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Brookhaven National Laboratory, Upton, NY 11973, USA 

Abstract 
The two eigentunes QI and Q I I ,  two eigenmode am- 

plitude ratios RI and RII, and two eignmode phase dif- 
ferences A@I and A ~ I I ,  are defined as the coupling ob- 
servables for the linear weak difference betatron coupling. 
Simulations were carried out to investigate their behaviors 
in global decoupling scans. It was found that the amplitude 
ratios R ~ J J  are more sensitive than the tune split when the 
decoupling scan is approaching the global uncoupled point, 
and that the phase differences A ~ I , I I  tell the right global 
decoupling direction, the right strength combination of the 
skew quadrupoles or families. The analytical solution to 
these six coupling observables is calculated through both 
the strict matrix approach and the perturbation Hamiltonian 
approach. The constant phase differences in the right de- 
coupling direction hint a possible global decoupling phase 
loop. Dedicated beam experiments were carried out at the 
Relativistic Heavy Ion Collider (RHIC). The preliminary 
results from the beam experiments are presented. These six 
parameters can be used for the global decoupling in feed- 
back mode, especially on the non-stop energy ramp. 

INTRODUCTION 
The global decoupling on the ramp is very important for 

the Relativistic Heavy Ion Collider (RHIC) polarized pro- 
ton run, and for the Large Hadron Collider (LHC). The tra- 
ditional skew quadrupole scan can not be used for the ramp 
decoupling purpose. The skew quadrupole modulation was 
put forth at RHIC to fulfill global decoupling OR the ramp 
in feed-forwardmode. The coupling angle modulation cor- 
rection scheme has proven to be fast and robust. It has 
been applied to accomplish RHIC ramp coupling correc- 
tions. However, if considering the changes from ramp to 
ramp, the global decouling feedback is necessary. 

Tune feedback uses the high resolution phase lock loop 
(PEL) system [ 11 to track the eigentunes. This system has 
two limitations that have prevented the implementation of 
tune feedback during normal RHIC operations. The first 
results from the large dynamic range required to accom- 
modate the coherent spectrum generated by short bunch 
lengths and fast orbit shifts at transition. The second re- 
sults from the effect of coupling on the functioning of the 
PLL, and on overall system stability when tune feedback 
is turned on. Measures to deal with these limitations are 
being taken [2]. 

During normal operation at RHIC, and more so during 
the perturbation of skew quadrupole modulation or chro- 
maticity measurement, the PLL tune meter occasionally 
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fails to properly track both eigentunes under some coupling 
situations. Beyond this, when tune feedback is turned on 
and the loop is closed to the quadrupole magnets, the feed- 
back system becomes unstable when coupling rotates either 
of the eigenmodes more than 45 degrees. This poses a big 
challenge to the robust PLL system to be used for RHIC 
and LHC tune feedback on the ramp [3]. The jumping be- 
tween eigenmodes happens when the machine is working 
close to the coupling resonance, that is, QZ,0 - QY,0 - p = 
0, where p is the integer tune split. For the purpose of im- 
proved coupling measurement, during the 2004 RKIC run 
the PLL was re-codgured to measure the projections of 
both eigenmodes in both planes. In addition, a formalism 
[4] was developed to properly parameterize this measure- 
ment. 

In this paper we present the six coupling observables de- 
fined in that formalism, namely two eigentunes, two eigen- 
mode amplitude ratios, and two eigenmode phase differ- 
ences. It was found that the amplitude ratios are more sen- 
sitive to coupling than the tune split when the machine is 
working close to the couplingresonance line, and the phase 
differences tell the right global decoupling direction. If 
these six parameters can be continuously measured on the 
ramp, the coupling feedback mode can be applied. There- 
fore, the robust PLL system is assured on the ramp. For 
this purpose, during the 2005 RHIC run the PLL was re- 
configured to measure the projections of both eigenmodes 
in both planes. 
In the following, we first define the six coupling observ- 

ables, then present simulations to investigate their behav- 
iors in a 2-D decoupling scan. Their analytical solutions 
are given in both strict matrix and perturbation Hamilto- 
nian approaches. Results of the six parameter measurement 
with PLL system at RH.IC are presented. A possible global 
decoupling phase loop is proposed and discussed. 

