a2nn{r,r') = Aro -g#.t (þ , ,."-t f)u 
(o,r-to )

lro 
^lÕ y t1a y y

At y = t'= 0 (66) can be irÌtegrabed fron -s to s byll

I d" -1 -
lp= 

sinh ' : to Sjve the central yy' density

a2n, 1o,o¡ = a1 dv.-dl 
-t-- "inh-l f.Yxtx Ô ' oorr \o"o"t/

ItA=^/ZnoB

B=3.46xrorsry'u-pz

and we can rewrite the y densities at s = O;

(71)x2 dN, (v) = 2BI dv ef(a.y)l(- ù'

,=L tany=5o'ovy
-_!

2

(73)

(68) dr,r,,(/') = zrt.,av

t2

@2 ,+o2 \'v

,2r_f"t.2 2.- (d ¡-lc¡ )
eI (a, Y) e Y

/ os

"/o ÀÕ'v

azu,.(l,l', = G ur"

" r;-- dv dv/ -l rsoo,'¡(74) d-Nl<(o,o) = ./f rro ï-l) srnrr-' (Tïl

In Lhe x,x/ plane the central <¡rbiL of the electxon bea¡n wÍL1 project
or the plane s = 0 aLong the parabola (fig. 19)

(77)
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Radiation fron elenent ds at s rdí1l transf orrìr to s = 0 centered aL x' = s/p,
, ') ^ )-x = s" /2o. Thc onc o conrour- o[ x is, using (b4), o*l = "í 

* s-oz and

since s = px' we obtain the contour

2,^ /2 22 i2.^ ff .-2 2 ,2x=s/2o t Vox+s o =px lZ i'Jox+o px'

whiclr is shovn in !íg, 23.

Tlle contour of (78) is an approxima-

tíon based on Lhe assumption tl]at the

contours have s¡nalL cur:vatute in the

iegion considered. Since the radiation
e¡Íitted by a single electron Ís para11el

to the x' axis, a râdiation distribu-
tÍon large compared to the curvature
vs. x' would enlarge the conLour.

The radiation is distributed
uniformly aLong the arc so ve can

obtaÍn the uniforn x density fron
(17) multiplied by f to obtain the

number of ll pol.arized photons;

l?
Nk,(À)=1.26xI0 " l(lycLf ter sec' eg)
rnrad 0

(78)

/p

*'2
p

Eíg" 23 Radial (x,xr) phase
space

The probabj lity tlÌat a Þhotor frorn s wiLl be in dx is

- 1 G-'z /zù2
2 .2 22.

o- - 
d* (ox+s o )

r - T:---Ê=AA= e " (80)

"/2n ../o'+s o"'x

an¿l the nu¡rber of photons irì dx dx' t-s the producb of (79) and (80)

tincs dx', At x = x'= 0 the central x densiLy is

" l', _ dx dx'd-Nk(o,o) = 1..26 x 10-- klyrcì :-:-
'X

( 81)
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Selection of the source center ât a f{aist, or mÍniuìunr, or focus of
the electton beam ¡rade tbe deÌ:ivatiotì of the equatior.rs nuDageable. This
type of source center is found at the center of a double focussing inser_
tiolì in a ring and soÌnetinles iD the general lattice. l{o\deve¡, the source
center is often at a location E r¿here the beam phase space ellipse is
tilted and described by (28)

yyz + 2ct yy' + Bv'2 = E"v (28)

Tbe cy, p, y at tlle desired Ë and ll are obLained fron the calcutations of
tlle ring lattice dyna¡ìics, (See Appendix B). ïf the one o e¡Dittance is
oyoy/ then, by comparing (28) and (33)

o - JE1 , o,=^EY ' ' y' v-r (30)

The values at s1, related to those at S are given by

Êr = Ê - 2n(sr-Ë) +y(sr-õ)2

o1 = o _ y(sl_õ)

Yr = Y

(provlded there is not rnagnetÍc focussing). AlterÐatively (33) can be
transformed by (32) r,rith s replaced by (s.,_S). However, from (g2)

cv(s) = ø^_y(s) s
o

ï:ï'::r;';: 
the locârion of cyo. ser ao = o ar s = o and rhe projecred

a(s) = -y(s)s

If we measure from this zero (33) and (34) need only to have s replaced by
st, and similarly (60) and (62) have s replaced by sr. The rransfornation
to the forms of (63), (64) and (66) musr be done r,,riLh

(82)
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-("r-s)

I

and the result is conplex exPressions and difficult integracion \'¡hich are

beyond the scope of Lhis paper' The syÛunetry assumption incorPorated in

(76) is no longer exact. The tnodification of the x'x' procedttre is obvÍous'

and is considerabl Y símP1er.

The values of ¡he source Paraneters can be examined and iI ort <o t

so < o ancl so ¡ ( o - (preferably less than half) the aPProximations
yyv

gir.run ábo,r" u.á ."u"onably good for â source not centexed at a waist'

For extrene cases the source length can be divided into a fe\t As' the

flux caLculated for eacìr, and the results sunmed'

It ís inpontant co note that no allowance has been made for spread of

x b), nomentum dispersion. Ring dynamics calculations provide a momentum

compactlon functioo Xp defined by

Ax=X

where Ap is the semi-noNentum sPread of the beam' In an insertion the XP

can be vexy small and need not be iocluded. If 
^¡( 

is appreciable, cornpared

to the betatr?u oscillation ox, bhen the ox of (80) aqd (81) is reptaced

ly 1o2 + a*2)2. The Xo amPliìude function usually does not vary rapidLy \"iLì1

s. As a result the moàulation of angLe x'bY dxo/tl" is smal1 and has oìrly a

small effect on the assumption that the radiation is uniform with 0'

fn sum, the synchrotron light soul:ce is characterized by general Para-

meters

and irì some configurations also by

.AP
PP

by specific Pa rameL er s

cv, P, 1, xp
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III. Radiation lJeaìn Power

The power \,¡hícl'l can be encountered iû a syl-ìchrotrorì radl.,ation bear¡ bas
an iüportant influence ou optical design" Cooliûg aud therrnal clistortioD
of the first optical elenent nuy well timit the flux which can be gathered
frorn electron $torage rings. lt is a h,/ays advantageous, \,¡i ì respect to
beam power, to work near Àc. Figure l0 slìo\,/s the percentage of po\À,er aL
wavelengths greater than À vs. À/À., and it wiLl l¡e noted that half the
power is radiâted below ì.""

The total radiated poÌ,7er is current bimes the volts/turn (Tab1.e I)

p=BB.5 ll4llp k"/n,np or wfna (S3)

--1or multiplying by l0 -lztt

p - 0"01409 lt40l/p w/ma Lnract (84)

= 9"61 x to-tb y4er/¡

is the total por,¡er intecepLed fron a¡c 0.
By combj.ning (84) and (16), ll in cev and À" in å, p = 0,0787 tìlÀ" ¡¿lma r¡racl 0

The power radiated as a fuDction of the ver:tica). angle rlr is, f rorn
(e) <24>

p - r"44 x to-r8 f t' (y\f ) w/na mrad 0, li0 ''
0"04.13 rs (s5)_ a_¿fâ jj 1.,(v,v)

Function tt(.y$) is shown in Mg" 12- as i,,e1l. as Ir-(y{j) <lef inecl by (24).
F(Vú) can be approxinared closely by a nornral dlstrit¡urj.on

, (v,1, ) 
2

. r( "';r-
r'(y!') = j6; " (oe;

uhich can

and s ince

Dornìalized by the tótal porver frorn (84)

1._

.l r(1v)d(1v) - y lF(yV)dv - r( (1y i.rr rad)

integral of (86) í.s k,
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so l'r,¿"=r.44xr0 l5 ú = g.or 
^,0-tn/' k=o.bb7-J'pp

and at 0

and

k
F (vr[) = 

-- 
= O.1+375

/ 2t1 o

o* = 0.608 rad of y{i

. .2. (YÙ )- t ------ 1
F(yú) = o.4375 e (0'608)- (rf ín rad) (87)

It is often convenient to represent the po\^rer distribution by a

rectaûg1e of "width" ! = 2/^1. lf in (85)

ftD

I F(Yü)dv = k,/Y
.l I

-1s.,4 -1, 4
2 xt.44 xro-r)Tkl=9.6r xr.0-roï (88)

k, = 0.334 rad of YÙ

The rectangle is shown ín Fíg, L2. If this approximatioû Í.s used it is

sometimes necessaly to rernenber that the peak pover is Larger in the ratio
1.31"

If r,¡e assume the beanì i.s very snu1l there is an approxÍmation useful

for estimatj.ng, At one meLeï from the source oire mrad ê subten¡ls L0-3 m

and ú = 2/y subtends 2/y m so the radiation faLls on Z x tO-3/\ n2, ßut

the povner from one mrad 0 is (84)

p = 9.61 x fo-f6 14lp w/ma r¡rad 0

and the specific power

P/A = 4"Bo x ro-13 .75lp "/r" *2 .t 1 *

If D is che distance fron the source in m

\r2
P/A = I "38 E- /pD" w/n'a cm (89)
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If the angular spread of the electroLt bearn is apprccrable Llìis l)ovrel: rri1l.
I¡e ¡educed l)y Lhe approxinate raLio (see (93))

-t. f2 ty //\'+ "' (qo)

vhere cY ls the angula]] divergence of the beanì.

The preceedir'ìg relatíons apply to aD electron beam which is a fil.ameDt.
Distribution of the beam i.n y and y/ wi1.l recluce tlìe porver <ieusity, often
by a significant factor. ln the vertical coo¡dinates the el.ectrorì bean is
dcscrjhcd (55) by Z ,2" È(+.-)

.2. ', o' o''
t1 1= 2""f y, 

e i 
' dv 'lv' (91)

and the current in elemr¡ùt <1y dy/ v:ll.l radiaLe power l.n angle eleùrent drf
aL Ìlj, usint (85) in radia¡s L,t u rrd (87) ),++

¿3p = ¿2r( r.44x1,- 15 ï5, #- " 
or¡ 

a,l per mrad 0, Lna, racì ìl (92)a J¿n nü

aLv=0 k./F o.,=0.4375 antt ,,. = 0.h08/y/v{,

_r r:.22
1)"¿toso .t 'p = a¿I(g.C,t \ lo-rb f ) ^__=l_ o Vô) ^E¿ü" 

(93)

but r'-f the radiation angle is y', ù = y' - y,, and bhe power in eleme't
dy dY/ radiated from currenl i r.r <1y rìy/ is

1 /,,2 ,2-i (å * r--) - -i (v'-u'\2
1 tç..4 T^ dy d), dy, o',, 2o¿d-P=(g"{rtyro'"r)li-.:/r=-o t v \L' c4)o (2r),, ororor,

If we integrate over all. y'the power radiated fron elemeDt dy dy/ of the
source is (assuming one mrad 0 and Io in ma)

7 / v2 v'2 r, -tY2* 2 )
' ' 4 I oy oY - o o

d¿p = (9.6lxro-'ol) 
"3* " 

) " ,r1Þ tn o uo,,
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at)
and o¿ = o¿ , + o1 o,,. = 0.608/11 rad

oy

If the beam height y is smalf integrate over y Lo obtain the angular dishri-

buEiotl

-! Y'2
'.,?

, ,^ .þ r,, dY' ' o,'-
d"p = (9.6txlo-'" -l) Ë-e (96)

A J¿Í Ao

Units of (94) and (95) are rn'atts Per rnrad 0 per rna '

Equations (95) and (96) describe the source' The Pov¡er density can be

transforned to surfaces by using the methods of SecL' I12'
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IV. Optica 1 'l'ransf orrnations

The chåracteÌistics of sources can be nlost reådily exanined \,¡ith
1Ínear p€raxial tråns for:må t ions . These transformations map the elements
of phase space ånd represent the best condÍtions that can be achieved,
Abe¡rations and losses are beyond the scope of this aection, but source
properties and comparísons can be exanined vith idealized assurnptions.

1. Non-Foc.using Opt ic s

The optical axis, s, is Lhe central ray of the system, Deviatioùrs
from s are, ln the ho¡izontal and vertical planes, specifÍed by x, x,
and y, y' . If there ís no refraction or change of momenLum the s
phase space ( and tÍme) are preserved and can be Ígnored.'l The four
dinensional phase space x, xt, J, y,, is invariant but, if there Ís no
xy coupling, the x, x¿ and y, y, phase spaces are independently
ínvarÍant.

À r8y at Vo, yto Orolaeatiag through free space fron D = O \ri11
beaÈD=Dt,at

(y+y 'Dl

D=D.

Fig. 24 Slit in vertical phase space

and the free space

y=yo+y'nr,y' =y'o

transformation is

lrl l; i'll;:l
folded into x and y.The effects of s are
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Suppose a source åt D = 0 (fig. 24) with contour

r.,' 2 Lu ,2

ft 
*ft ='Y"Y'

To avoid utter chaos in nomenclature, t will be used as the variance,

or equivålent variånce, of the synthesized optical" source; o will be

reserved for the variance of the electron bean' Tlìe emiLtânce of

this source is X X r and the phase space area is n)1.,X,,r ' llaxíma are
yy . r 't

the åxia1 interclpis I = f.", il = ¡,,, ' If this source ís tr:ansformed
yv

bv (96) to D- thc contour r¿í11 be
'L

Lt " 2U, tDvLv,
t ' , "'vv

.(

Area and enittânce are preserved but the max ims are no longer the

intercepts. They åre (¡íg. 18)

(e7 )

(eB)

( e9)

ånd this shows, as expected, that the angular dÍstribution j-s

unaltered but the size increases.

One of the most coÌmnon, and important, optical instrumeLlts

is the s1it. It lri11 be considered here in verl-ical dispersion'

Suppose a slit of \.tidth 2d at DL (Fig, 24). We caû exanine the

propeïties by transforning Lhe sLit back onto the source or by

transforming the source onto the slit' The latLer seems preferable'

The intercept of the source contour on y' í"

0, y

T;----î = r/r:' + f,',D"'-vy g' = Ly,

and the rninimum angular resolution (semi-ang1e) as the s1Ít r'Jidth

soes to 0 is I L ,l-EG7' s]oPe of the contour at v = o j$,
v v/' y y

by differentiatine (97)
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' 
lo' 

il
rl .') t (lUO)
Y ()l /): , /-+ ll-

arìd Lhe nlaxi.urun angle throLrgh the slit is approxinìãtel.y

L),,
l.--J-J---r/x- ¡ !',n' 't 1 (1oI)(I /x,)-Fr)'yv

is, ín nost practicâ1. situatioÌrìs,The area outlined in }.ig. 24

nearly a par:a11e1o¡¡raur of are¿l

(102)

and sj.nce the emj-Ltiance a

by the slit js 'ea Í-s nxulur the fÏactiorì of flux passecì

4dj/ïTp (103)
yy

Èq. 103 asnunìes uniforn d eLrsity, rvl.ri ch may be a poor appïoxirÌìa t ion.
A somewhat betten approximatíon Ís obtair.red by trìe ratio of slit
rvid th to eniLtance vidth

t2 ') i
VE, + ).;, D'

It Ís sometínes cìesirable to integrate (76) over 2_d,



the raclial or *, *' space the radiation bean .t'ùí11 be distril)uted

P=Dr

Fíg, 25 SliE ín radÍal Phase sPace

along the length of the slit and wÍL1 be cut off by the ends of the

slit or by the aperture of the lnstrument illunilrated' There will be

å systenatic vaïiation of x1 the horÍzopp!-:ple, along the slit'

The xx'density (Fig. 25) vilI vary a" r/o- + s-o- ' transformed to

D = D, (see (78) and Fig, 23). In the vertical direction the

angrrl"t rlístribution ís given by dNu(Y') of (76) and' if the slit

width 2d << ï of (98) this distributíon rvill be uniform across the

width of the slit. However, the dNu(Ï) of (76) has been íntegrated

over s and fepresents the sum of the soulce. since the yy' density

ís correlated l^tith Èhe xx'densíty ttrrough s, the y distribution given

by (69) will vary over the length of the slit' For relatively shorL

sources and üoderate values of the various ci the vâriatíons are small

and in rnany, if not rnost, synchrotron light aPplications the slit is

rather uniformly illuminated. Extrerne cåses can be analyzed by

díviding the source length s into a felr As and l-ransforming the parts

piecewise in order to maintåin the correl-ation between x and y'



1-39

one important appLlcation of the slít occurs Ìrlth Lhe double
crystal monochronator in the paralle1 positlon, now usually a channel
cut crystal. The angular distríbution passing the s1iÈ determínes
the resolutÍon (if the angles are greater than the crystal angular
windolr) and the resolutíon i6 liníred by (100) or perhaps (101).
Wíth Lhe extended source the resolution Atr/}, = cot gAy' (fragg angle 0)
is limited by the characterlstÍcs of the source and the dístance to
the slit, but noÈ by the slit widLh, The distânce to the slit and

crystal are determíned by the geometry, Flux is collected from orbit
arc approximately e = x/D, where x is the usable face width of the
crystsl. Flux at the shorter x-ray wavelengths wíll often be lÍmited
by the po!¡er the first elenents can Eolerate.

