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Abstmct. In an earlier report [I J we tiave reviewed four n33jor mles to design &e lattice of Fixed-Field Altanatiiig- 
Gradient (FFAG) acceltptms. 011s of these rules deals with the search of the ;Idjztsfed Fzeki Prqfile. that is tlie field 
non-linear distrihution along tlie length and tlie width of &e aecelairrtor magnets. to compensate for the clironiatic 
behavior, and t h s  to repiuce considerably the variation of betatron tunes during accceleration over a large inomenturn 
range. The present report defines the method tbr the search oftile Adirrsfcd FiddPm$lc. 
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INTRODUCTION 

The FFAG ring is made of a noniba of identical 
periods diown in Fig. 1. According la one of the ixdes 
[If. each period is macle of ;I FDF triplet. There is ;1 
reference trajectorq that according to another nile [ 17 
correq-~onds to the injection momentum v d w  PO. The 
reference trajectory is made of arcs of circle in the 
scctor magnets F and D with constant ciirvatuire. and 
of straight Tines in the drift regions S ,mcl. 6. The 
opposing exit and entrance planes of tlae iieigliboring 
sector magnets are parallel to each other, &its, the 
entrance and exit angles of tlie refiience &tjectoi-y 
-with each magnet are identically zero. Nevertheless 

FIGURE I .  The FFAG FDF Period with 
Inject. (Referam) and Ex%&. Orbits 

trajectories of other momen!um values in a Nhz- 
Scctlinp Laitice like the we discrissed here, have a 
more complicate behavior and are not arcs of circle 
since they cross regions wiiii different bending field. 
IvIoreover these trajectories always leave or enter 
imgnets at non-vanislii~ig angles. 

EQUATIONS OF MOTION 

We adopt a curvilhea coosditlate system (x: s, y.) 
where s is the pa& 1agtI.1 along the reference 
(injection) &cjec.tory, and x, y are respectively the 
horizontal and vertical displacements froni the 
referaice trajectory. 

The equations of motion for my pnrticle wi& 
momaitusn p md electxisic charge q are derived 
the (exact} Kaniiltonian 

H = -qA,J c -(1 fhx ) [p '  - (F,:-qA,/c)' 
- (p, - q A, / c)?_]'" (1) 

\&ere c is the light velocity, h = liI(s) tlie ainahire of 
the reference trajectory, and px, py are the tr,msverse 
co~iipo~i&~ of tlie particle mornentun cauonically 
conjugated to x: y. 

%le eqUL%tiOllS Of l l lOt~Ql l  Z C  



with a prime d a i o h g  differentiation with respzct to s 
(’ E d / dsj. Expaitduig ffie sqiiare root at the r. h. side 
of Eq. (1) arid retaiakg only up to qimdmtic order 
term give: 

H = - q A , / c  - (1 f h ~ } p  + 
f (ps - q A x i c ) : 1 2 p  + 
f - qA,i‘c)’f2Es (3) 

after having also dropped higha order terms. 
Wc asstunt. that thc magnctic ficld &skibution ix 

the proximity of the referaice trajectory is given solely 
by the longitudinal component As of the vector 
potential, witereas identically .A>: = AY = 0. In Ihis case 
the eqmtioils of motioii become 

This is correct only as long A, does not vary with the 
longitudinal position within the length of one inagiiec 
otlmxvise a solenoid iield component is inat-orluced 
tliat should be taken into acconnt. 

With the chosen mrvilineax coorclhiate system, the 
components Bs md B, of the magnetic field are 

(I + hs) E$ = aA, / a s  (58)  
( I  + h q  13, = - a h ,  / a y  f jb)  

and the eqwtions of motion are now 

Formally, uskg cainplex notation, we can write 

B = 8, f iEJ, 
z = s  + i y  

Quite generally 

R(x) = Ro + R z j z  PI 
where Bo is the bending field on the reference 
trajectory, and C(z). We have 

CHROMATIC EFFECTS ON THE 
HORIZONTAL PLANE 

Let us consider iiow the motioii on tile mid-plane 
where y = 0, 

Introduce also tlie relative momeiitum deviation p = 
po (1 -i b) with b = 0 for &e reference (injection) 
orbit. Neglecting the higher order term (q / pcj G h s‘, 
tlie liorizontal equation of motion (1 1) reduces to 

or, introducing the field index 11 = G I h €30 

s” + h’?(Z +Lt l )X/ (1  + 6 )  = h 6 / ( 1 +  8) (14) 

Like G, also the field index n is in geiieral a 
fraction of s (and y>. SimlarIy, in prosimiiy or‘ the 
mid-phe. the verticaI equation of iiiotion is 

5’’ - h211y/il  + b) = 0 (15) 

Equations (14, 15) can he in general salved 
nzunerically. In the special C ~ S C  the fitld kdex n is 
con~tarit, the solution can be found malyticaUy, mid 
tlie well-howi mattis method can be wed to estimate 
tlie usual lattice functions. Became of tile explicit 
moniaitum dependence at the dluonihiator of both 
terms, tlie solution ediibits stroig dispersive md 
chromatic effects. 