SIX COUPLING OBSERVABLES 
For the linearly coupled circular accelerator, II: and y co- 

ordinates of the free oscillation include the contributions 
from both eigenmodes. Here we assume that eigenmode I 
is more linked to the horizontal plane, and eigenmode 11 is 
more linked to the vertical plane. The particle's nth turn II: 
and y coordinates can be cast as 

I I : ~  

yn = cos[2n&i(n - 1) + 41,~l-t- ' 

 AI,^ cos[2~&i(n - 1) + 41,~]+ 
&I,, cos[2rQ2(n - 1) + +r1,~1 

A I I , ~  C O S [ ~ T Q Z ( ~  - 1) + 411,~l 
(1) i 

where QI and QII  are the eigentunes. Ai,z, i = I ,  11, 
z = II:, y, is the amplitude of the eigenmode i's projection 



onto the z plane. They are non-negative. is the initial 
phase of the eigenmode i’s projection onto the the z plane. 
Besides the two eigentunes QI and QII, here we d e k e  
another four observables as the weak difference coupling 
observables. RI and RII are the eigenmode amplitude ra- 
tios. 

Ri is linked to eigenmode i. Under the uncoupled situa- 
tion, RIJI = 0. A41 and A411 are the eigenmode phase 
differences, 

(3) { M I  = 4I,v - 4 I . X  

a411 = - ~ I I , ~  * 

A& is linked to eigenmode i. Under the uncoupled sit- 
uation, A41 and A411 have no meaning. The fractional 
eigentune split IQI - QII - pl has been used as the 
coupling observable in the conventional skew quadrupole 
scan decoupling, and it is also currently used in the novel 
skew quadrupole modulation. The shortcoming to use the 
eigentune split as the coupling observable is that the skew 
quadrupole settings have to be changed in order to detect 
the residual coupling andor to check the decoupling ef- 
fects. The eigentune split is not suitable for the decoupling 
in the feedback mode on the ramp. 

SIMULATION 
Here we carry out the global decoupling scan s@ulation 

to investigate the behaviors of the 6 coupling observables 
defined above [4]. The smooth accelerator model is used. 
The uncoupledtunes are QX,o = 28.22, QY,o = 29.23, and 
the ring circumference is 38 13 m. Three skew quadrupoles 
are equidistantly inserted in the ring. Here we give a 2- 
D decouplig scan example. Before the 2-D scan, the 
first skew quadrupole’s strength is set to (k,dZ)l = 0.005 
m-l. The other two skew quadrupoles are scanned to 
compensate the global coupling introduced by the first 
skew quadrupole. From the optics model, the correction 
strengths for the second and the third skew quadrupoles 
should be (ksd)2,3 = 0.005m-1. 

Fig. 1 shows the eigentune split I Qr - QII  I. Fig. 2 shows 
the amplitude ratios RIJI during the 2-D scan. Compared 
to the tune split, the amplitude ratios decrease more drasti- 
cally when the scan is approaching to the uncoupled point 
at (ksdZ)2,3 = 0.005m-l. Attheuncoupledpoint,thetune 
split reaches its minimum and RIJI = 0. 

Fig. 3 and Fig. 4 show the phase difference A41 and 
A4j1, respectively. It is noticed that all the phase differ- 
ence contour lines point to the uncoupledpoint(ksdZ)2,3 = 
0.005 m-l!. in addition, along each contour line when the 
phase differences crosses the uncoupled point there is a T 

phase jump. 
From the above 2-D decoupling scan, the amplitude ra- 

tios are more sensitive than the tune split when the accel- 
erator is working close to the globally uncoupled point. 
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Figure 1: Tune split IQI - QII~ in 2-D decoupling scan. 
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Figure 2: Amplitude ratios R ~ J I  in 2-D decoupling scan. 

However, their values at one scan point do not tell how to 
achieve the smaller amplitude ratios. They can be used to 
check the right or wrong skew quadrupole scan direction. 