The double crystal spectrometer in the anti-påralleI posítion
is unique in Èhat ít Ís an angular sLiÈ in phase space,

Ííg. 26 Double crystal monochromator angular slit

Assurning vertical díspetsion, the acceptance at the crystal"s Ís
Ay' (Fig. 26) and this transforms back to the source as Ay/. Angular
acceptance is very srnâlI, !ùith good crystals only a few seconds, so

Ay is nearly the same at D = 0 and Ð1. Usable Ay is deterrnined by

the projected vertical heÍght of the cryståls and this will set one

l-imit to source length s by (73) or (76). The orher límlt is given
by the kridth w of the crystals which limits the source arc to e = \t/D = s/p
The smaller of these limits applles. However, the diffractÍon angle
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to the crystal plsnes is changed by the off axis angle x' in the amour.rt

4 "'2tun 0 (this e Ís the Bïagg ångle) which must be less than the
crystal acceptance Ay'. For this application the source angle
ê/2 = xt wi'll seldom be limÍting sÍnce iÈ can be a few mradÍans for
good crystals at Bragg angLe of say 20o. Ay' Ís very s'nall so the
exponentÍal in dNU(Y') of (76) is approxinåtely olle and

dNk(y,) - 7 x rols kroy2urs G*;i ^v,v

lrith I determined by the size of lhe crystals and the distance D1,

DÍffractÍon studies such âs those using Laue patterns or
topography depend críticql1y upon source size and source brightness.
A specific study wÍ11 require a specified angular spread across Llle

sarnple. l'he situatíon is sholrn ín Fíg. 21 for trvo typical synchxotron
light sources which can be used for x-ray diffraction. Tìre slit may

be either I pinhole or the edges of the crystal. If we revrite (99)

.,'=* V

' 46-/E;7 * Dzvv
(104)

Fíg.27 Tr^/o typ ica 1

Eransformed
sources, from different emittance beams,
to slit Ín yryr space
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The maximum semi-angle ì.s roughly ,,,/D, but , for short sorrrces
is largely deter:rnined by or. ¿ si,nTIar 

"ituaYtinn ol¡tains r-.n xx,
(see Fig. 25). The o ar

X
v,i11 rake values in, .""1""1r'j"1"'il: ":":::::'; :::;.:;::'""and this can force a corr
retreat rar e'ough .. ,,,:;::::l':":."ï .i.tl;,rllï"ï:: ;:j::;""thermal decornposition of the rnaterial),

The flux passed through the small apertuxe at D1, and the exposure
of the detecLor, depend upon the centrå1 brightness of the source.
The central density functions in x, x, and y, y, are given by (gl)
and (76). These cannot simply be multiplíed because we \,¡ou ld then be
coúntíng the same photons twÍce. By the anatogy of (65) or (66) to(76), the probabí1ity tlÌat a phoLorì ¡vi11 lie in element dydyr
(at y = y' = 0) o¡ thc source is, from (74)*

o = 
or9' -!- "in1,-r f5'ìt' OOy, \OyOy, /

and tlìis times (81) gives the central brightnesg

L 1.d Nk(o) = l 26x10" kryfcl

For diffraction sources the argurnent of s.inh-1 Ís
sinh-l x * x; so tends to be snall compared to o ,

then be åpproximated as:

4^d Nk = k2v ;;ä;l Axax, AyAy,
\x y Y,/

r{'ith k2 a nunerÍca1 constant ínvolving k, Io and functions of
(Àc/À). The phase space area subtended by Lhe diffraction sample will
almost always be small so dx , . can be replaced by Ax, and
we can avoid integrating. Good x_ray sources will
rtris varies "" y-1 ,t a fixed (r"/À). ,nu u,rrn.,,"l'1";"I;,,: î..01..r."",to y2 and inversely to 6 r

x
rensrh s Ís in the "",,,".;::,,'::""fi::ï:":l ;:::;.r^;;tïi;ï""
size and distsnce to s = wp/D. Increasing s and ¡1 together has no
Ínfluence on f1ux, which is pr.oportional to 0 = s/p and such increase v¡i1l

*-l-

Constant A of /74) conlains a o

less than 1 and

Eq. ( 106) can

( r05 )

(107)

( 106)
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enlarqe t and t-xy

I Focusinq ODtics

An opticål system can be reduced, in first order' to a focal

length f and the locatÍon of two PrinciPal planes'

The transformation from the first to the second PrinciPal plåne is

lt:ll-¡'l
ånd to tÍansforrn from yo, y' in the object space to v'' Y1 in the

image space

l"l l' .,11 ' 'll ""ll':l
Pll 

=l' 'll å 'li' 'll':lor 
l"l =l'þ Q"-Y.'Jll ':l
I,ll 

= i + (_+. ,) 
Il 

'tl

v = (1 -þ',"* {¿o þ*t'rt í.

ob i ect"l plane Princípal Planes Irnage plane

0bJec¿ sPace

L,'l
Image s Pace

Fig. 28 OPt ícal systerû def init íons

Focal
length
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and for irnage formation, e.g. conjugate planes in the object and irnage
sPaces

L.X,
L - l--o +Ì,. =O o. l+_L =lo r -i - Lo Lt f

ålso

), =-)..J" . L.=; r
o rt-Lt I Lo T-iT (108)

r-L' . L.
and linear masnification 

" =' ; 
"t = T+ = 7 ='*

o o "o

angular nagnÍficatíon is 1/M ånd the transfornåtion between
conjugâte planes is

;t ti ;il;;t ( 109 )

(¡4atrix optÍcs12'13 
"t" 

usually for¡nuiated Ìrith historical sign and
coefficient conventions. I find the above formulåtion in \,¡hich distance
pxoceeds frorn left to right and the column vectors håve position on
top to be more convenÍent,)

If a source is focused on a y slit the contours tïansform as in
Fig. 29, which sho¡vs rnagnificatÍon arbitrarily set et lå"

_À_ i
objecr -V-'"=r., -S. -tr*"r"

_ff-- _ìL-{- -tF
Fig. 29 Transformâtion by focussíng system



L-44

The x, x' figure is transfoïmed to the systen aPerture stop (Fig' 25)

and the stop then trånsformed back to the dashed line in Fig' 29'

Thís determines 0 and s, and the resulting source transforms to the

irnage ås shown in Ì'ig. 29. The veïtical, or y' source transforms

as shovn in Fig. 29 8nd it is assumed for this exarnple thaL all y'

are passed by the system. (See Refs. !2, L3 for transfornation of

apeïture stoPs.) Since the radial aperture has dete¡mined s the

flux passing the slit ís fron (76)

^d
*u = io 

2Broer(f

Note on the curves of ef(a, V) in A,pp"ttai"

is not lsrger than 2 or 3, the usuâL case,

integra 1 by a trapezoid

-1 ¡s\. tan -l d' 6/ yv-
C that if v/Õ = d-v
we can approximate Èhis

-I ars\- tan 
-l' o/

v

( r10)

Nk = 4Brod ef(#
v

( 111)

(If the nagnification is M the d of (110) and (I11) is replaced by

d/M.) On the cutve of ef(O,Y) in AppendÍx C it !ùi11 be seen that for

tan y = os/o greater than 1oï 2 the proportionate increase of flux
v

density r,rith increase of s diminishes rapidly' The y' disEributiou

í.s given by

dNk(y' ) = 2Brodv' . -\ v'2 /7or,2 + o27 (76)

and r.ril1 be rnagnified by L/M. In the example this has all been passed

by the slit; the angular variation is determined bY orr and o' trle can

usu¿11v make o r ( o. The radiation angle o is roughly proportional' v, 'ì
to (1/V) (À/I")ã from (52) and À" = 4np/3'¡'. combjning these' ât a

given )., o is approxirnately proportional to (Y/p)u ot to B" (this B

is magnetic field). Flux constant B is (75) proPortional to y2/p and

to H2 \,¡hich is s1o\r1y varying frorn À/À. ranging from say 0'3 to 20'



1-45

rn Seneral we need to keep o, uru or, smalL (sma11 ernittance) and
Lo vork wilh y and lì as high as feasible, lriÈhout encountering serÍous
beam power problerns. Angular variation in the slice through the srit
of Fíg. 29 can be reduced by diaphragrning further on in the system,
but this of course reduces the flux.

In the x dlrectÍon, along the s1Ít, the angular densiÈy is
given by (79) n.1tip1íed by 1/M. The x'extent is simply equar to
the orbiÊarl arc subtended X I/M. The size x has a one o width (g0)
of (oi + 

"'o')'XM, and rhis índicates rhe desiråbitiry of keeping
ox and s sma 11.

There are nrsny different focusing systems that csn precede
or fo1lo¡¡ the slÍt. 'rhey are a1l subject to the uufortunate )-estriction
thât we caDnot conpress phase space; ,¡Ie cannot reduce both size and
angle witl,out slicing off f Lux, Interaction r.,ith the numerot¡s source
paraneters is complex and analysÍs is probably best done numerically,
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Fig, 16 Electron beam cross section iLì confíguration âûd

Phase s Pace

s=0

Fig, 17a. Envelope at vaist, s=0' b' BnveloPe at s'
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Fig" 18 Properties nf ellip8e
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areaft = ìtG) = glilbr_rz

tan 2el = 2a/ (e-lr) (axis)

Lar\ e2 = -a/b ( d iarnet er )
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Fig" 1.9 Arc in x-s plane
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APPBNDIX A

ComPutation of synchrotron radiation sPectra requires the modified

BesseI funcrions K1/3(x), K2l3(x), K5/3(x) and the integral J r<rrr(ll aÎ'

or rhe Tomboulian and Hartnan G = x3 iius¡g(l) dn' The most accurate

tables are probabl.y the I'Tables of Bessel FuncEions of Fractional order'r'

V01, Il, Computation Lab., National Bureau of Standards' CoLumbia Univer-

sÍty Press, New York, 1948. Ho\'ievex, the Kv functions nust be computed

from the 1u, which are tabulated' using;

Kv(x) = ñ1; "" I r-u{x) - ru(*) I

To obtaín Kr73(") from these tables it would be necessary to use a recurrence

relatíon such as

t!
K573(") = Krrr(x) * t orrr,",

These tables girr" *+v 1*u(x) for smalL arguments and since this produc!

converges as x J 0 the values of K for arguments less than 0'002 (less than

0,005 for four figure accuracy) can be calculated by

-r /? )zl *7/3 7rrrr(x) = I'81380 (o'930437 x "- -0'888'
x<0.002

-'t t1 
AZø *2/31K2l3(x) = 1.81380 (O'592549 x ''' '0'697

Values of Go for argunents less than 0'OOl can be obtained by use of

Schwingerrs expansíon for ul ( oc' Equating his 1116 and II20

c- = I' r. /.,(Tì) dTl = 2.r4e t-''' lr - 0.677 (v/2)'' - + "' I' r < o'oor
O J )IJ

v
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The mosr convenÍenr tables of *t/1, KZ/5, K5/3 .rd G are in an

unnunbered and undated r"portS - It. ELIis and J.R. Stevenson, ,,Computer

CalculatioDs and Numerical Tabulations of Some MacDonaId Functions,rl
School of Physic6, Georgia Tech. (There is a misprint on page 3. The

approximation for x )) L is K, (x) =E 
"-"¡.

The short tables and graphs in the report by R,A. vack4 are convenienb

but the report, issued fron the late Cambridge Electron Accelerato¡, is hard

to get, Note tha! Mack's g(r) is related to cI by

c(r) = cr(r)/o .g x z2/3(s/t¡i = Gr(r) /2.Lso

The following short Table AI of functions has argumenrs spaced for
reasonab le interpolatjon. ? ¡@Ho(y,0) = K)¡3G/z¡ antì co(Ï) = Jr*rrr,t, o ".,

are tabulabed. H. and G. can then be obtained by multiplying by yi.
Figure A1 is a graph of G(y) e.g. cô(y) vs. y.
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TABLE AT

.0001
. 001
.002
.004
.006
.008
. 010
.020
.030
.040
.050
.060
.070
,080

.100

.150
,200
.250
.300
.350
,400
.450
,500
.550
.600
.650
.700
,750
.800
.850
.900

1.00
1.25
1.50
t.7 5

2 .00
) )\
2 .50
2.75

36.284
t6 .7 t5
13.r92
10.376
8. 995
8.116
7.486
5.781
4,932
4.386
3,991
3 .685
3.437
3 .237
3.054
? qôô

2,343
r.979
I .714
1 .509
I .343
7 .206
1.809
9 .890- 1

9.018- I
8.251-1
7.51L-l
6.965-1
6,422-l

5 ,489- r
s.086-1
4.384-L
3.079-L
2 .202- L

t.594-7
r.165-1
8.581-2
6.354-2
4,727 -2

Ko r.(y)

498 .86
t07.46

67 .686
42 ,62r
32 .509
26 ,82O
23.098
L4.498
11 . 017
9.052
7,762
6 .837
6 .t36
5.581
5.130
4.753
3.513
2.802
2.329
1.987
L.725
1 .517
L .347
7 .206
1. 086
9 .828- 1

8.933-1
8.148-1
7.455-l
6.839-1
6.288-1
5.794-l
4.945-L
3 .406- 1

2.402-L
I.722-1
L248- |
o t??-t
6.726-2
4.987-2

f.,,,(V)

6 .652+6
I .4330+5
4.514+4
r.422+4
7 .233+3
4 .47 8+3
3 . 087+3
9,723+2
4.946+2
3 .06l+2
2 . LrO+z
1 .556+2
L ,203+2
96.25
79.05
66 .27
33.57
20 .66
L4. t4
10.34
7.915
6 .263
5 ,082
4 .205
3.534
3.009
2,589
2 .249
r.967
t.733
1. 535
L,367
1.098
6.7t2-r
4.331-l
2.906-L
1.998-1
1.399-L
9,94L-2
7 ,142-2

H (y.0)
o--

6 ,27 l+5
2.910+4
1. 155+4
4.581+3
2,677+3
1. 817+3
t. 348+3
5.335+2
3,096+2
2 . LO2+2
1,555+2
L .Zt4+2
98 .37
81.94
69 ,69
60 .25
34.L5
22 .59
16 .26
t2.34
9.713
7 ,8s0
6 ,414
5 ,424
4 ,602
3.947
3 ,4t4
2.975
2 .610
2.302
2.040
1.8 16

1.454
8.77 r-l
5.557-1
3.642-7
2 .445- l
t.67 2- r
t, 160 - L

8.L45-2

G (v)
o-

913
213 .6
133.6
83.49
63.29
5L.92
44 .50
27.36
20 .45
t6 .57
14, 03
12 ,22
10. 85
9.777
8.905

5.832
4.5L7
3.663
3 .059
2 .607
2.225
L.973
r.742
r 5¿ q

1. 386
L .246
L .726
I .020
9.280-1
8,46s-l
7 .140- |
6 .514 - r
4.359-r
3.004- 1

2.113- I
1. 508 - 1
1 ,089- 1
'7 A) â-,
5.8rL-2



v

3"00
3.25
3 .50
3.7 5

4.00

4,50
4.75
5.00
5.50
6,00
6.50
7 .00
7.50
8.00
8.50
9.00
9.50

10. 00

r.,^(v)
Ll J

a-,-
2.645-2
r..988-2
1.497 -2
1 . t30-2
8. s45,3
6.412-3
4.909-4
3.729-3
2.159-3
1.25s-3
7 .3t7 -4
4.280-4
z .509 -4
r .47 4-4
8.679-5
5. r18-5
3.023-5
I.787-5

K^ ,- (v)

,rr*,
2.7 67 -2
2.073-2
L 558-2
r.t73-2
8.853-3
6 .693-3
5.069-3
J. ö44-J
2.220-3
1.287 -3
7 .495 -4
4 .37 6-4
2 .562-4
r.504-4
8.842-5
5.209-5
3.073-5
1.816-5

I-73

K-,^(v)
)/ J

J.t\tÕ-¿

3 .7 8I-2

2 "05I-2r.52L-2
t. 132-2
8.45s-3
6.332-3
4.7 54-3
2 .697 -3
r.541-3
8.855-4
5 . LI3-4

1 'l)c-./,
I.O07-4
5.890-5
3.4s4-5
2.030-5

Ii (y.0)o-' c (v)

o tr*,
3 .1.7 5-2
2.362-2
1.7 64-2
I.32I-2
9.915-3
1.46L-3
s.626-3
4,250-3
2.436-3
I.404-3
L 131-4
3.842-4
2 .7 55-4
7.6rr-4
9.439-5
5,543-s
3.262-s
1 0rr-q

4.123-2
2.964-2
2 . t44-2
1.5s8-2
1.138-2
8.338-3
6.132-3

2.48r-3
1.373-3
7 .659 -4
4.299-4
2.426-4
r.37 6-4
7 .837 -5
4.480-5
2.569-5
r .4t 8-5



0.1 v

Fis. A1 c(y) = c3(Y)
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APPDNDIX ]J

Olrt linc ol' Storsp,c Ri.nå pal-Licle lrynan¡jt.