Let us comidm tlie most general case where the 
k l d  index is a nonlinear firnclion of both x and s, 
namely n = n(y7 sj. We  ROW that at any location s, 
for each rzmzimtum value 6 &me is one aid ody one 
iuiiquc solution s = x(b, s), an6 by iliveisi&, 
topologically, 5 can be taken as a fiinction o f c  and s, 
namels 8 = btx. s). We pose the following problem: 
Detanine tlie Geld distril~ution, namely 11 = n(x. s). 
that compensates (mostly) exactly the nioi~eiit~~Iii 
dependence of ( I  + S )  at the denominator. We shall 
iiTitc such solution as 



wliere no is related to tlie gradient Go = no h Bo 011 tlie 
reference tmjectory. If such field distribution is formd 
then tlie Eq.s 114: 15) of inotioi~ reduce simply to 

S" + l ? x / ( l  + a> + 13rk)s = I l b / ( l  +b)  (1%) 
y" - h2 noy = o  < 17b.I 

Notice that tliis approach does not cancel the 
nionienttnm dependence of tlie cnnratiire terni, nor ffie 
constant dispersive tam at the r. h. side. 

The solution of either Eq. (14) or Eq. (17d) can be 
writtai as the sum of two contributions 

~1ie1-e hS is a particrdar solution of the inhomogeneous 
Eq. (14 or 1%) that has a periodic behavior, and 1% is 
ffie &ee betatron solution thi3t satisfies the associated 
honiogeiiom quation. The soltition of equation (1%) 
is s&aiglitfomai-d and caii be found with tlie well- 
linown matrix notation After that, once the closed 
orbit is found, the solution can be inverted eiflier 
nmnerically or symbolically ax done by 
hh4THEMATICA [2].  Tlie imersio~ will provide the 
depmdence of the nionrcntum deviation with the radial 
diSJ?~acement at my givm bcatioll s, 

that we can insert back in Ihe field expression to derive 
the equation of motion 

Proceeding backward. &is COiTeSpOndS to &e field 
distribution on the mid-plane given by 

B[x, S )  = Bo + Go [I + 6 (s, SI] x (21) 

FROVE OF "HE YALmPTY OF THE 
PROPOSED APPROACH 

Equation [20) combined to @I), though nonlinear, 
can be integrated. The solution is indeed expected to 
have reinoval the chroma:ic behavior caused by ahc 

momenkwn ddgendence of the magnetic field. The 
integratioll of(20) can be attempted in ttvo ways: 

(i) Numerical integmtion by starting with some 
initial conditions x@> and xo'(&) and looking for a 
solution tliat closes at the end of the period. To 
facilitate the search for 'die closed orbit solution, the 
initial conditioiis can be set from the determixd 
solution x, (&, s )  ot' the linear equation ( 1 i'a). 

(iii By direct substitittion of the originally 
detennined solution xc (&, s) of the linear equation 
(17a) into equation ('20), and by recording the relatire 
deviation. 

Either of thest: two methods, as we have 
succcssfully dcionstratcct with &c EISC of 
&L4TkIEMnECA itself, will have pxoven the validity 
oftlie approach. 

CONCLUSIONS 

We 'Live applied tlie method outlined in this report 
to ca1cuIate the t4djims' Fit@ ProJib for the 
cancellation of the chromahc behavior m FFAG 
accelerators adopting ~tb~-Scnlirzg Lattices. We have 
applied tlie metliod to tluee dift'ereiit projects: (1) a 
1.5-GeV proton FFAG for Beam Pon.er Upgrade of 
ff ie Alt~mmting @adient Synckrotron at BrooHiaven 
National laboratory [4]; (3) a 1 -GeV lO-IvFNatt Proton 
Driver in an unspecified site IS]; and ( 3 )  a 250-MeV 
proton FFAG as a h1edical Facility. We urge the 
reader to inspect also the other reports in the Reference 
list to acquire more details about the application and 
Uie results of the inethod described here. 
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