From Fig. 3 and Fig. 4, the phase difference A41 and 
A411 keep constant if the decoupling scan is in the right 
direction. The scan direction is determined by the skew 
quadrupole strength combination ratio. Therefore, ifknow- 
ing the relation between the scan direction and the phase 
differences, from the phase difference measurement at one 
point it is possible to determine the right skew quadrupole 
combination to the global uncoupled point. The right di- 
rection decoupling scan is the shortest way to get to the 
global uncoupled point. In the right direction decoupling 
scan, if a 7r jump is met, then the global uncoupled point is 
reached. The amplitude ratios can be helpful for the cross- 
check during the decoupling scan. 

ANALYTICAL SOLUTION 

In this section we give the analytical solutions to six cou- 
pling parameters through the strict matrix and the perturba- 
tion Hamiltonian approaches. 
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Figure 3: Phase differences A41 in 2-D decoupling scan. 
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Figure 4: Phase differences A411 in 2-D decoupling scan. 

Action-angle parameterization approach 

represented by [7,4] 
In the strict matrix approach, single particle motion is 

where JIJ I ,  @I,II are the actions and betatron phases of 
the two eigenmodes. Then, 

x = p 1 1 a c o s @ 1 +  

y = p31J2Tf;cos@1-p32J2Tf;sin%+ * 
(5) 

pi3 &E cos @2 - p 1 4 m s i n  @2 i P33 m cos @2 

Therefore, 

Hamiltonian Perturbation Approach 

isolated linear difference coupling Hamiltonian as 
The perturbation Hamiltonian theory [8,9,10] gives the 

H2 = IC-~-COS(@~ - @g + A .  ~p + X )  (10) 

where A is the uncoupled fractional tune split, A = Qz,o - 
Qy,o - p. The coupling coefficient C- is 

After some algebra calculations, the single particle motion 
is given by 

where 
V = $ / m  

c =  1C-b 
2u + 

IC- I { ; =  -m 
According to Eq. (12), the eigentunes are 

The fractional eigentune split is 

I Q I  - QII  -4 = d m  
Comparing Eq. (12) to Eq. (l), 



Explanations 
The action-angle parameterization approach gives the 

strict expressions of the amplitude ratios and the phase dif- 
ferences. This can be used to calculate the 4 observables 
numerically. However, for the weak coupling, Eq. (17) and 
Eq. (1 8) from the Hamiltonian perturbation theory are more 
convenient than these from strict matrix approach. 

According to Eq. (17), when the coupling gets weaker, 
that is, IC- I gets smaller, the amplitude ratios RI and RII 
get smaller. When IC-1 = 0, RI = RII = 0. And it 
is noticed that RIRII is independent of local p functions. 
Knowing the measured eigentune split and RI, RII, the un- 
coupled tune split A and the coupling toe€-cient amplitude 
IC- I can be determined, 

H pickup 

According to Eq. (1 8), the phase difference A41 is the 
phase of the coupling coefficient C-. From Eq. (ll), 
the phase x of coupling coefficient is only decided by the 
strength combination of the skew quadrupoles. That is, if 
the combination of the skew quadrupole strengths is the 
right combination for the global decoupling, the phase dif- 
ferences A41 and shouldbe constant. The correction 
coupling coefficient's phase should be (n + xmcas). Xmeas 

is the total coupling's phase, Xrneas = A ~ I .  
Knowing the measured phase differences, the right com- 

bination of the correction skew quadrupoles or families can 
be calculated from the optics model according to Eq. (1 1). 
Therefore, phase differences A I , I ~ , ~  hint a possible global 
decouping feedback. The key issue is how to measure the 
6 coupling observables on the ramp. 

MEASUREMENT WITH PLL 
The PLL system [l] is chosen instead of the beam po- 

sition monitor (BPM) to measure the six coupling parame- 
ters. The combination of good pickup sensitivity and nar- 
row bandwidth permits to continuously track tune with tol- 
erable emittance blowup. In the classicaI PLL tune tracker 
implementation, the horizontal plane is configured to track 
eigenmode I and the vertical tracks eigenmode TI. How- 
ever, there is nothing that prevents tracking the projections 
of both eigenmodes in both planes. The reconfiguration of 
two planes of the present PLL data acquisition to accom- 
plish tracking a single eigenmode in both planes is shown 
in Figure 5. 