Properties of the syneìrrotroLÌ radiation source clepenrì upon the aDgular
distlibution of the radiatj-on process and on the spacial and angul_ar dr.-stri_
bution of the elecLron beam. The radiation angles are a fLrnctioD of tr/À"
and y (SectioD L2.) and can I)e controlLed tô the exte[t Lhat those para-
meters can be chosen. Elecbron beaùì clistïibutio¡ts are a functíon of Lhe

storage ring design and, i.n an alLernating-g¡adient rino, wiLl vary with
circunfereDtial position, ln this brief note only the properties of
separaLed-functiolì alternating gradient s1:. _-age rings \nrilÌ be considered.
The separated function ring has dipoles (negl igÍble fí-ld gradient) which
beùd the electron bean a total of 2ñ alld quadrupoles (constant traì:ìsverse
gradierìL nagûets) which supply the ¡estorÍng forces that keep the bearn

"focussed". A quadrupole has zero fieLd on i¡s axis and exerts converging,
o¡ focussing, forces in one transvet:se plarre and diverging, or clefocussing,
forces i.n the nornal transverse plane. (Ref, 15, ClìaÞ, 6.) A sequence of
quadrupoles is normally arranged \dith focussing and defocu6siDg directior-rs
alternating, Such a sequence r,¡i11 theD be net focussing over a ïather wide
range of paxameters.

The central orblt of a storage ring is that orbÍt which will be repeti-
!ive1y tt:aced by a particle of design energy l.aunched pr:ecisely on Lhat
orbit, The centt:al orbit is constructed by joining circirlar arcs in the
bendíng magneLs Lo segnents of straight lines i L.r bhe quadrupoles and field
free sections ('rsbraight-sectioos".) Solutior.r of the geomeLrical probleLn

is done by requit:j.ng that the central orbit close on itself. Two exanples
of very dífferent magnet lattices are shown in Fig, lll wiLh the cenLral
orbit iûdicated by a dastrerl Line.t' In ordeî to ensure that particles \,¡i1l
remain íudefinitely in the neighborhood of the cenLral orbit r,/hen subjected
to disturbances and imperfections, sbronE! restoring forces are applied by

the quadrupoles inserLed in the lattice.

The energy of an electron is contÍnualLy being changed (in sma.l1 ir.r-
crernents) by photon râdiation and by the acceleration systen of the ring,
Ç-

The examples of this section were selected ft:om a series of orbiL studíes
done by Renate Chasman.
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An electroLì witlì energy díffering from that of bhe central orbít wiIl
then have a different ¡adius of curvature in the bending ûìagnets

p = 33.35 E/B ([q. L6) and wiLl travel orì a larger, or smaLler, circum-

ference. A closed equilibrium orbit exlsts for these off-energy parti-
cles but the field of the quadrupole is no longer zero off-axis. A

recursion function can be \'¡ritten for the motion of an electron through

the bending magnets and quadrupoLes and bhis function can be solved,
in principle, for the closed equilibriun orbit. Solutioû is best done

numerically by otre of the nunerous progra¡ns used by accelerator desigaers.

If s is the coordinate along the trajectory a momentum function X,.,(s) is
defined by

xo(") ff
where Ax is the local. sebover of the equilib¡irrm o¡l¡it for energy change

AE from tlìe central orbit er'rergy 0o,16 (T1re nromentum function is also
refcrred Lo as q or l.) ln Fig. 82 Lhe X is always finíte. lor: thisp"p
type of FODO lattice bhe off-axis equilibrj.urn orbít is adjacent to the

central orbit but has "wiggle-motion" which is correl.ated with the

focussing pe¡j.odj-cr'ty. The tr:ipl.et lattice functior.ts shown in 83 iLl.us-
tr:ate the effects of an achromatic bend design. XO is f ini.te in the

bending nagnet secLors but is approximately zero in the i.nsertions betrlreen

sectors.

The xadio frequency acceLerafing waveform has a phase focussíng action
aûd the radiation damps the longitudiûa1 motion. This results in the elec-
tron bean being compressed into short bunches r.7íth energy distribution ol
which has a miùimum value deternired by the quantuùr fluctuatioûs of the

photon radiation. (The observed value of op \ri11 be increased by intr:a-
l)eam scatrering and by instabilities,) Thì.Ìs the ensembLe of equilibrium
or.bits ir1 a ring will l¡e a band of width

Ax(s)=+XO(s)oo

about tlìe central orbiL.
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If arÌ electron ís displaced in position and/or angle from it6 equili_
briurn orbit it will execute 'rbetatron,' oscí11atíons about that orbit, Let
s be the distance along the equilibriuÍÌ oïbit and x be the radial and y the
vertical displacement fron the equilíbriu¡ orbit of the elccLron. A prine
will denote the derivative wÍth respect to s. The transverse motion can
be described by the phase-amplitude solution

x = A B"

*v = A B-- vv

sin { I s +tJ9*

. / Pdsslnll::-+r , Þv

ô)

ó)

constants A and ô aie derermined by the ir.ritÍal. conditions. B is ar.r arrprÍtude
function whÍch can be caLculated froDr the traosformation nalrix of the rieg
lattice.'" Figures lJ2 and Il3 show p as a function of s for the t\.ro exanples,
If p is constant the equatÍons are those of the simple harmonic osciLlator
with wavelength given by g = X/2Í" In an alternating graclieût ring the rnoti.on
is that of an oscillator in which tlìe amplitude rnultiptier varies whj_le the
phase advance speeds up and s lo¡vs down, One \ravelength of betalrorì. oscilla-
tion ís completed when

sz

ds

1

A very important Dumber is the v va1ue, the number of oscill.ation cycLes per
t Llrn

C = c iÏcumfe rence

ïn order to avoid resoDance effects v must not be a sma11 rationaL f¡actioù.
one can then visualíze tlÌe tlansver:se motion as a sinusoid precessing aroun<l

the rirg and superimposed on it a wiggle notion f ixecl bo tl.Ìe magnet laLLice
and related to B¿, ï.f there is a bean cj-rculatiûg with a large nurnber of
particles distributed in pl.rase and amplitude the enveLope of Lhe betatr-on
oscillations is proportional to gà vs s.

1 rs+cV = :- L ds ,¿rr Js p
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Define two other variables,

q = _91 /2

Y = ( r + o2)/F

Then cv, g, y are coefficients of the transfer .atrices16 which can be usecl

to transform lhe position and angle of the betatron motiolì at any azimufh

of the ring to any oLher azi¡nuth" They are also the coefficíents of the

Courant-Snyder: invariant

n =1 l*2 +(o x+gx')2-J =u*2 * zcx xx' + p, xt2* 9X 'x 'x x x

(and similarly for y, in uncoupled notion). The right-hand side is the equa-

tion of an ellipse in x and xr. Since d, P, y are functions of s, the shape

and inclination of the elLipse in the phase space x, xr rurill var:y \.¡ith s but

Lhe area will renain invariant" A particle with displacement and angle x',
xj aÈ s,., will lie on eLlipse

)?El = Y(so) xl + 2o(so) xrx', + 9(so) xi

and will transverse the path in phase space defined ì:y E, as it goes around

the ring, If an ensemble of particles lies ttÍthÍn boundary E at s ít will
lie wiLhín E everywhere around the ring, At any s lhe maximum x of any

particle rvÍ11 be

î = ts(")nlÌ

and the maxirnun ang le

î, = [y(s)E.,]j

Enter the ring aL . Þ*^* or Ê*i., rh..u o = 0 and consequently þ = L/y. The

ellipse axes lie on x and xt and the area of the ellipse is

nxxl = rE

E is the emittance of the beam" T'here ís an E and an Ey.
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Thus the largest beam size nill occur at a Ê..* ,.d the largest divergence
at a p :

ûlln

î=[r.0.]-'; î'=lrls ll- x xman_

Although the size-ang1e pxoduct of the beam can be considered crrrdely
constant, this is stxictly true only ua. Bru* o, u gn,ir_r. Elsewllere the
ellipse containing the bèan is inclined ancl the if' product \,Ji11 be
larger than D"

The foregoing relatÍons are valid for a conservative svstem or.. for
a radiating sysLem in quasi-equilibrium.

Ao electr:on position x ,x I at s will b. ,a " 
16

'1

xj

*L t11 u1.2

uzr u22

,/dx operabi-ng on a

t rix;

with r = c/n p

arìd a defocussíng quadrupole has transformatíon matrix

cosh 1- 
"/K 7{- sinn .L 

"rx

xt
P

A focussing quadrupole of
partic le \,rith magneLic ri

I

I 
cos ¿ 

"/K

| -ro ",'

length l- and gradient C = dB

gity Bp has transformatÍon ma

frsi^ t,.[x

cos L f,K.t 
"tK

,rr stnn L,tt< cosb L ,[K
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The same transformations apPly t. y, y' \"¡itb focttssing and defocussing

inlerchanged, i.e. a focussitlg quadxupole in the x coor:dinate is defo-

cussir-rg in the, y coordinate and vice versa. A non-focussing section of

length ð has transformatíon natrix:

(llending magnets have sna11 focussíng effects' especially at their ends'

but these effects can be clisregarded vhen examining a source' The axís

s ín a bendíng nagnet is curvilinear \.tith radius p.) Txansforì¡ation

through nultiple elements is then a matrix obtained by nìultiÞlying the

nÌatrices of the elements ín succession.

An ellipse

2''
Y()x- + 2cloxxr * Boxr- = E

can be trausformed frorn so to sl by

in which the a.. áre the elemeuts of the
1J

so to s1. The deLerminant of this matrix

If there is no focussing this becomes;

Yo

B

x, xt transformaLion matrix from

nLust be I "u 
n :_1.uZZ - nl|u2,l =

[;r
l"

^ lLuzznu r2uzr

-2n rLt 12

-"21"22

- n 
r:'u 21.

2tll

2

^zL

- 
^ rz^zz

2

'Lz
2

^zz

1"

l,

o

1

o

1o

9I = 2.1.,.r o 
-l- Po + &2ro

-L

L2

d
o

Po

Lt
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If initial condÍtions of d, p, l are known from design lables or fro¡r
curves suclì as Fígs.82, 83 then coefficients are readily determined at
dÍstance {, alo[rg s. An important speciâl case begins at lhe center of
an Írrsertion where Bo is a mjnimum,

a - = -gt /2 = O and l^ = (t<tz¡ ¡B^ = 1¡g ̂ . Tlìen rhe equarionsoo'oo
sinplify to

or = -ho - -4/èo

or = Po n 42\o Fo + L2 ¡go

Y1 =Yo= 1/eo

TlÌe electrolì bea¡n configuration of a source i-s determined from the
rirg parameters ât the azimuth, or s, of the source, lt is usually adequate

to assume tnat the vertical equilibrium orbÍts lie in the median plane and

that there is zero vertical momentun function" The vertical emitLance and

vertical anplitude funcbíons at trre crrosen azimuth theu give the vertical slze
and angular distribution.

Radial distriDutíon of tne equilibrium orbits is given by opxp vr'ith

o thc variance of energy spread AJì/JJ. Betatron oscillations occur about:

Lhese equilibr:iulÌ orbits \,¡ittt variance ox obtained fxonì tne emittance and

horizo[taL amplíLude functions. The energy oscillations are at a 1ow frequency,
the betatron oscill,ations are at a high frequency, and the LÌ,Jo are uncorrelated.
Tbe horizontal. \,¡idth variance is obbaíned by ad<ling in quadratute

o?=øx\2.1-ozh Pp' x

It is often sufficient to assume that X is corlstant at tne value ab ule ceni_er

of the so'rce. 
P
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APPDNDIX C

l-xì,, rcrìt j3l lrrf uËrât jr'ç ¡'urriciorr cl(a,Y)

A functi.oLr of z 1 y2

t,t | 
-zor;j.:)

I TT:=ñ C JZ
'a Jt'' +.-z-

in wl-rich l¡. c, and y are constants can be transfol:ned by

L cz b 2
cos r'= T-:fj , taDL --'-,d. --scc tdL

\/t'\- + c z

^t 
a = 0

rl tìr I /l+sin Y\
^f /^ v\ = Ic!\ ', ' , ä". = å t" (tdä) (Rer' I r' No' 288)

'cr

lf Y < 0.L cos t ^r L

tz. 2 -
-l | - -J= "n"t 

a

I etarr b r 2bzfo : ì ---:- e * dt
" JO cosL

^22^Y r - 
- '^c I

Ðcfjne c¡(d.y) = i -+" 2 --- - d, Y.l
J cost - 2

witlr, for f Q) , a=y lb, tan Y = czl./b

To LrormaLize, Ref. L1 No. 492,

^22,,
È Ë=+""-r"o"'o.ou =Jîi' -åu'='/| tunv
Jo J .. "u"t 

L'l o cos-t -

1- *r(a,v) ¿o = "F ran Y
or .l

22a _a
¡'22

andef(a,Y) *l e dt=Ye
.l o
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Ap¡:e nd ix C

"2
r"t , -à;i.1,1 

,
\ ¡11---"1-.¡ e "'dz= - c1=(a,Y)

L l. - - - Co4 b +c z

wj.th ^=y/8, Lan Y = czr/l'

craphs of ef(a,Y) and ef(O,Y) are Figs. CL and C2. A short tâble of the

function is included as Table CI. This table was kindly programured and

ruû by KLlrt JeLlett.
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I'ABLB cI - ef(a,Y)

.100

.309
,20r3
.3046
,411 I

,27 99 - 1.

.4382 - 1

.621O- t

.74.7 l

. ),942

.2579

3"0

r. r.30- 3

2.378-3
3 

" 
898-3

5,92r.-3
839-3

z .069 -2
3,3L4-2
5 .47 7 -?,

2 .166- t
3.649-1
4 .824- 1

-l
Ì

1.t75
I .689
1 .839

.,

.3

.4
5

Mântissâ fo11ôv'

0 0.25

.1 0,3264-l0,9710- Ì
0 , t952

.3991
"5075

.7455

.8800
1.030

-6 .62

.6636"1
0. 1023

. 1418

.2384

.3001

.3152

.4683

.5B61

I.670
2. 009
2.539
2 .69 r.

0,8843- 1 0. 6086 - 1

0.1780 ô.1229
.2698 .1375
.3652 .256r
.4656 -3iO2

- ¿+2

.546

.965

5222

I.030
I.260
1. 557

.1654

.9022
1.054

.5728

.6f190

. 81.7 0

.9607
1.126

.4119

.5035

.6082

.7 304

.8759

.1

.8
-9

3.010
3.602

14.1.01
1.6.428
1.9 .67 0

2 .340
2 ,687

3.373

,

L .45
1.50
t.5l

.2 1 . t;41 -5

.J ).327-4 1.74.4.-6

.4 2.259-4 3.536-6
_.1_-_.3:9 9 2 -4 *_-8.J_Z-l - 6

.6 7 .594-4 2.232-5

.l t -514-3 7.1.24-5

.8 3.526-3 2.540-4
_q 8. 3i4- 3 9.592-4

1.957-6

8. r.l9-5 4.918-6
5 .261.-4 5 .944- 5

,226 L.

| ,614
L.82r
r.993

2.4.5e, 2.428
2.806 2.775
:t.i41 3.310
3 "493 3 .1+62

3,

4,t) 5,0

l
1..

\,562
1.708
i .878
2 .01ì3

I.054
r.280
L .4?,O
r. 585
1.785

.7389

.9/+30
L073
L?.29
1 .422

2 . O"\9

2 .383
2.9t5
5 .oot

ßlarìk ir)di.cates value less than 10-6

1.3?1 ,4690

" 6456

"7 631.
,9 082

ì - 09'l
1.331
1,665
2.t90
2,341

6.0 7.O 8.0

2,2
1+ .529 -Z
8.077-2
r.407-l

3.142-3
't.646-2
3,547 -2
1.325-2
1.451-L

6 .7_89 - 4.

5 .¿t32 - 3
1.1+56-2
3,652-2

1.61.5-3
5.545-3
1.733-.2

r .024-4
6.3r9 -4

-4 \-.1ß::6^

).i96-l 8.578- 4 .Ll
4.014- 1

6.695-r
1.148
1. .29 3
1 . t+(¡(¡

2.770-1.
5.\62-1.
9.124"1
i . I t3
t,283l-
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20 a=y /a
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The Synchrotron &adiation Source

G" K. Green

Brookhaven National Laboratory*
Accelerator Departuent

Upton, Nevr York

The synchrotron l-ighc source ia described by combining the propertieg
of the radiation and Lhe configuration of the electron beam. Most of the
radÍatíon is polarized parâlle1 to the orbitar plane and this radiatÍon ig
rlost efficiently trensmitted in vertt-cal dispersiorì" The ¡¡ cornponent wiIl
be treated in this note in order t.o simpLiíy thé cquaLions.

Radiation funcrÍons nr(f), cr(v), 1o. and f are sho¡cn in Fig" I vE y"
The number of phoÈons in interval À\ = kÀ per second Íe

Nk(I) = 1.256 x ro16 trelcr{1"/l) Ín alt ri

Nk(O,À) = 3"461 x 1015 krey2uz(Àc/I) per rad { ar g = 6

Irith I in anps, orbit angte g in raCians
all ¡¡ at û - 0 an¿ f is the frs.ctÍon of
A good approximation up to À - 100 À of
given by

Nk(!j,À) = Nk(o,À) e*p 1-g2 /u2¡

wÍth

L.45 fcf/HZ radians

+and y = 1957 E(ceV). Nn(O,t) is
total photons in Àtr that are ¡¡ polarized.
the angular dislribution in r! is

(1)

the electr:on beam is described by the variance of its síze and angular
distributions 

"x, o*, raclial and oy, oy, verÈica1, of which o* will include
the spread due to mouentum dispersion. These variances are a function of
azimrlthal variable s and are given by the ring emittances and anplitude

Worli performed under the auspices of the U.S. Bnergy Research and Developmen!Admi.nistration
+'DcrivaLioÌì of the relatíonshÍiìs is given in Accelerator .Departnent, ß¡ookhavenNä.tiona1 l,abor:atory IlteÌ"na1 Report Sp76_2, "Spectra and Optics of Synchrotron
Rad j-atio[L, r' G,K" Green.
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functions. The el.ectron beanl is sllovn aE s = 0 (Fig" 2) in x,xr and yryr

phase space at a \taist or p minirnum. As we tnove to s the beaor fígure wÍL1

transform to tlÌe dashed elLipse and the radiation f¡om a ds at s will increase

the angles, but not t-.Iìe size" T[]e radiation figure can then be tlansfoÛned

back to s = 0. lf all the contril¡utions for * s are transformed to s = 0

their sum is a planar optical source which can be transformed into the desired

iEage space. usiug sone sirnplifying approximaEÍons the axial distributions in

thls source are:
2

Y H,I
dN,(y) = U :--! dy ef (a,Y) , a = y/o.. 

' 
ran Y =Õslo..

k"' D - Y Y
(2)

U is a nunerícal faclor conLaining k and I. ef is an integrating functÍon

approximated by Y exp ç^2/Z) Íot Y less than 0.2 of 0.3'
2

anu(r') = t, + or'ï, e*p ç-v'z/2of,,) ; ol , = o2, no'

du¡(x) = uz yr.t * .*n t-(*-"'tzOzøtr); "tr

dNk(x') - U2 YfGl dxr

2 22=o +so
X

Each of Èhe above dÍstributions contains the Íntegral of the orthogonal

coordÍnate.

The centrål phase space densÍty is

(3)

¿2n- (o.o) = u^ 
Y 12 .9J--ù-l 

"1,,1r-1kY'JÞoyt

azwn*(O,O) = u4Yfcr clx dx'/ox

/*"/\
\oroY'/

(4)

X-ray sources will usually subLend a suall orbit angLe g. To ill'ustraÈe

lhe varletfons thrce typical exampLes r¿ill- be tabul'atedr a 4 GeV colllding

bean rfng bending nÂgnet source' a 2 CeV 1or', eDÍttance rÍng insertion lriggler

source, and a 2.5 GeV 1on emittance ting bending Dagnet source; all for 0 * 1

mrad and per unlt currenE.



4 cev arc 2 CeV inserEion 2.5 GeV arc
Y 7830 3910 48gO
tc (Å) 1.1 1.1 z.o
p(m) IZ.7 L,67 8.1
s(m) 0.013 0.OOI7 0.0082 per mrad 0
or(nn) o.z3 0.006 o. 04
o, r (mrad) o.o4 o.ozs 0.017
o*(nn) 1.4 0"1 0.3
o (rqrad) 0.073 0.146 0.117 ar y = t

The short source length and orr <o pemìíÈ further approxiEEtionsr o"r = or
o-. = o and:

Ãt{

dNk(y) = (u, 12uray¡ 1o s / p ,) exp <-tz øj>

dNk(y') = (ury2nray'¡1os/po) exp (-yrzluz)

, t 
(5)

d-Nky(0,0) = (u3y-Hzdydy, ) (s/ø")

dNn(x) = (urfcrtdx) o-1 u*p 1-*2 tuz*l

Continuing the table for y = tr"/À = l, e = + 1 ¡ùad, unit current!

"u
a¿r,ru" i o, o) - ff z.g'v
t

d-n.*(0,0) - y/o* 1.9 38

These functions omÍt coûunon nultipliers to show p roport ionality. The xrxr
densities are not a function of s (or 0) but the total flux is, of cour8e,
proportional to s. Sagittas are small compared to ox and can be neglected
up Lo at least + 3 mrad" The y densitÍes are proportional Èo 0 = s/p and
t^'í11 increa.se íf 0 Ís increased, but they vill spread over more xr. Ilowever,
the linear approximation will begin to fail at a few mrad for the lov¡-emíttence
low-B example, and at some tens of mrad for the large enìittance example. The
three examples are shov¡n as Ïryr and xrxr contours in Fig. 3. The source ia
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the effective optical source at s = 0, and is strown transformed 5 ro into
the inage space where it can fall on a sliÈ, or crystal.

VUV sources usually subtend as nuch 0 as the entrance of the irl8tru-
nent wílL âccept. Examples are a lov¡-field wiggler tn a - 2 GeV ríng

ínsertion, and the arc and an insertion of a typical 700 MeV ring.
opÈics of 7.5 cDr diameter at 41 m and 1| m respecÈively are assumed to
collect * I mrad and * 25 mrad.

Àc(Å)

p(m)

s (m)

o (nm)
v'

o--, (mrad )
J

o (run)
x',,-s-lZ p (ûm)

o (rnrad )

In these

densities are,

D

Low field wi gg ler

2936 (1.5 cev)

32

L9

*0" I53

0"006

0"025

0. t5
0.61

0.194

0.5 3

l. o$¡ crnittance rings o--l
J

cont ilìuing;

E

700 MeV arc

1370

3Z

2

+0. 049

0.1

0. 045

0.4
0 "62
o.416

1" 13

is small so orr

E

0.69

0 .28

2.0

L370

5¿

2

*0, 049

0.011

o.t24
o.29

0 "62
0.416 Y = I
1'13 Y = 0.1

' o. The central

F

6.2

¿"t)

y--1
v = 0"1,

F

700 MeV ins ert ion

2.7 y = I
3"0 y -- 0,1

2
, Y H's

d-N. (0,0) 4 ------:-
Iry @'v

" YfG"
d'-Nkx( 0,0) - -*-l

x

t)

t6"8
6"9

lt.2
12.7

The effective source o is approximately double the bearn o in exanples Dv"'v
and F due to the effect of source length cornbined with a low P. (Solution

of Eq" 2 for Y > 1.) The sma11 beam size partially compensates for thís.
Source length makes only a sma1l increase in exaÌnpl.e E, The sou¡ce corÌLours

are sl.rown in Fig"3 . lf the source is irnaged by focussing optics the ratfo
of size to angle i.s changed by the nagnification but the Product can be re-
duced only by triFrning flux rvith an aperture. Aberrabions dÍstort the shaPe

and can Nake tlÌe apparent size or angle increase. AD image of the rådia1
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source vould rèproduce Lhe U shaped figure. After a drift space the xrxl
contoura stÌalghten out as shown in example D of Fig.3 and it {g in prfn_
ciple possible to use non-1ínear optics to produce a straight lmage, buÈ

noE to reduce íts phase 6pace ares.. llo\rever, the apparent xrxr area of
example D (maxlnrum angle tlnes maxfmuro size) ls nuch greater than the
source area,

The rnost inportant optical characteristic of a storage rlng llght
source Ís snål1 emittance. Very smal1 emÍttance fs undesirable in a
colliding bean ring bu!, fortunately, can be achieved in the deslgn of
a single beam rÍng, The angular enission of che sou¡ce is the quadrature
surn of the xadiation divergence and electron bearn divergence. Consequently
the beam size can be reduced until the beam divergence is nearly half that
of the radiation witbout much increase of source divergence" Extrene reduc-
tion of beam size wÍth very 1.ov-p is only useful for shorL sor¡rces due Èo

the y broadening by source length" (Irnperfections of the storage ring also
contributÞ beam broadening and it is desirable to plan cateful fabricatlon
arìd coÈrection of the rjng.) A sma1l ¡adius of curvature is desirable,
especially in the xrxr p1ane. The brightest sources for high resolution
v-,:k r,¡i11 alweys be in insertions because double-focrrssing (xry) can be

done in an inserLion alìd the mol]lentum díspersion can be nearly zero" Thls
considerati.on indicaLes as nêny insertions as the orbit design (and finances)
can tolerate.
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A SIIORT PERIOD H]ILIC.AL I,{IGGLNR AS,AN ]MPRCIVII]]

SOURCII OT SYNCHROTTìON RADTA'IIO N

IJr ian M. Klncaid
BeIf Labo ra tor i e s

Murray HIII, New Jersey 07974

ABSTRACT

A new kind of wiggler is proposed as an improved
source of syDchrotron racliation from high energy eÌectron
storage rings, The eÌecNrons âre macie tc travel in a

short period helix by a transve¡se helica_L rnagnetic
f leld. 'Ihe radiå[ion spectrum procìuced is calcuÌai_.i:d
and j-t i-s slÌown that the helical wiggler design can
produce a totaÌ intensity (photons/sec./unit banclwidLLì)

inprovernent of' se\¡eral hundred ancl a b¡ightness (photons/
secz'soLicì angle/banclwiCth) improvement oI, t.txlOà ovcr the
present state of the art in synchrotron ïaciiation sources.
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SllORT PliRI0D llllllCAL r\rIGGÌ,ER AS A N IMptìOVltD

SOURCE OlT SYNCIÌRO]TON R.ADIA TION

Bri.an ivl. Kinc a id
Be l.I Labor a to ri e s

Murray Hilt, New Jersey 07974.

I . TNTRODUCT IOIV

lllectrons travell.ing in curvecl orbits in storage
rings eni.t synchlot.ron rad j.ation ciue to tl.ìe acceÌer.ations
procluced by lhe i:ending nagÌìets. Almost aL.l. the radio_
frequenc¡. IJower tLSed 1,o acce Lr:rate 1"he electrons ends up

as synchro¿ron radiat j-on. Unt,it ¡ecently this waste

rad j-ation hâs bcen merely atì a¡ìnoyance för âccelerator
des igners, 'uut it i:; now becoming ân important res_-arch
tool. 'llh e l:ad j.¿ìt j_o¡ emj.tted by an electron beam pas8.i.ng

through a bendirrej m¿lgnet has 1,wo major aclvantages Òve¡

cor"ìvenf i.onal X-ray ûnd UV sources: broad bandwid r anC

much hj_gheL ¿lppare¡ìt brighLness (power or photons/scc
producerl per unit bandwj.clth per unib solid i,rngle of. clel"ector:).
fn X*ray d j,Îf l.act j on experinents o¡ in htgh resolution
spect¡oscopy, the highly collimatecl photoû tr e ¿¡:l from a

storage rinér can resurt in many orders of magnitude incr.ease
jn signal over convenl,j_onaÌ X-ray tulle sources.

AL prcsent, Irovreuer, j-t is possibì_i: to prociuce

more j.ntensity (tjo1,a:1. pìlotons/second per unit banth,viclth )

by col.lecti.ng -r.adialj_on fton a conventional source oveÌ a

Iår:ge s,JÌj.d an.g.l.c usin¿ a loc.:usir.rg ârrangement than can ,óe
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obtained from synchrotron radiatipn. sources. fn so:ne

experiments, suclì as inelastic X-ray scattering or some

kinds of biological X-ray diffraction worli, wlìere sourcc

brightness ls not very irnportant, a conventional X-ray

tulle can, in 1lact, be greatly superiol. to present storage

ring sources.

Periodic magnetic field devices, or 'rwigglers'r,

have been proposed as a method of increasing the

total output power of synchrÕLron sources. In the

wi-ggler designs proposed to date, large maglìetic field

of about 30 lGauss or more are appLied in an alternating

per j.odic arr¿ìy, usuâlIy with a per j.od of several inches,

imposed by mâgnet c'lesign lilnitations.l In a '"viggler o1'

this kind the eLectrons feel more violellt aocelerations

than in a normal- storage ring bendiug magnel,, and 1"hus

radiate more to1,al power. Since the accelerations al.ternate

in direotiÒnr the total angular devj.ation of the beam is

smaller than ín a normal bending nagnet, so the radiated

power j-s confined to a smâller solid arìgle, producittg art

Lncreased intensity. Such a wiggl-er produces a normal

synchrotron radiation spectrum with a critical energy,

Ec, d{:termine.l by the radius ol curvaturo of the .'Lectronrs

orbit j-n e¡ìch siection o1' the wif,ßl.er ¿rnd L[e cl.ectrr¡nrs
2

enê ïgy .

This papor describes the properti-es ol a speciaL

wiggler with a helical magnetic f iel.d design permittiDg
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muclì ShOl'teìr lnagnct pcTi.rlr.lsj, and, ¡ì r-j i:t ¡..rSul L, 1thr, ¡¡J.J j ¡lti(ll
produced ir¿ìs not orrl,/ a higher iJl.i¡lLrLnù9s atrd j.t)t.rna j.ll/,

than can be achieved usinq a cor)ventlorìal wigr¡ler, but
ålso a .lifferent pov/er spectru¡r, with the f a.liatiÒn
concentrated in a relative.l y narrow b¡r¡ìclvricLtlt. Such a
wlggl.lÏ j.ns {.al I c.l at rÊ SPiiAll rji"orollrj l:ing !oulr.l pr,orltLCe

a bri€lhtness improvement oÍ. alrout ltilO 4 
an¡.l a t,ota I

intensil-,y improvementr (phoLons/sec per unit banclwiclth) ol
several huncl¡cd over present SplAlì perf'ornÌance. This
lmproveÌnetìt rvouÌcÌ rr:nove the a.lvàntage of even the mosi-

pov,/erf ul conveniiona l X_ra¡¡ sourc.es and ,/,/ou 
l. d makÊ poss ib,Le

experinents wiìiclr are currcntly not bcinfi iÕlìe because
of soul-ce .1. imi tat:_o¡lr; .

ile Ij,caI lagnel, Llcsign, tlÌe ïeLaLive perf,ol.mance

of helical wiggÌers, nornal wigglers, ancl ll{rnlling magnets
aS s:)¡nchl'ollron tra.l j ation so¡-ir.cl:s, ancj 1_fìe I)o5siìjLa e[..l,Oo-Ls

of å hcìica.L :^/r.¡:,,tiI(].¡. o¡t ,..he r;peraLion r.jl. LlÌe sl,rtrage r.iltg

are discussed in the nexL secl,ions. It shôuld be noted that
fhe terns llrighl,ness ¿nd inl--ensity used in lhis paper refer
to Nhe ¡adlation produced by a single electron. In an actuaf
storage ring, however, the source brighLness and j,nlrensity are
determined by the angular divergence and the Lransverse dlmensions
of the radlating electron be¿lnì as vrell as the slngÌe el.ecLron
properties dlscussed here. Some of blìe ôther effects of beam

diver6ence on the radiation from the helicaf wigglers v¡il-I âlso
be discussed -

rf . IIELrc,qL ITAGrìET'rc FTILDS AND syNCHrìorRor\¡ RADTATToN FRO|4

A IiEI,I CAL EI-¡]CTRO¡I OIì]]I'r

A LransversÒ peIioC j.c helica l ma¡jlte tr.c f.j_eld

'/,r:i t lì constant magjnitude is procluced on bhe arj-s of. a
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double hel.1x wound blfllar magnet (!'1gure l), Mac.ley3

has used suclt a magnet in a stucÌy of stimulatecl emission

of radiåtion by an electron beam in a periocìic f ielct. It
can be 

"hownll 
that the tïansverse field on axis clue i.o a

single pair. of current carrying wires ì^round. in a b j f j.Lar

helix is

u _ gl- [i- * l+cl . o. f lis)'l (j )"1 - lÚ5 LÀt "o \\o / 'L Po i.J

Here 81 is in 65auss, l is the currerìt in amps, ÀO is the

magnet period and a is the radius of thc heiix, both l¡l cm.

KO and Kl are rnodif ied Bessel functions ' As ?na inc'-rr.'rrses
^o

for l-arger nagnet bo¡e diameters wlth fixed period, tlre

on axis transverse fieLd theref'ore decreases exponentialLy,

making it necessary that the bore ciiameber all(l the pcriccÌ

be roughly equal . Using superconducting technolog:/, it

shoul-d be possibì.e tÕ make a nagnet proctucing I0 i(.gauss

on axi-s with a period of aboul I cm ancl a borc diameter

of aìrout I cm.

llhe orbit of a rel.ativisl-ic electron irÌ a hcÌlcaL

magnetic f ield is al so a trelix, witl-t the same perioci, À0,

and a radius determined by the centripetaì acce.l eratiôn

producec.l by the magnetic f i.e1.d, given by

(Ð;
tH" r i.* =

,
À

o

ll.,r2 p

. i:' rlr' : ( -L lr' r r'rl-u,'vrhe re

(2 )



The pitch angle of

rÉmL:'
e-B

the helix 0 ..
PI¡ÙN

is given by

Ào
= T"P

(3)

(4)0prtcn
21r r
À^

U

For relativistic electrons, g = 1., and 0pitch is given by

¡^eB
^U

ì-J l tch 2 - '' /. ..ltr7firc, (5)

Synchroi;ron radiation is emitted along the

direcl"ion of lnoLion of the electrons with a small opening
angle I = l./y. Hence, for K ( 1 (weak f iel-cì case), tne
pitch angl-e of tl'ìe hÉ)Iica.l. orbit is srnalle¡ t-lan )/7 ancl

the ¡adiation is enitted into an angLe of L/7, For K > I
(strong f j-elcL case), ttre radiation is emitted into a cone

of lialf angle Y'./'t. Jee ìligure 2.