In the present RHIC PLL, to track the projections of 
both eigenmodes in both planes requires dedicating all 
four planes of data acquisition to a single ring, leaving 
the other ring without a PLL tune measurement system 
during the duration of the desired studies. In the base- 
band system presently under development[2], the phase- 
synchronous demodulation will be accomplished entirely 

4 I 

Figure 5: PLL setup to measure eigenmode projections 

Figure 6: Tune ind coupling data from ramp 7041 

in the digital domain, unlike the present system, which re- 
quires independent phase-synchronous mixers. 

A variety of measurements have been completed during 
RHIC beam experiments using the configuration shown in 
Figure 5. Decoupling scans such as those illustrated in 
Figs. 1 thru 4 have been completed. ' A presentation of 
the data in a form most familiar to the accelerator physi- 
cist is easily obtained by using four of the six measured 
parameters to calculate the coupling coefficient and uncou- 
pled tune split via Eqs. (19) and (20). From these, Eq. (15) 
can be solved to yield the unperturbed 'set' tunes. Data 
taken during a portion of a RHIC acceleration ramp and 
evaluated in this manner is shown in Figure 6. This data 
was taken during the polarized proton run, when a working 
point favorable to polarization was selected above the half- 
integer, unlike the working point below the half-integer that 
was used in the Copper run and mentioned in the previous 
simulation section of this paper. 

The lower image shows the measured eigentunes QI 
(blue continuous trace) and QII  (green continuous trace), 
as well as the same eigentunes measured at 2 second inter- 
vals by the kicked tune system (purple and grey dots). The 
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Figure 7: Tune and coupling data from ramp 7042 

upper image shows the coupling coefficient (red) and un- 
coupled tune split (black), calculated as described above. 
From these, the fractional portion of the unperturbed 'set' 
tunes QZ,o (black) and Qy,o (red) are calculated and dis- 
played in the lower image. We see that for the first 40 sec- 
onds of the ramp the machine is reasonably well decoupled, 
and the tune split is due almost entirely to the uncoupled 
tune split. For the next minute or so the coupling becomes 
large, at times so large that the tune split is due entirely 
to the coupling. And for the last 30'seconds of data the 
machine is again reasonably well decoupled. During the 
interval in which the coupling is large, the PLL continues 
to track the correct eigenmodes, however the kicked tune 
measurement clearly becomes confused regarding which 
plane corresponds to which eigenmode. It is also interest- 
ing to note that while the PLL tune measurement is appar- 
ently unperturbed by the fu-ing of the tune kicker every two 
seconds, the coupling measurement is strongly affected by 
the resulting coherent motion. Strong dependence of cou- 
pling on orbit has been independently observed in RHIC. 
Data taken in the ramp immediately after that shown in Fig- 
ure 6 is presented in Figure 7. 

This data demonstrates that the measurement is repeat- 
able. n e  kicked tune system did not operate for this ramp, 
and the absence of the resulting perturbation to the cou- 
pling is quite evident. 

CONCLUSION 
A method to continuously measure both prajections of 

both eigemnodes has been developed, as has been a proper 
formalism to parameterize these measurements. Simula- 
tions have been carried out to investigate the behavior ofthe 
resulting six parameters during 2-D skew quadrudrupole 
scans. Analytical derivations of these parameters were pre- 
sented, both via the linear coupling action-angle minimiza- 
tion and via the Hamiltonian perturbation theory, The am- 
plitude ratios were found to be favorably sensitive around 
the globally uncoupled point. From the eigentune split and 
the amplitude ratios, the uncoupled tunes and the coupling 

coefficient can be determined. Data from two RHIC ramps 
was presented, showing the eigentunes and these uncou- 
pled tunes and coupling coefficients. It was shown that the 
phase differences tell the decoupling directions, or the cou- 
pling coefficient's angle. From the phase difference mea- 
surement, one can combine the correction skew quadrupole 
strengths and scan them to reach the globally uncoupled 
point. In summary, both a technique and a formalism have 
been demonstrated for measurement and correction of cou- 
pling via non-perhrbative observation of all projections of 
the eigenmodes.. Efforts to implement this development in 
normal operations are underway. 
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