Since the total power emitted is proportional
to B', one can see that in th.e weak field case the power

per unit solid angle increases with 82 untiL one reaches

the strong field linj_t, wh.ere the poweï and the solid angle

both increase as 132 
"

Us ing ¡ì trick ol Pulcel 12 L"r o can view Llte

elect¡onrs motion from an inertial f rame moving in the

I2 directiorì at the average speecì of the electron,
'Ëv = f3 c, where
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/- 
-z- / /^^ \

rr = r{ /t - 1,# l = fi,/ \¿ùp/
(6)

In this f .rame an e}ectroù ].n the weal( f leld .l imit is

traveling in .r circular orblt with nonrelati vigtic velociby.

It tlrerefore emits a normal dipole pattern of' circularly
polarized single frequency radiation. See lì'igure 3a.

This radiatíon wi-II a-l.so look monochromatic in th.e Iab

frame, but its frequency and intensity r^rill vary with the

viewi.ng angle due Lo the doppler cffect. See Fi¡pre lb.
This is derived in detail in the appenclix. In the :ìbrong

field case, however, the el-ectron actualLy has a relativistic
orbitaÌ veloci.ty in the moving frame, and it therefore

emits synchrotron radial',ion i.n tlìiÊ frame, with a .liflerent
angulâl: distributi-or). âr-rd a {'requency spectrum contai.ning

harmonics. See i'igure Jc. tsack in the lab frame, an

observer sees a spectrum of' harmonics, each one of which

has a frequency and amplitucle which varies with viewing

angfe, shown in l-igure 3d. The Lntrinsic angular divergence

of arì eLectron bea,'n in a storage ring smeârs out the

spectrum into a norrnal syricìlrotron radiation spectrum2

havj"ng a cr j,ticâ.l. energyr llc, given by

L. 73, (7)

wÍth p beìng the cycloLron radlus of the elccl"ron's orbit.
In order t,o compare helical wiggler syt]chrctron

råd:Lation sÒul:ces r,,rith normal wfgglers and bencling riagnets,

3l'r:'---
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the radiation distribution in f'requency and angle for an

electron moving in a helical o¡bit tnust be derlverj-
The energy radiated per unit bandwidth by one (,)lectron

into a soLid angle d<l (brightness per electron), *+Ù ,

is given n¡Þ

et ut¿= :---ã--
4tr'a (B)

Ìie¡e F (t) is.the vector ctesc¡ibing the pa l of
the electron, d (t) is L _L1l , and ñ is a unit vectÕr
pointing from the origin to the observer. See 'lligure t¡.

If the observer is at an angle 0 in the y_z plane, ancl il
the radius of 1"he helical r¡rbj.t is denoted by a, thcn we

have

n = z cos g t.y sin ú ,

or(e)
do

* ír¡ /, _ ,i.¡r .l\ r2
ñx1ñx[) u* \' - 

-rrr lli-

As previously,

B" ctà + a sin ootf +
.. tfr\,.

f¡*2 + 
-9 

cos r-L,utf -

ê)",

a cos ar'bî , ancl

-ro

- 
srn urotx (9)

and

r (r)

9-' (t )
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*

ller€ì oJ., f s l--S---c- , Lhe circular f requÉrncy of 1"hc e.Icctronr s

ire l ical oÏbi l, ,

It i.s j-nte restin€! to note that one need not make

any approxi.matlons to evaluate thj-s integral ' IIovJev€Jr ' no

real validtl,y is lost j.f severåÌ i:LnpLilyiÌ1tj assuropl,ions

a:le ma<le. Iri-rst, 7 is assumed to be ì-arge, so LnaL K,/ y

Is small for all reasonable cholces of K. In addition,

since it j.s known thab the radi.ation pattern is pealred

sharpl,y for angles near 6 = I,/y' we may approximate sin 0

ancl clc¡s 0 by their smal} angfe fÕrnìs. The number ol

perLods or wiggles i-n the magnet is assu¡ned to be reasonably

1arge, (N - I0O), enabling the final expressions tó be

further simpJ,if i,ed. Using these approximatlons the
dI(u)expressj.on f or :¡ä¿ becômes (see r\ppendix):

L:'-¡¡" If= -T-'r-2
'n crJJ^v I'f<"r ,. (f )l*)"'^t,,rL

n=1

.') lu: \sr_n-Nï'\\ - nf

/:l- - "\\-r I

(r0 )

rerex-tr;,

rl.lo * 272'.lto

"1 - 
, _,r',"o. ., 1.. ,12 ,T2 r)?

(rr.)
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and J- and Jl are the nth order Bessel function and itsnn
de¡ivative. Thus the spectrum consísts of a series of
harmonics of the fundanental frequency tL)l , with the

lntenslty of the nth harmonic given by the nth term in
the serles. For O = O (on axls) all the higher harmonics

are seen to vanish, and we are lefL wtth a spectrum

consisting of a singfe narrow peak at

2."zü aû; = Ùr *--ã= .
' l+K'

Jn terms of wavelength, the spectrum has a peaì( at

(12 )

À^
À = -ä lrrÉ¡.

2y'

4"Fo¡ K= L, 7 = lo, and ÀO = I cm, À then is I A.

(13 )

The fractional LLnewidth (I,'WtlM ) is about l,/N,

or Ifi for a l-OO period wiggler. This corresponds to a

120 eV bandwidLlì for the t i case above. Of course, the

only way to actually realize suclì a small. bandwidth is

to make sure that tb.e Òther factors contributing to the

bandwidth are all smalÌer than I/N, Íncluding energy

purity of the electron beam (typically .I% in a storage

ring), the magnetic field honogeneity in the wiggler (this
changes i.he value of K seen by different parts of the

efectron beam), the anilulaL size ôf llìe detcctor (it must

be smaller than 6 = -+- ), an..l I irl¡Ìl), the angu.Lar
JNY
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divergr:ncc of' tlìc el-ec L,ron bearû, whiclì ¿ì[Ìajn musi. I)c

snall.eÌ than 6 ,= - l* foï the 72 A2 L.r* in crll to be lcss
,/N 't

than l/N. This lasl condition is probably bhe mos'b

strLngerìt requirement on the design of a storage ring lor
use wibh a he Ii-caI w j-ggler, It does seem possible, fro\4ever,

to achieve the srnall angular dlvergence uslng special
a

focusì.ng lllserts.' The effect of electrÒn beam divergence

on the spectra!, purity of th.e radiatiot-ì will be lnvestigated

later. The effect of magnetic fleld homogeneity Ls

mir)inized by the }equir.ement that the elùctron beam be

small. compaÌ'ed bo bhe diameter of the beam pipe throußh

t,he center of blìe lnaguet. This i.s necessjary to achieve

a long lifeti¡ne f'or a store.d beam in a storage ring.i'
idith Lhesè caveats we may now examine the on

axis brightness functlon, eeuation (IO)., in nÕre detail. tì.or

¿D = colr (Lo ) becomes

d](Lll zN?etz{-
ìñ'-r 

--õ

'u*r clrrr€)
(14 )

0=0

K=I maxi¡nizes this expression, ylelding

dr(rr)l n2 c2 t2-..lcl I -2c'
' ur+* l
0=0
K=L

(rr)
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Dividing by NÀO to
converting to more practical

get brightnes s/cm,

units, we have

ançl

.^2¿:>- r'l'É, ,-(4lr'c ¿'/ J

¿r (c¡ )
do

ç¡) /nr 
o 

= 2 ,g/ixro-8. huo,r. i,n". rl

watt s,/e v of bandr,/idth

/na/ (niLtir aaian)2 / cm,

OI,

l.glxro9.nvcv.jma.N

photons/ s ec/f Ø ¡an¿wi¿ r
.,

/ma/ \mrad )" / cm, (r6)

where hvuu is the ¡rhoton energy in eV correspon.ting to
<t-t, and irlo i" the electron bean current in Ílilliamps.
IIl. COMPARISON t¡II T'!i BENDING MAGNET AND NORM.AL WIGGLER

The br.ightness function for a nornal bending
magnet sou¡ce has been derivecl5 and is given by:

I ,=o 
= r/z ) (li )

lvhere r = 1"rv/Eç and llc is the critical energy of, the
spectrum given by (7 ).

In the case ol'a nornal strong ll.e1d wj.gglc:r,
as described previouslyJ one has the freedom to adjust the
nagnetlc fLeld and hence E^ in each section of the wiggler
so as to nrxinize roìi'./3(r'2). This occurr al, r.L wi [t^

a maximum value of approxinately L.5. Under these
conditions, L,he b r:j-ghttìe s s is:
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.) ,)
qHÐ = pN l.-¿: . t.2r€ ,.çr/z\lut' ll,-'c max

(IB)

with N bêin€i the rtuniJer of perj-ods. 'lhe numerical val-ues

of these brightness formuLas for the three cases arr: comparr:d

in Figure 5. The units of brightness usecl are watts/ev

of bandwidth,/ma of electron bearn/(miltiradian)2 of detector

solid angle. To get photons,/second/I% band\¡|Lcìth instead

of watts,/ev, mul biply uy 6'el+xror6- The brightness

functions are plob[ecl for e]ectroh beam enerßies of ' 
r;,

l. O, 2 . o and À . O Cev. For the helica:l- device, brighl"ness

per cm of wi¿;gler is piotted fcr a wiggler with 2o0 periocls

and K=1., condltions one might actual-ly encounter itl a

practical app li..c¿rLion. The oeak hel j.cal wi.gg1.ei: brightness is

indepenclent of 7, so tiìere j,s only one culrve vs four curves

for: each of the other two methods, The verticål ba.rs on the

brightneiis cut ves .represent technological or design l-imits '

For th.e hefloal wi€lgler, the output photon eneïgy depends

orì ),0, ¿lnd therefore if Ào > I cm, there is a maximun

photon erlergy for each efectrôn energy. Sì'miIarly, if

one places a Ì j'mlt of 50 l{gauss on normal wiggler magnets.

there is a maxi-mum cril,icai energy for r:ach v¿ì1ue rill 7'

The bri¡¡htness cur:ve f or the normaf wi g¿¡ier i3 pl ot'ted as

brightness,/wl-g¡¡l,e (ì- perlocì = 2 wigg.l.es ), and, as expected,

it touches the tul've for the bending magnet at its maxÍÍìum

value. A fleld of lO Kgauss is assumeLl for the bending
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magnet case. In a practical helical wiggl_er applicâtion,
one worlld ch.oose ÀO as small as possible to naxinize N

for a given length of wigglerr NÀU, then adjust the magneLlc
field to get K=1, and tune the output photon energy by
varying 7. Iror a f j_xeci electron enerfjy it is, of couïsil,
possible to tune the photon energy by varying K sÌightly,
at the expense of reduced brightness and spectral purity
as K increases beyoncl I{=1 . Referring a¡¡ain bo Iligure !,
one can see that a heli.cal wiggle{ with ÀO = L c¡n ancl

N = aóO has a potential brightness advantage of about LOf

over q bending magnef., assuming that ihe clcsirecl photon
energy is within 1"he llmits of the hcl.ical. wi¿¡g].er. The

serious practical limit on 1"he briglil-ness of, lhe heLical.
wiggLer output is the angular divergence of, the clecLron
beam due to ì.he intrinsic properties ôf storage rings.T

Since the output frequency of the racliation is
a function of 0 acco.rcling to (ll), a rìistributiÕn of
elect¡on beam ângles witl spread the radiation at a given
frequency over a range of angles and hence reduce the
brightness. In aclciition., since the anplitucles of harmonics
depend on g, there will bc some clegraclation of. gDectral

Purity.
If' one assumes a normalized gaussian di.stri.Dution

of angl es,
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a2:7p(o) = --ru 
¿Q , (r9)

¿11Õ

and conslders cases \,rhere

.)l

l\7
(20)

then the electron beam diveÌgence will be the dominant

factor in the brightness formula. One is then entitÌed

to rep lace

"i"2ir"(fr - ") br¡ l2t)
I(]J\

\". -'/

rv"2o /{r - n)
\*l I

(22)

and to convolve (f0) wlth the gaussian dlsbribution (l!),

yteldlng, for 0 = O (on axis), (see appendix for details)

drto-) .. ^,^,1 ?t 2'2 2 Ï / '2_,_iiï* " r\utl - rc .lJ 7 r 
) (r. (",,) ,

ril=U o c \d IL-t 
ol

/,r ,2 \ -2"l
,- (? - +) .r3t".l ) " '''r 6(ù1) , i23)\ ll \i n' rI'l
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ì4here oc¿ = To, a = y0, 
"l-,= | - r - tt, "r, = 2l(ron, anct

r = a/212uo. o(oi) i" the unit step function.
This f ormu.t.a is valict fn" o2 >> $. 1¡or

"t" aa # , (to) hords. r¡om (23) one can see that ttìe
brightness at the peak of the spectrum at

)
2 v-u:

- = ----õe (ztr ¡l-+K-

has been reduced by a lactor of 2N o2, as expectecl .

Figure 6 shows expression (23) ptolrte..t for O -. Or I( = l
and two ualues of oc¿, and shows not only the ¡educecl peak

height and increased width of the spectrum, but a.l.so the
larger percentage of harmonics for large oõ. The ûharp
€dge in the spectrum is a r:onscquerìce of.. the approxìrnatiorì
that N i.s large and that

s in2 Nrx---F-

may be treated as Nn2O(x). If the expressions were

evaluated without thls appÏoximation, the sharp edges

wouLd be rounded, with a step wldth o¡ = IN
Expression (10) nay be integratecì over all

positive frequencies, yietding a formula for l,he angula¡
distribution of radiated p owe r:



^.I-8Ne'-cu^ z ç-
d v,j - 

- A' \ *2õ--- . ^JiL"c (Ie-KÍ +7'a') n=t

9qltr¡Ne'tf y \'
cL,

n=1

3- 18

L'',* t , E9- - ll-\t\ n'n' \Á *.,/

{"^) * (þ

. 2 KnvAwhere x = ---:;:iq--:- This fs plotted as a functio¡ì ofn t..# *r'' t'
a = T0 for several values of K in Flgure '/. The dec¡ease

in intensity at o = O with large K due to increasing helix
pj.tch angle is cl-early seen.

Expression (fO) may also be integrated over all
angles to produce an expt.ession for the flrequency spectrun:

r((l)) dI f or )
do

I_J

{r,."r)

(25)

å) 'rflr",'))01"fr) ,

(26)

(t.t

2n.,2.Cljwfth ui = r" - f - K-, xn = 2Kron, and r -, a-27 uo
as bef cre,

Figure B shows a plot of the peak val.ues of the spectra

for a helical wiggler, â normal- wiggler, compared with the

Spectrum for a bencling rna¡inetB ultrler ttr,.t same condltion

as in the brlghtrìess com¡rarison. 'l'he units arc power/r:v/na/cnt

of beam vlewed by the deLector. Interestingly enough, the

curves for the beli,cal wiggler and normat \^rLggler coincide.

The s3mc clcs l.,in | 'Lnits 01 \O à I cm arrd B !v,gql.er I )u hqlu: .j

are indicated. It should be reaLized, trtoughr that a
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focusing arrangement is required in ol:deï to col.Lect

radlation ove¡ more than just a few cn of arc jsing a

nomaf wiggler or a bending magnet, where the e_l.octrr¡rL

orbit suffers a large defllection in the magnetic field.
In the helical wiggler, deflections are small, ancl a single
non-focusing detector still can collect radiation producecl

over the entire tength of the wiggler. This gives a

practical aclvantage of a factor of'N or âbout IOO for the
helical wiggler,

The ar:tual shape üf the power spectrunl for t,hc

heLical wiggler ls showìt in li i.gure !) f or serreral vaÌues

of K: The shift of the pealç wi l increasing K preclicte.l
ly (a6) is ctearì.y visibte.

,As a practical comparison, Inigure lO rjilows ijhrl

âctual power specbra for the th¡:ee der¡ices Ìl.ndeL some

typical conclitions. He::e the compal..lson assu.nes thåt the
detector accepts all vertical anglÊs arìcl accepts one nilliradr._an
of horlzontal angle, a reasonable choi_ce, since the
radiatj_on from tiìe bending magnet and normal wiggl.er will
have a small vertlcal. extent. A f iel.cì of .l.O Kgauss j,s
assumed fo): the bendi.nß map;neLr 6 poles ol. strength JO Kgauss
for the normaÌ l,rlggler, and 2OO l. cm periods for the helica]
wlggler. The y-axis is a conpressed .1. ot{ scale co\¡ering
fourteen orders of magnitltde. Interestingly enough, on
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this scale, th.l qu¿tsi *monocbromâ1,Í.c cltaracler of tlre

heI j-caI wiggler spectrr.r,n has been reducecl to some small

bumps ricling on what looks like an ordinary svnchrotron

radiation spectru,"n.

The helj,cal magnetlc field procìuced by a cìouble

hel.ix solenoid has focusing prolrerties thaL as yet have

not been worked out. Madey9 has observed the effect of
this focusing on lrhe 25 MeV eleclTon beam in his experiment.

The focusing ef'fect is apparentl.y explained by the net

average force produced on the electron due to its motion

through the rapidly varying field graclient off axis in
the heILcal magnet.'" This results i.n a raciial resboring

force., F(r), roughly proportj.onal. tro the ci.istance from

the orbit cenber to the axis of ttìe nagnct. lluch a forcc
wi:l.l mix transverse bef;atron oscil.lations in a storage

ring by some aïlount, thus al,tering ttìe beam slze ancl

dynamics in the ring.

Anol"her side effect of alI wigglers is increâsecl

radiation damping. This can affect the damping for
transverse betatron oscillâtion and hence nây affect, the

stabillty of the store<l t,eam.7 One shoultl be fâi¡ly safe,

however, i.f the 1"ot,al power racliated by ürr: beam ovcI' ìe

entj.¡e stot:age rinß is much greater than the power

radLated in thc vri-ggler sectLon and if t,he wiggler is
properl_y pl.acod in the rin8 magnet lattice.
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SUT4\,{ARY AND CONCLUS IONS

The rùdiation fron an electron bean in a short
period tielical wiggler has been shown to have several
lmportant qualitative diff.erences from that produced in
a more conventional way. Tt j-s quasi_monochromatic, vril-h
â fractional Iinewidbh determined by electron beam divergence
and by the nunber of periÕds in the hel-ix. On axis the
spectral purity is very good, an advantage over converìti.ona.ì_

methods in some experlments. The frequency of radiation
is bunable over a Ìarge range by varying the electron beam

energy and over a smaller range for fixed energy by varying
the magnetic f ielci. The radiation pattern produ.ecl is
sharply peaked in the f'orward direction with an overaLl
anguÌar size of ab out l,/7. In arlcìition, the radiaticn at
the peak of the power spectr-um is emitted irìto an e\¡cn
smaller angLe of 6 = -+- , thus pro<lucing a ì:rlghtness

JNt
improvement of'at least lO4 over a conventional bending
magnet synchroLron source. On axis the radiation is
clrcuLarly polarizecl . The sho rt perio,l he.ì.ical f j-eld
produces less angular deviation of the electron bean than
other methodsr bhus reclucing or eLiminating the necessity
for focusing to achieve a high power spectr¿ì1. Llcnsitj, and
yielding a power per unit bandwidttì improvemelÌt of, about
100 ol¡er con vent i_ onal methods.

In conclusion, iit should be pointecì out that
the I j-nits inposed on 1,he helr'_câL wigglel design, i.e. magnet

technol-ogy and present eLectron slorege ring design, may ab



some point in the future be overoome, eìther through

advances in superconducting magnet technology or Lllrough

improvements in permanent magnets, and it therefore may

be possible to use a short period vriggler to generate

large amounts of UV or X-ray power using relatively low

energy storage rings of on the order of I to 2 GeV, thus

nakLng synchrotron radlatlon a much mÕre generally

availallIe resource.

He].pful conversations with P' Eisenberger on the

concept of source brightlless and with J. Iladey about his

work are gratefully acknowledged.
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APPI'NDIX

Derlvation of Equation (IO )

Starttng rron (B ),

dIlö)-d-
jl¡ t{_ n.r.(r)) tz

âx(iìxf, )e \ c ,o.lc ol n*-e-0r'I I

t-z ^l I

(Ar)

and the def ini tions,

ñ = 2 cos e + ! stn 6

È (r) = p+ct 2 + a sin .-.,o

alJ
p (r/ - Þ z + --ð- cos .lot

=ß

À3

= lz"iP P

+ a cos o t î
o

aao

- -=9 sin ¿¡ t îuo

ri

v

(radius of helical orbi. t )

... Ztr c-o = 
[-'

and

= ÐYmc?
eB t

r À^ r-\h)

À3

. .D
( 2rp )-

(cyctotron radius )



and defining tire nagnetic field par"rmeter, I(' Ìly

eÀ Bo.
c- - r

2î-mc -

we may wr lte

ñx(ñxP) =

I (f .i"2e sln ^ot + f "in 'ot "o"2e)

+ î (p*" r-n o cos I - \ "o"2 
e cos c.ot 

)

* 2 (-Ê""i,t'n * îcos I sin s cos tuot)

AIso,

and

ñ'i (tl = Ê*. .o. g + 1 sin.¡^t ,c"o

as lons as :-Nn a t < Nn, for a helicaÌ orbit !!ith N
:0J--O O

periods. For ltl > q, a = O (no magnetic fieLo)' and

^ ^ -). ^, * . ^ñx(ñxg- ) = t(Þ sln o cos o)

+ 21-g*stn2o ¡ ,

ñ.¡'(t) _ o*+ ^^. â_-_c-_P!çvvv



Nlr
.fl)

ttI la=o) - IJ,I-co l\ r- (Ì)-
o
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ô 1.i' ., Ol,,ll()=l(- -co " Nlf-õ-
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We may break up (Al) into three pieces, yielding

)+ (r=o )

I

J

The second term is

and the

(i (-Þì-s in2o )+fg*s in e cos o) eiot(r-Ê cos o) dL,

third term 1s

and its contribution to
term in f ront of ( r1l ) .

*t^lelz(-þ sin-o) + y(p srn

The second term then becomes

l^, * 2 ^. n
\z(*Þ sin-6) + y(g sin 0 cos 6)) . -4otc'¡l ,' I-Ð cos 6

Nr¡

^(l)^
I-t
I"Nn. 

CD_
o

(sarne )

(Al ) wilf v¡rnish cìur: to thr,¡ a-:2

The thlrd term is

)

)
CD J(

s Ln l\]r -:- ( I -B cos 0
o

2

6 cos 0)l
o(Ì-B*cos g 

)
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This function has a maxlmum value of

^ * .) ^, + , 2lrN(Z(-Ê sln'o) . t(Ê sin 0 cos o)) ' ;-
o

at ô = O. In addj.tion, since 0 is smal} (= f), tnu entire' 7"
terïrr wilf have only a smalf contributlon to (Al).

Now, neglectlng terms second order or higher in

L,/y ín the expression for ñx(ñxet ), we get

D Ò l?dlfdr) e-u¡'lldn 4"2" I J

(f "t. ^o.) - î(o.e - 4 "." .ot)f 
"

idrt(t-ß cos 0) - iru 
=in 0 sin (-l) tco .'lê

CDâ
i,,/r r t r-ng '-: as

s ep arately,

we get, squaring each vector component

irut(l--g*cos
I sin c,¡ b ey()

nl - il5 :rin g sin ur t14! o

NTr* ¿ti_
o (^

{X
I

Nn-o)-
o

1?

I

dti
1

ì

I

Nr
lô-

.2.2i I o

-ôll 4r'c l J 
NTr

l-o-1O

dI(t¡)
do

K¿l)

"r'J:

N7l+-' LIJ
o

A

G'a- + cos oot)e

r( ^ ' ilfu)iot(I-u"cos 0) - Ë 
sin n sin .,.' 

, Io'l
I

I*Nri'
:u

o

o2u-,2 I I- 
..'n-l J
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Changing variables to t Êcuot, we get

^ u2 ull I 
*t" 

K ;!t 1r-g""os o)-ix stn t Ê
^=;älJ-r"ùsince" otl

l{, t,where x = :=- sin 0.

Uslng the generating function for the Bessel
functlons,

ând substituting eio for t, we get

/ .\z/zlt-i) Ë ne '=L t"¿n(z),
n= _oo

^+12 sin I \- in6e -- =Le-""Jrr(z)
n

"-12 
sin € _ \ /_r \n _ in6 - ,

/,\-'J e Jnlz)
n

and

Substituting into A , we get

(-l )"Jn 1,.lo. 
]'.

IJ2
e'u't(

Y6n2 c,l'2o/
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Rearranging the summatio¡r variabjes gives

-LNìT l"Dt /ì-on^^"
2 2 t I l'"" (r \r ' vv!

. e-,¡* K- I I o
Õ = --------=--_ã-'---r ,

- - ¿ I ¿t II b7r c(l)o7 1,, -N,l^

. int, - ,n, -6) Ë """(-r)"(J,r_r(x)-Jn*r(x))

l-e

for Jr. (x ), nanely

(
u"l

c¿, ,é Kè

^ - 
- * -'

)l.rt a,u' v'o'

Using the recursion re lat ions

,:tr.,_, (x ) - J',*l. (x )

and J,r-.(x ) - Jn+I (x) = 2J;(x),

.T lx ) = f -l )n,I (x ). we haven' "

2n
X

J I X)

and noting that

,l+(l-ß cos er) +_9,

\ -int
/eL1

n=-co

l1
J'rx )dt In' ' 

I

"- irN t+1\lr
lole
I

The integraì. over t nol.I

'> ,> ol i.S
. e {l) K I \ - ,..,¡ = -;---x";l I .r-\^/

r'anl,'t' | "o, I n=_oo

may be done to yield

sin ivn (,F (r-9 ncos 
n l-") 

I

t-
tdJ\o

This expression may be evaluated numerically

nay be f'ì.¡rther simplified by noting that for
-iñ Nftvof N, the ::{'.l'']= functions will have onl'

atlowl-ng us to drop the cross product terms

as is, or ii

I arfjc value s

a small overlap,

and get



3-A- 7

*l3f- \* ,,,,*, :tf*"(fr' (1-r3*"o" â) - ')) D) / a^ \r.)ot"*¿ol" n=l 
-t'-'' 

@
ff we write oJl =

and that cos O =

a0

;;t' , ;-Ln,j, noi,irr¿ LlraL pY =L -fJ cos I
^?t - Z- , oJI becomes

I

N/J

tuf =

" /---:ESlnce ß = ,¡ Á - I\
/' 2'\/7

get, to the s a.ne order of

2v2 u
'r -;¿i¡ .

Going through a simila¡ series of steps
final resul¿ ror d1.) emerges asd()

*Ò
2t'tLt,Õ

r+rtr7

from the clef inition of K, we then

app ¡oximat ion,

lor part Br the

dI lti¡ )

õ= A+ B=

t .) .) 1-g
e*co'- K- \ I _,. .

-¿^,,.1^.< L \n''
u ll= -oo

where sin g has beejn replaced by

to be I. ALso, x P , orrd *"- )tiO ' --'-- *L

the s a¡re as Eq. (10) in the text

(+-n),c,.,¡ffi,
0 rnd p hai bcen takcn

2u y2
o'

- /)------- IIIL:j IS
I+K- t-y' A'
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To get the angular distribution of' power as

of solid angle, we must integrate over all

To make this easler, we substitute Nr2b(x)

and get

dû)

a func t i on

frequenc ies ,

sin2Nrx

dI (¿¡)
f)

o" = l*dol ,o

,2n \- -2,-.
x I n'nt

Ò)n'L
-ì

dW
da)

Ne2o K2
o 8r4----:;-;3

(t+vÍ +y'e' )

(ri't""1 * (Éo
")

This is expression (25) rn the text. One may aLso integrate

over aII solid angle rather than over aLI frequencies to

get the power spectru,'n of the radiation. Defining two

new variables r = -#- and s2 = y2 e2 , and again mal{ing
27''o? 

, 2,-,,
the substitr-4tion of NnZõ 1x; f o" U5g , the delta functicris

*
become

=[- o. lqg -4-= t (,;'(*,,) ,(+ +f ,,ir*"r)
, O , (l-+t(-,7-0- )

?_y,st:y e'aac
" l-+lf +l-6-

We therefore have

"ln' õ 
\,r., 

-
n. p t2,t:,o
tnÊ *r2 e2 )Ì
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t ^ P."2u: n,
o(tr-nu:r) = 6 (aTzror -: ..¡" Ol\ I+[-+n /

dr(o) _ 4Ne2Ê72 1
dlc

aax õ(o'-oi).

Here xn = 2Kron,

We may now integrate over al-L solid angle at
fixed cl to p roduc e

f (r'',* ,. lþ - ¡-)' ,f ,* ,\/ \"n \"n' ' \ K
n- ì 

*nl l)' n'/
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,""
. I d-L{tlj)(rOl =#SlnUdU

I Lrt l,o

n ) t2("*nt -n\Ë

dI (c¡ )
da)

-r?tT I

-al
, J^,IJ

rl
- 2. I7J

c¿d r:

4Ne2tC 72 r
c

. t c. DX õ { o- -crl )d,r'. Iì'

Dt , t
47rNe-I{. r \ /-/*.=rr '--.,,IJlxL

c L, t n ' n'

r i' ¿rt.oll
F J n 

-6*-l 
o-a, e

þ;t,"", . (þ a,

"))tr"ll'

c
at "
---ò
2o- sin A, del

.2tlr \l-I - -t- I szrx\K x | -n\
n

. r,- cHere O(ofr) is the usual step tunctíon, ," /; - ì-K, ,

and xn = 2Krun. Ttìis is the same as expression (eó) in
the text.

þ a similar serles of substitutions we can also

convol-ve (Al) wfth a normalized Gaussian clistribution of
viewing angles, which is equlvalent to al]owing the electron
beam to have some angular dlvergence. The Gaussian

convolved brightness function then would took Iike
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¡.'laking the change of vâriables o... yA ancl exparìcling the
õ-function, the Gaussian smeared brightness f'unction
becomes

2

.'fr I 
." t)

r\--
tI n=l

o+ cr.t)
0n

^2
("i't.,,'r . (? 4)

( c_ar., )*
/ ^-7--, Lr-c 20

xl ne ú n/o-on)
\on

, D.x o(uf,).

(o,+on)2
- --^z-

;, (,\u e (o r_,.rn ))
I

Here ocr = o7 and the

before. With cr = 0

results,

0-functions are step functions as

(on axis) expresslon (23) of the text
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Figure l.

Figure 2.

FÍgure 3.

Figure lt.

Figure !"

3-F-1

FIGUR]J CAPTIONS

Schematic of doubl"e helix bif i.l.ar ldound Ítafjnet

showing alternate wÍres witlt op¡;ositc curre¡ìts.
Pofar plot of power versus angÌe f'or syncLLrotron

radiatLon emLtted by electron in helioal orbtt
for v¿¡rious values of the magnctic f ielrJ

parameter, K, The K = "l case shows the

behavior for smaLl, magnetio f ietrjs ancl the K = 2l

case shows the strong f iel_d case.

Schematic representation ol racliâtj_on proclLrcer.l

in strong and weak f lel<1 cases viewed botlÌ ilt
the lab and Ln the moving frame.

Helical orbit of electron j.n helical m¿lgneLic

field, showing angles and other paraneters usecl

i.n the calculation in the text.
Compal'ison of the peak spectral brightness of
a helical and a conventional wj_ggÌer wlth re

bri-ghtness spectrum of a bending magnet source

for electron energies Òf .5, l.O, 2.0, ancÌ

4.0 CeV. B4.O ¡neans tha.b the llne on the curve
represents a bending rnagnet .f'or 4. O CeV e Lect,r,on

energy. The res t of the f lgur:e j.s exp.1.âinecl

in the text.
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Figure 7.

Flgure B

Figure t.

Figure lO.

3*F-2

Comparison of on axls brightness spectrum for

helical wiggl-er as a function of frequency for

two different electron bea:n divergences. llere
ay = u/27'uo is the normafized frequency and Õ

is the standard deviation of the electron beam's

angular clistributlon in unlt¡ o1 l-/y.

Angular distrtbution of power (integrated over

aIJ- frequenctes ) for several values of the

magnetic field pararûeter K. The horizontaL

axis Ls the pola¡ angLe s = 76.

Comparison of peak values of power spectrum

(Lntegrated over all angles ) for helical and

normal vrigglers wlth power spectra for bending

magnet for electron energies of ,!, 1..O, 2.o,

and 4.0 GeV. The vertical scaie units are

watLs/ev/ma/cm of electron beam. l'he safie

limLts and labeling are used as in I'ig. !.
CÕmparison of power spectra for helical wiggler

for several values of K. The vertical scale

is linear and the horizontal scale ls the

same normalized frequency variable as in Fig. 6.

Comparison of power spectra for the tirree devices

assuming reasonable parameter values for electron

energies of I.o GeV and 4.0 CeV. The parameters

used are discussed ln the text.
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Sec tion 4.

Subr¡itLed to tlìe Journal of Applied pÌìystcs

ORBITS.AND FITLDS TN't'HE USLICAL i\rlccI-ttR

John p. 81eûett and R, Châsmao

Btool(haven NatiorâI Laboratory, Upton, N.y. 11973

ABSTR¡CT

The 'rhelj.ca1 \riggler'r is a devj.ce in which relativlstic

el.ectrons p¿tss throì.ìgh a t¡ansve-ljse ìì1agtÌetíc field wl-rose direction

revolves \t'ith dlstance alor]g the beam axis, In this paper we

discuss tlìe electron orbits ín this devíce. T'he field

påtterns and necessary current distribufions âre esfêb1ished,

Fína1Iy, the question is treated as to vhether this device can be

incotpotated into a storage ¡ing without dest¡oying the circulating
beam, It is concluded that there is reason to expect satisfactory
performance f¡om helical wigglers in storage rings.

I,Jork performed under the auspices of the Energy Research ancì Dcvsl6prns¡¡
Administration,
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Ilrtroduct_í.on

In a recerìt publicati.on i.n Ph)'sic.11 lìevielt l,cttcl's lil j ils cL o1' 1 of

Stênford dcscribe the "Observatioìì of Stinulated l}¡í.ssjon of Radiation by

Relativi.stic Electrotls in a Spatially Peri.ocl j.c Iransverse M.18netic Field.r'

The obse¡vecl ¡acliation is a phenoncnon prêdicted sevel:al years ago l:y -t4otz"2

and analyzetl by B.M. Pr¡rce11 (in unpubli.shed reports) and by Madey.3 The

earlier papers considered only radíation induced on Pâssage of el.ectÌ..ons

through a magneti.c field t¡hose dírection is periodically reversed. Madeyrs

paper and tlìe latest Sbânfoìrd letter describe ¡a<liation induced in a tl:ilDsverse

magnetic field çhose dírecti.on r:evolves ¿rround the beam axis. The exPe):inreût

described in Ref. 1 used a ljneâr accel.erator bearn vh j.ch rrade a sing.Le Þ¡ìss¿ÌBe

through the devíce, lhe possibil.ity of j.Dcor-PoÌation of a spiral.li.n¡l trarrs-

verse ma8rÌetic fj.eld j.n a sLorage ¡i.Ì18 to yield a l:adiation sPect¡um ¡ìole

sharply peaked thar-r the usual synchl:ott:oll ¡:adí-ation sPectrunl has ¡ecently

been recognized by Kincai.d.4 
"r" 

Ou,,"t "A Sh,¡¡t Pe¡íod Ilel j.caL i'li881er as an

Im¡>roved Source of Synchrotr:on Radiâti.on" åpPears as â companion PaPcl: Lo

thi s one.

'Ihe radiâtion under díscussion Ís essentially synchÌ'ot):on ra(liat. joìl

emitted when elect.rons tr¿tvel. on a helical Path thr:ough a spiralling l::ans-

verse nâgnetic f ield, !,1ìeÌÌ I"he eJ ectroÌ1 orbit m¿ìl(es many turns í-n tììe

spiraJling field tlìe rêdiatioû spectrum, heavily affectecl by Loteût2- l:rans-

formations, peaks at a \ravelength lorrghly y-2 ritnu the Period of the

spiralling magnetí.c f íel.d. In the Stanfor-d study the period of the spiral-

ling field was 3,2 cm. IlLecLrons of ener-gy 24 MeV passed thÌ:ou81Ì the Íie1d

pattern which was âpplied over a djstånce of 5.2. m along the el.ectl-on orbit.

The trarìsverse field on axis was 2300 G. Radiation ças observed at rhe

predicted flequency of 10.6 p,
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Since the radiatlon in thís system is much nore neal:ly monochromatlc

than the radiation from electrons in a storage ring or synchrotron, ít is of

conside¡ab1e iûterest to consider inclusion of a spiralting transverse field
system in a storage ring built as a dedicated source of synchrotron radlation.

In tlìis paper the field patterns and electron orbits in the spi¡alling field
systen âre explored and the ímplications for incorporating ít in a storage

ring are derived.

At Stanford, [lìe device is referred to as a t,free electron 1aser.'l

Synchrotron radiation speci.alísts describe it as a "helical. wiggIer."

_!_"_,r " ]l prio"-_S{ Ue€"e_!-_qJå!St

The spi.ra1l.ing field pattern is produced by a <1oub1e helix bifilar magnet

wl-ticlt can be vísrra1Ízed if one assurnes that, on the outside of a bore tube an

open helix is \rou'd and tìÌen a second helix is \round in tlÌe spaces bet\reen

tLrrns of the firsf helix. When currents in opposi.te directi.ons are passe<l

Lhrough the tno helices the central, axial magnetic f j.eld is cancelled and

the spíra1ling Lransvcrse field pattern appeârs,

If tlìe heli.ces consist of \ri.'.es of infinitesimal cross section, the field

patterr on axi.s c¡n l¡e derived as a functio¡l of current in the helices, The

result for a sirgle, open helix is gi.ven by Smythes and is derjved for the

cloub Le he I i x by Kinca í.d .4

Correût Distr ibut io ns

It will be assumed that tire field

the axj.a1 direction and thar no higher

pattern has a sinusoidal varíation in

harmonics are present.
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Tlìe rnagnetic fíeld patterns ênd current distributions ln the magnet

system are derived in the Appendlx. The fields to be travelsed by the electron

beam are given by:

B. = 2Bo(ro(krl - fo rrttt)l sin (0 - kz)

28
u, = # rr(kr) cos (e - kz) (1)

B = - 28 I, (kr) cos (0 - kz)zol

where B is tlÌe transverse field amplitude at the axis of the system'
o

I and I- ar-e Bcssel furlcl iolìs'oI
k = 2¡/|t , wlrere À ís lhe pilch of rhc hcl ícal wirìding.' o' o

Near the axis the llessel f!¡nctions can be approximated by expressions

given in the 
^ppendix.

Tl'ìe cur:rent in the hel.ical windi.ng requÍred to produce a transverse field

B un thc axís of a Lolix of l.i.l ch À ís l'l.ol.lod as a frrnction of the r¡l i.o-o'o
of he1ix radíus to pitch in Fig. 1.

El.ectron Or:b i tÉ

The analysis çhích follows has been gLri.<ìed by comPutel ¡uns wltich h¿rve

indicated the character of the orbits' The computer runs have tLaced electrons

under various conditions through the f j.e1ds dcsc¡ibed by Dqs' (1). T.t has thus

been est¿¡b1i.shed that the orbit includes oscillaLions at three maín llrequencics'

The prirnary motion is helical with an orbÍt radius of a stnal1 fraction of a

ml11iûreter. The ¡rer j.od of the motion is tlÌe same as tbat of the trêLìsvelse

field and i.ts axis oscillates around the physi.cal axis of the he1i.x with a

r¡uch lo¡¡er frequency. At a sti11 lower frequency Lhe x and y components of tbe

intermcdiate frequeitcy oscillatiorì couple to each other aùd exchange energy
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The reasons for t-his behavior and the inrportânt parameters can be established

ì>y an approxi.rìate solutiôn of the equations of rnotion.

An irnport¿lnt sjmplificatj.on ís possible \rhen it ls realized that excursions

from the axis a¡e sma11 and that the ì¡ajor velocity component is the paraxial

or'ìe. Since all applications will use highly relatívi.stic electrons it is

legitimâte to set à = c and z = ct. This reduces to t\do the number of equatíons

of fioLion which nust be solved,

First, \"ie shaIl establish the radius ro of the helical o¡bit. The fleld

patterrìs (1), for the regions close to the axis can be approximated by

B -- B siû (e - kct)ro
B^,ß cos (e-kct)Uo
B =0

z

It is eâsy to shon tlìat L.he helical orbit through these fields has

1s=kc

r . r^ .- 1i (k2p)
o

z n-Yc r
where p ( = -= ) is the cyclotron radius in the field B' \ eB / - o

o

Ì,lher1 tlìe lower frequency oscillation has ca¡ried the hel.ical nrbit some

(lis(ar.e frum the ¡xis, lhe:mpl irrrdes of B, and Bn, Eiven by (1), are no

longer equ¿rl and the projection of rhe helical orbit on the r,0 plane is no

longe¡ exactly circular, Its åverage value wi11, hovrever, be given by solution

of the following equation (expressed in a coordi.nate system havíng its origin

on the ír'Ìstaûtaneous axis of the helix)

.2
mr 0- = - er e Bz + ezBt , (3)

ulìeì.e B rclrcsenLs Lhe Lrrnsverse field whi.ch will alternate bet\teen B and B^tr9
(of the orÍgina1 coordirate system). From (l) its average value ¡vi11 be

(2)
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B I (kR), qrhere R 1s the displacenrent of the ínst¡ìntaneous axis of the helixo o'
fron the central axis of tlìe r.'iBB1er. Now, setting ð "g"ir.r cqual to Kc añd

neglecting the small contríbution of the B. term ln (3), ve obtain

r^ = r (kR)/(trzp) (/,)oo
_1

Using rhe pârameters of the Stênford experiment (k = 196 rn ^, Þ = 0.348 m),

we find for R = 0, r = 0,075 mm. As r¡ill be shown later, the Staüford para-'o
meter:s \¡iíth Do initial correction lead to a rtbetatron oscillation" with an

arnplitude of êbout 6 mm. At the ¡raximum excursion in this oscillation the

value of r- ís about 0.10 m¡n. These figures are i.n good agrecrÌent wÍth Lhoseo

obtained from the conputer runs.

To derive the clÌaracLeristics of the lower frequency oscillatj.ons it is

necessary to solve the equations of r¡otion

f = (c/m) (yB--z
y = ( e/m) (cu'X

- cß )
v

-in)
z

( s)

Wc substiLute for B , B-_ and B the exprcssions (43) ¿nd we make thc fol louílgx'yz
subsritution for x and y:

x = r cos l(ct + u
" (o)

Y = ro s ir-l kct * w

In making the substitution we note the fact that kro is of the or:der of 0.01

when the Starford paramebers are used and is even smaller for higher.. enei:gy

electroDs. Accordingly, it is legitimate to neglect k2r2 with respecL to unitv,o'
AssuninB that u and v are s1ow1y varying compared to cos kct, one can wri.te

from (5) and (6) :



ü + 2ö; * ti.r2u = o

ü - 2ôù + o2v = 0

kcr .2
where ô ='ì^" lt + ç (u2 + v2))2p \ 4 '/

r ') (8)

2 K c ro /- k¿ z 2. \, = 2p \r+ I (u r"))

Solving Eqs. (7), taking into account the fact that ô is sma1l compared vith o,

çe find that u and v are combinatÍons of trigonometric functions of (o + õ).

The coeffícjerìts of the fLìnctions r¡i11 be determined by initial condi.tions.

The values of u and v are:

u - (xo - ro) cos urt cos öt' I (*" - r,n ro (kc - Â)) sin iut sin öt

* ] tOVo + vx) sin LUt cos öt - yo cos ot sin ôt (9)

t = å (", - ¡,xo - ro (kc - O)) sln urt cos ôt + (*o ro) cos ot sin ôt

1+ yo cos ot cos ót +; (ôyo * v*) sin ot sir ôt ( 10)

(7)

vhere x^, y--, v.- .rnd v-, ¿re the iùitia1 values of x, y, x and !, Usirìg theo _o x y

Stanford par.âmeters we fínd thar ô is of the order of 17" of ur which, in turn,

is of the order of 17, of kc. Neglecting smal1 te¡ms and setting all of the

initial påraneters equal to zero ve obtain:
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/\
x = ro(t) cos kct + (kcro(t=o) /w) sln ot sin ôt (r.I)

/\
y = ro(t) sin kct - (kcro(t=0)/u,f sin ot cos Ât (12)

For zero initíal condítions, there ¡¡Í11 be a I'betat¡on oscillation. witlì

an ampliLude of the order of one hundred cimes ro, the radius of the bâslc

helical motion and nith a frequency of the order of 17. of that of the basic

helical motion.

f,¡e turn novJ to establishing the values of the lower oscillation frequencies.

First we use (4) to esr:ablish an average value of ro. Frorn (6), (9) aDd (10)

R2 =u2 + u2 (assuming u and/or v ís much larger than ro)

= nl "in2 (urt + g)
o

r,,rhere Ro is the maximum excursion at the Íntermediate frequency. Ro and g are

determíned by the initial condítions.

Frorn (4):

r / , k2n2 .ir,2 (rLlt + rp¡ ,
r^=.2 \' 4 /" kp

Hence the average value of ro is

t / u'*1 'r = ^ r 1 + -^9 )o,avkrp\ó/

Äpplying the sane procedures to (10):

" k2n2 , , t2n2 .2 _ c' L, " "o \ f ., - " "o \
'=-\'* 8 )\'* 16 )

¿p
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iì nd 
",.2-20.707 c / '" ^o \,=-p- \t* n-)

^ / u2o1 ,.ô---+(''-É)
2kp-.

Inserrir-rg the Stanford paraìÌìeters, afLer a few algebraic manipul.atÍoDs the

parame t er s ptove to be

R = 6.0 x l0-3 mo

a = i.4 x 108 "."-1
ô = I.o x 107 

"u.-1

For corrl'¿ri son kc = S.9 x tO10."c-l = 80,¡,

The results of thc computer runs using tlìe co¡rect field expressions (l)

are shown ín 1¡igs. 2 and 3 for the case of zero iní.tia1 conditions. Figure 2

sho\,/s the fi¡s[ 100 periods of the helical oscillåtioù; Fi.g. 3 shows the

behavior of u ¡¡nd v over an impractically long wiggler havi.ng over 700 periods.

The results are i.n good ¿lgreenent vith the approximate theory outlined al¡ove.

The v¿rlue of cu is 7,6 X t08 to be compared nitlì Lhe ¡:redÍcted value of
Â7.4 X 10-. The predicted va1ue for the oscillation anplÍtude was 6.0 mm, to

be compared lrj th the correct value of 6,2 ¡im. The hypothettcal computed viggler

\ras not long enough to estâb1ish the value of ô but evidentl.y the predícted

value is of the right order of magni.tude.

Lffect of a Super pos

In the Stanford experÍ.ment a 1000-c axial field \ras superposed on the

\"¿iggler f i.e1d patte¡n by addition of a solenoid which enclosed the viggler.

Such a field can have rnarked effects both on the helical motion and on the

betâtron oscillatíon frequency aûd amplitude.
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The i,ravelcng[h of the he1íca1 notion will remain the same as the axial

períod of the helical r,rínding. Brtt the value of ro, obtaÍned from (3), will

change if the axial field is strong enough that the fir$t te¡m on the right of

(3) no longer cân be ûeglected. Equation (3) then yields

I lk r)o'

kcr^7,-2..,
ô= r¡e(t.ft'2*'2>) +fr

Here, as before, the choice of plus or minus sign depends on the direction of

the applíed fietd. If the applied field Bl is of the same order as Bo, then,

-,)since kro is smal1 (of the order of 10 -) the new term is the only significant

one. The expression for 12 i" unchange<i but no\t ô Ls of the same order as ut

and terms in ô/o no longer can be neglected. Equations (7) now yield for the

frequeñcy of the betatron oscillatíon the quanrity

For small amplitude betatron oscilLations "hu.. 
k2rr2

compared nith unity, (15) becomes

"=¿f1 +-1-)' \ RP.I

-t/mc\r"here p" {- 
= 

) is lhe cyclotron r¿díus in the ¡ddcd axial f i.cld 8,. ln ar \ eul / ' I

field of 10 kc the added term r¡Í11 make a change of about 67. in the value of ro.

htrether r- Ís incr:eased or decreased depends on the direction of the applied
o

fÍe1d.

To find the effect of the applied field on the betatron oscillations we

re-examine Eqs. (7) and (8). Equation (7) will hâve tlìe saL¡e form but it

r¿iIl be found that the expression fo¡ ô is changed to

(13)

( r4)

(15)

.r,d k2.r,r2 are ne g 1ig ib 1e
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For applied axial fi.elds of 1,5 and lO kc rhe

given by (16) are (using the Stanford paramerers):

_1
BI ( kc) fr ( sec ')

I 8.2 x t08

5 20.5 x tO8

10 38.4 x 108

!-!_" ç_L!_" =l_c-"_t]!j,þ!Lr,_Lgt "
Several practi.cal problerns remain to be

ean be incorporated jnto a storage rírg.

tvo frcqucncies f- and f't2

-lt lsec I2'
-- 

"4.5 x 10"

1.8 x 10'

l.O x 108

solved before the helical wiggler

(16)

Tlte oscj.llation no longer hâs the same character as thât pro<ìuced only by the

wiggler bub is the sr¡m of sines aod cosiDes of the tno lrequencies \^rith amplitudes

determined by inÍtiå1 condj.tions. The ove¡â11 oscillati.on anpl.itudes are smaller

tharì- before and can be reduced to negli.gible levels by suit¿b1e choices of

initial cond it ions.

FiÌ$t, a ¡e¡rsonable end configuratí.on nìust be desi¡¡ned and tl-ìe end field

patLeÌn studied. During ou¡ computer stüdies rse have introduced a tapered field

påttern ab Lhe end, 'naintainj.ng the sånre period of the he1i.cal field pattern.

Orbí.ts through this pattern were noL notably different from the orbits in the

\riggler with discontinuous ends. lt appears impractical to taper the end fields

so slowly that the entry and exit behâvior can be considered adiabatic.
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Second, such lalge oscíl1atÍons as those predlcted for zero initíaI

condltions cannot be tolerated. Magnetíc kicks nust be introduced at the entrance

to reduce the betatroû oscillations to negligible amplitudes and at the exit to

restore the electrons to the equilibrium orbit of the storage ring' Such kicks

have been introduced in the computer progran; as predicted by Eq' (12) an

initial v-- of app) oximaLelv kcr is rcquired. This is cnLirely cffectíve íny"'o
reducing the radial excursions to fractions of a mi11ímeter' The initial

<leflection required fo¡ the Parameters considered i,¡as about 20 mrad. Figure 4

shows the cornputed orbits \"rith such a kick. The kick given was thêt Predicted

by rhe âpproximate theory presented above. Ìn the orbits shovn ín Fig. 4 a

sma11 betatron oscillatíon rer¡ains in the y plaDe. Exact câncellation in both

planes can be achieved by tri.a1 ar-rd er¡ot.

Third, wÍggler Pilranìeters shorrld be estahlíshed for use at the hiSher

electron energies colìt.ernplated for use in synchrotron radiation f¿ìci1j.tj.es. To

obtain X-rays of tlle highest possible energy il çi11 be necessary to use a helix

r¡ith as short a pitch as possible. But the graph of Fig. 1 iûdicâtes that' for

a pitch less than ¿rbout tr.iice the r,'iggler diameter' the current demands are

becoming excessive. Methods for studying this problem are included in the

Appendix. In particular, Eq' (410) can be applied to establish Pelformåtce on

physically realizable vigglers ' Ín Practice windjrìgs probably will be chosen

of srìffícíent thickness th¿ìt the second exponential term is of the o¡der of

aboút one-tenth of the f iÌrst. To establish limits, ho\tever, ae shal1 assume

that the coil is infinitely thick and bhe second exPonential vanishes. T\to

assumptions will be tested about achj.evable curtent density in the SuPerconducting

coíl. The fields at the coí1 v:'.ndings wíl1 be high - of the order of 50 kG for

10 kG transverse fields at the âxis - and this will 1imit current densities for
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the curÌeDtly available niobium- tj tâniùn \riì:es to the o¡de¡ of 50,000 A/crn2,

l,Je \tj-11 thcn assuûre tlìat developmcnts r'Ìow in p::ogress on str¡ndcd NbrSn wÍll

result soon in cur):ent dcnsitícs of 100 000 A/cm2. As a ¡easonable ninimun¡

value for wiggler radius t^¡e cl-roose 0.5 cm Íor Lhese paramcters, we derive

f¡orn (Al0) tl.ìe daLa given in Table I.

/,Kincâid hås prese¡lted ¡easons for prefeÌr¡ing to keep his parameter K

close to ur'ìity. K is a dimensionless parameter which, for Bo jn gauss antì

tro j.n centimeters, hâs thc val,re 9.3 x 1O'BoÀo, From Table I
achievable paraûleters r¡i1l be a pitch of about 2 cm and a transverse f i.eld of

about 5000 c.

The cyclot.ron ra<ìius for 2-GeV el.ectrons in a field of 5000 G is l1 m.

The râdius of the helical orbi[ \ri.11 be about one micron. The peak in the

erníssion spectrum ¡.rí11 1¡e at about 13 aùgstrom units.

Fina11y, it nust be shonn that tlìe effect of Lhe r,ríggler is Ìrot to destroy

the cj.¡culatirrg beam in a storage ring into which it ís iûtroduced. That.

subject is discussed i.n the Dext secLi.on,

Tbe Hcl icêl WigÊ1er jìl a Sl orêge Rjng

The helical njggler must be nratched opbically if it is to be incorporated

into a storage rírg. This is necessary to mâintain orbit stability in the ring,

Equations (9) and (10) show rhat for a helical wiggler of pracrical lengbh

(ôt << l) one can approximate the "sÍìooth,i transverse motion by
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u=(x -¡) cos rLrr + þ sín u:t (17)' o o' u)

v -rkc

" 
= -Jì-9- s Ín {xt + yo cos ürt ( f B)

AssuÍìing that the viggler is displaced horizontally by tlìe amounr ro and that the

beam ís kicked in and orrt to give vy = + rokc the equilibrium orbít of the

storage ring \.ÌilI be preserved. UsÍng the nomenclature of Courant and Snyder6

the effect of the wiggl.er on tlìe betatron noti.oÌr can be described by sì.mp1e

transfer matrices:

( re)

where p = dll =wL/c,

T is the passage time through the wiggler,
ú7

L is the length of the wjggler,w-
B = L /r-r, = c/ur.'\.¡ \¡l W

v = l/P,'v \{t

If the helical Higgler is inserted in a storage ring betneen two points

l and 2, then, for proper matching, it is required that

".="r= [ 
coslrw F*"itt" 

I
L-t""t"*" cos u\, l

d2

si

't2

4'S,"{r4' -4r4t -úrú,

- ,ú.,4, ( 4, )' ('{, )'

-'ürü, (4, )' (4r)'

o1

Êi

x
Y1

(20a)
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^vÞ1

Yi

(20b)
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I;;- srn zit

2cos l_t

I2
-i slrl Lt

I- 7 Fi,' srn

^22E sln

2cos pw

1- ; þ sjn 2u¿wr.,

-22F' S]N L¡\tw

2cos u

f"ï,"î, n tïzrl, - "ï,"î, -,r,rrr2
I

l- '"1,4, ("î, )' (q,)'
I

l- 
z"vrrry,, (q, )' Qir)'

[ì's and y's are tbe horizontal and verLj.cal o

ring at poínts 1 and 2,

( 19) one obtaiùs

l- "." z,r* zf;.in zu" - l- H" *in
l"
| 

- ," ,,n ,*, .n"2 *, 82 .in2 ,

ltlt
I J- .," r'," -! "i,,2 ," ".,"2 u"

18e

lqs '

qs

oT aE

cEqììg

"l

;i
,.lzl

I

l4
l';
\i

the

s t(

sin¡

x
aẑ

P2

X'Y2

re tl

the e

Usi

f"

I,

çl-ie

of

hori zont.al ¡ìd vert ícal orbj f f,,rra,¡cr ers6
,)

lil
['']

LÏ]

," I"l
r"]

and

lql f"o"zu,ttt
I,l I = | - o ",n,,l'll"-wlvl I r

Lt' J L u" "'" '*"

A reason¿lb1e locatíon in â storage ring for a l.relical wiggl.er will be in
â nratched iûsertion. If the insertion is synìr¡etrical (which is usrrally the case)

aDd the \ri.gg1er :.s pl.aced syùìmetrically around the insertior cente):, then
-¡ _ x .x - x x x v v .v ^v v vo2- - oI ' Þ2= B1 'y2 - u| d2- - 

";'Bi = el , Vj - i] JrìJ one can solve

for all of the 6y's, B's and y's.
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ForelectronenergiesintheGevlesionandawigglellengtlrofafew

meters, É" " 
I and one can approximate the three by tlrree mâtrix by:

',1 /B

1

0

L ead íng to

1"f'¡ 
I'l'l

['

l-'"'
| ,u,s
L ""

^K=-x=O

^x ^xÞ1 = Þ2 - p\,¡

Y1 =Y2 = r/Þ"

vr,dt= ú2= \)

o{=ol=e"

v{=vl=tla"

rt slrould be noted tt.ret B" - '/2P' For 2-Gev ele(:trons ånd Bo = 5'5 kG'

p= l2,lmandB"=lT.lm.Thermsradi.alemittancesof2-GeVeLectIÓrìbeams

can be as 1oç as 1.5 X 10 8 Í m'rad if specí.al care js taken in the desÍgn of

1
Lhe stor:age ling. Ote then gets an i:ms beam uídl:h of about 0'5 nm in the

helical \aiggler and a 1-cm bore r¡il1 yield adequately long quanLum 1í-fetine '

Furthelmore, the hori'zontal angular <ìívergence er uiLl be 3'O x 10'rarlians'

This eåsily satisfies the condition4 that er must l¡e less than 1/(/TY) to

maintain spectral purity. I{ere N is the nirr¡ber of wiggler pcriods (of tlte orrler

,)

of 10-) '

Computer runs follo\tjng orl¡its for 100 revolutiol'ìs in a storage ring

containillg an oPticê1ly nìatched he1ícal r'riggler confirm that stabiLity cån be

achieved, providecl the ProPer kicks axe given to the beam at the input arìd

output of the wiggler '

Theradiusofthehelicalpathofoff-mornentumparticlesi'sshiftedbyonly

a very sma1l anount' roAp/p' This makes it necessary for the 1ocal value of the

momentum tìi.spersion function of the storage ring to be zero at both o¡rds oF the
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wigglcr. Wj.th such a coûfigurâtion it can casily be sho\,¡n that tlìe effcct of

a helical vigSler on tlle rel.atíve amouÌtt of 1ongitudinal and radial damping

is nctjligil)1e.

C onc Lusi on

An analysis has been givcn u'hich yiclds approxjmate orbits of clectrons

in helical wígglers. There scems Lo be reason to expect that satisfactory

pcrforl¡ånce can be achieved wlìen the hetical víggler ís incol.po):ated in an

electr:on sLorage ring. lìonever, shrong coupli.ng beLwecn the holizoûtâ1 and

verti.câ1 rnotion in the storage Ìring Ís to be expected Lcìsulting Ín inclcased

verti.cal bcam size. Further investigaLj.on is essential of Lhe nonlinear effect

due to he1j.cal wigglers.
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A PPEND IX

Yq,etleqr9_-4¡.s l! Pqlls]r_c í stÌ í bul ion

Il v¡i11 be assumed that the field has a siDusoidal distril¡urion in the

axial di¡ectioû, Lhe distr:j.bution having the s¿ìr¡e period as the lrolical reindirìg.

It vi11 be assumed further that no hÍgher harmonics are pt:esent. The field

pattern can then be represented by

B = F(r) sjn (0 - kz)r'
B^ = G(r) cos (0 - kz)g

where 2rr/k is the axj.a1 dístar.rce in which the field makes a conrplete rêvolutioD.

Substitution of these exptessioÌ1s in Maxwellrs equati.ons and elintinêtion of B,

by second djfferentiation reveals the fact thât rG is proportional to I1(l(r),

a first or:der Bessel functíon of inìagj.ûary argument. Fjnally we obtain:

Br = 2Bo {.otL.l - h t, (kr)} sin (g - kz)

2B
n, = U;9 rr(r<r) cos (e - kz)

B = -28 I. (kr) (os l0 - kz)z o 1'

¡¡hele B is the traÌrsverse field amplltude at t.he axis of the he1ícaI r,rìnclìng.
o

Near the axis the fíe1ds can be represented by approximate expressíoûs

using the leading terms in the serj,es representing the Bessel functj.ons, ì¡or

kr less than about 0.8 the field components can be represented with errol-s le¡Js

than 17" by

Br = Bo(1 + zu2r2 ¡a¡ sin (o - kz)

B^ = B^(l + u2r2 /8) cos (0 - kz)UO

Bz = - kBor(l + u2t2 /8¡ cos (g - kz)

(l\2)
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ln rectangular cootdi.nêtes Lhe field comporìents are:

(2)))\
B* = - Bo 1(1 + k'(3x- + y')/B) sin kz - (k'xy/4) cos kzj

(')')tr\
r, = uo {{r + t'{x'+ 3y')/B) cos kz - (k'xy/A) sin kz} (A3)

).ra
Bz = - Bo(1 + k'(x'+ y')i 8)(x cos kz * y sin kz)

Outside of the helical wí.ùding the field expressions will be similar but,

in o¡der that the fields vanish at infinity, ít wilt be recessary to replace the

I functions \,iith K functj.ons. The field åmplitude outside will l>e

obtai.ned by matclìing the radial componenr of B. This vil1 íntroduce into all

colrìPone n L s a factor

r lka) - 1- t rtri
A = 

r o____:_ _l!a I___ 
(A4 )' tco(l.a) + ù Kl(ka)

çhe¡e a is the raclius of the 1lincljDB whjch, 1-or the mo)ììent, we assume to be

in thicl<ncss.

Tl-Ìe culrent disLrí.bLìtior can be deríved from the discoDtinuity in B^ and BlJz

28
r^ = - ,-" [4 x,(ru) + r,(ka)] cos (0 - kz)

s 4 -lLto -T I r

2B ^ (As )

r =;-å [.?-r, (ro) .F ],(l a)l cos (0 - kz)2 ¿r¡¡1oka '¡ L' I'

The total cur¡ent is, r^,ith the I{::onsl<ian relation,

5B
o

(t + t/ (u2 
"2 ) )r/2 cos (0 - kz)

(k r< (ka) + K- (ka))
ao L

(A 6)
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tlere I j.s given in aùperes per cenrineter (axial) and Bo is 1n Eauss. Tte totel

current in one turn of the helix ¡^'i.11 be glven by setting 0 = 0 ancì by integrating

(46) from kz = - r/2 to'l nf2 to obtâj.n

5 ¡, I . ., 1t?,

r = 
- "o"o (r +.1/(k'a-)).": (A7)^rotal 2 (kaK (ka) + K, (ka)

ffo!

r¡here À (= 2¡lk) is the pitch of each helix iri cenLimeters 'o

EquatÍon (Ai) is to be compared vith Kincaidrs Eq' (1). The tr¡o exPressioris
¡ o 't t\

differ bv a fâctor (4/-\(L + 1/(k'a") )'; this small differcnce js ¡tLríbtrLable' '\ '/
to the fêct that this treatment re1âtes to a dí.stributed windíng vhereas

Kincaid's helices are síng1.e çires of infinitesimal cross sectiorr.

Equatíon (47) is plotted ì.n a semilog plot in Fig. 1. It is evÍ.deut from

thc plot that, âbovc a/),, = 0,2, the exlrressíon for I ,/\ B c¡n be r.trr.scr)Led' 'o toLal o o

by an exponent iâ1:

f,':+I = 0.246 u5'68 "/tro amperes/cm.gauss (48)
ÀRoo

Using expression (48) it is possible to analyze windings of finite thickness.

lle assuì¡e tlÌat tlìe axially simusoi.dal current distlibL'tion is replaced by a

block of cLrrrent of unlform density, lo lrl"^2 ¡ncl of axial wi.dth Ào/3. Near

the âxis, thí.s r,ril1. give fields which are to a good aPpr:oximation the same as

those provi.ded by the sinusoÍdaI distribt¡tÍon.

The total cu¡rent in a block of infinitesimal thickness da at radius a

viIl be I (I /3)de; jr !^,i I I Provide a tr¿nsverse field dB- on Lhe axis Siveno' o ' o

by (48)

dB = 1.355 r "-5.68 
a/Ào o. (A9)

oo

For a coil of finite thickness, lìaving inner and outer radii a, and a2 we

integrate (49) to obtain
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B -u.2J85tÀ lc-5.68 ¿1./\o - "-5.68.rrltr-.o ,o^o \. t¡,rss (A10)

for.oils hcvínB ar/Ào greaLer than 0.2, Eq. (A1O) c¡¡n be uscd to establísh the

curr-eÌlt tleûsÍ.ty ro in anrperes pet square centiùìeteï requlred 1.o produce â tr:ans-

vc¡se ûr¿ìßnel-ic f1r¡x deûsity of Bo g¿tuss ín a helix of given pitch and irrner and

outer d írneDS iotìs ,

A. kno\rl ed Sme n t s

Thc ¿ìut.hors are ilrdebted for he1.pful díscussions and comment_s to

B. M. Kincai.d, J. M. J. M:rdey, c, K. crcen, R. L,. cl.ucl<sre¡n, ¿1nd

ll. 
^l 

an Sclìve t t man,



TAB],E I

Maßnetic Fields Achlevable in Lliggl.ers

l.o(cm) Bo(ro=50,000 ¡/"rn2)c :r(t.:::.y11:'-)'
1

1.5

2

2.5

7 00

27 00

5 800

9 600

1400

51+ 00

11,530

19,300
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Figure Ca pt ions

Fig. 1. Current Itot.1 P". turn requlred to produce an axial transverse

field Bo in a helix of -pitch Ào as a furrcrÍon of the ratio of

hel ix radius to pitch,

Ftg. 2, orbít in a helical ."'Íggler with zero initial coordinates and

transverse velocities.

Fig. 3. The functior.rs u and v in a very long wiggler.

Fig. 4. Orbits with almost complete correction of the y motion,



om peres

cm gouss
l\)
'o

I toto I

l--------=-Ào õo
OO.r
Àolòoo

o-n oi¡
6)\

o
o
\



NUMBER OF PERIODS

m'rn
6

4

3

2

fr
(l)

ñ-r
.?

-4

-6



ttl
6J

,)

i,1

o-i

-, )'

I

o.l

^t- b-l

-ïl

P
(rJ

|'

300 400

NUMBER OF PERIODS

A
A
/\/r
IU



Òo
(f

È
LL
Ò
&t!

:l-z

õoõ

FIG.4


