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IR optics Measurement with linear coupling's action-angle parameterization * 

Y. Luo, M. Bai, E Pilat, T. Satogata, D. Trbojevic 
Brookhaven National Laboratory, Upton, NY 11973, USA 

Abstract Excitation of one eigenmode 

A parameterization of linear coupling in action-angle co- 
ordinates is convenient for analytical calculations and in- 
terpretation of turn-by-turn (TBT) beam position monitor 
@PM) data. We demonstrate how to use this parameteri- 
zation to extract the twiss and coupling parameters in inter- 
action regions @is), using BPMs on each side of the long 
IR drift region. The example of TBT BPM analysis was ac- 
quired at the Relativistic Heavy Ion Collider @€€IC), using 
an AC dipole to excite a single eigenmode. Besides the fill 
treatment, a fast estimate of beta*, the beta function at the 
interaction point (IP), is provided, along with the phase ad- 
vance between these BPMs. We also calculate and measure 
the waist of the beta function and the local optics. 

BACKGROUND 

Action-angle parameterization 

single particle's motion is representedas [l] 
For general two-dimensional linearly coupled motion, a 

where JI,II are the globally constant actions of the two 
eigenmodes. @I,I I  are the eigenmode phases. 

P is the transfer matrix -from the laboratory coordinate 
system to the action-angle coordinate system. It can be 
analytically calculated fkom the eigenvectors of the one- 
turn 4 x 4 transfer matrix. P can also be defined in terms 
of Twiss and coupling parameters given by the Edwards- 
Teng's parameterization. This def3&ion can be inverted to 
provide Twiss and coupling parameters in terms of P. For 
example, for eigen mode I, 

To measure Twiss parameters, a single eigenmode mo- 
tion is excited [2,3]. In the RHIC, AC dipoles are used for 
this purpose [4,5]. For simplicity, Eq. (1) can be rewritten 
as 

F =  ( Pll dz 
P 2 l d z  
P31 JJf 
P4l a 

0 
P22 d z  

P42 JJf 
P32 JJf 

P l 3 G  
P23 'd& 
P33 d z  
P43 G 

P14& 

P24 Js;; 

P 4 4 G  
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where F includes the action information. 
In this article, we assume that eigenmode I is more 

closely related to the horizontal plane than is eigenmode 
11, whilst eigenmode II is more associated with the vertical 
plane than eigenmode I. Thus, if only eigenmode I is acti- 
vated, the elements in the last two culumns of F are zero, 
If only eigenmode 11 is activated, the elements in the h t  
two columns of F are zero. The matrix F can be obtained 
from TBT BPM data at a single ring BPM 

TBT data at DX BPMs 

In each IR of the RHIC, there are two dual-plane BPMs 
that are close to the IR's DX separation magnets and face 
to the interaction point. These BPMs are called DX BPMs. 
There is no other magnet between the two DX BPMs in the 
IR if we ignore the effect of the detector magnet. There- 
fore, the TBT angles (x', y') at the two DX BPMs can be 
determined, 

(7) 

2 L  is the distance between the two DX BPMs; for RHIC, 
2 L  = 16.652 m. (21, y1) are the BPM position readings 
at the up-stream DX BPM, (x2, y2) are the BPM position 
readings at the down-stream DX BPM. These angles are 
constant across the IR drift. 

Propagations of optics parameters in the LR drift 
(4) 

7' Propagation of the Twiss and coupling parameters 

waist and to provide a fast estimate of@*. At the @ waist, 
*work suppo&d by U.S. DOE under c(mtract N~ DE-ACQ- through the drift is used for determination Of the beta 
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where Q I J I  = 0, One particular advantage of this estimate is that it relies 
only on BPM TBT phase advance measurements, which 

0 P22 P23 P24 Further, lolowing the coupling matrix C at one point in 
the IR drift, the coupling matrix 6, at the P waist in the 

0 P13 P14 are insensitive to BPM gain and offset errors. 

(') P,= ) .  
P31 P32 P33 
P41 P42 0 P44 IR drift can be obtained. According Eq.(8G) in [l], 

For simplicity, we assumed that eigenmode I and eigen- 
mode II's ,8 waists are located at the same point. Even if 
they are not, the following conclusions still hold. T1+2 is 
the 4 x 4 drift transfer matrix from the waist to a point in 
the IR drift, say point 2. I is the distance from the waist to 
point 2. Matrix G defined by [I]% Eq. (69) is 

G = T142Pw = 

P22 P23 [ P31i:P41 P32 +lP42 P33 0 

P l l  1 p22 p13 1 p23 p14 + 1 p24 

1 P44 

P44 P42 
(9) 

where 61, is the longitudinal drift length from point 2 to 
the waist. 

A similar calculation gives the propagation of eigen- 
mode II. 

MEASUREMENTS 
In the following, an example is given demonstrating how 

to use the linear coupling's action-angle parameterization 
According to Eqs. (78) and (79) in [I], and conside&g 

Eq.(4) at the waist, the Twiss parameters at point 2 can be 
determined with the above G, 

to extract the optics parameters in the IR. BPM data used 
here was acquired with an Ac dipole excitation at %en- 
mode I's fractional tune frequency 

To clarifl the data processing procedure, we first cal- 
culate the Twiss and coupling parameters at the Blue ring 

PI  = 'bllP22 - P W J +  pw,l IR6 center. The two dual-plane DX BPMs are rbpm.b-g5 
. (lo) and rbpm.b-gG. The Blue beam circulates from rbpm.b-g5 

to rbpm.b-56. The TBT position data at the IR center are 
given by 

P2 + l2P22 - 12 
- 

2 Q! - = - k = - L  
P~~P'22  PZ",I {;:IT. (18) 

i 
The subscript w means the parameters are those at the P 
waist. 

Therefore, knowing the Twiss parameters at point 2, the 
location of the 0 waist and its value can be calculated, Matnj, F 

With the TBT (zc, zk, yo y,!.) data at Blue ring I R G  cen- 
(1 1) ter, F is calculated with harmonic analysis, 

P I  
PWJ = - l + Z $ '  

&,I = - & P ~ , I .  (12) 

6 1 , ~  is the longitudinal locations of eigenmode 1's waists 
with respect to point 2. 

According to Eqs. (70) and (72) in [l], the phase ad- 
vance of the eigenmode I from the 0 waist to point 2 are 
given by G, 

1 P22 1 
P11 Pw,I 

A@I =tan-'(-) =tan-'(-) (13) 

Assuming that the beta waist is located in the middle of the 
two DX BPMs, the total phase advance between them is 

1.244 x 10-5 0. 
-1.009 x 1.273 x 
- 6 . 4 9 1 ~  10-7 - 9.744~ 10-7 
-4.509 x -9.293 x 0 0 

F =  ( 
(1 9) 

In this article, the SI unit system is used. 

r and fl 
At JRG center, 

sr& = d m  = 1.2583 x [(m.rad)-t]. (20) 

and 
T -- llF211I llP2lII - 1 -T2 - 0.001035. (21) (14) IlFllll - rn - 7 - 

Therefore, 
T = 0.9995, (22) 

When r is close to 1, the optics is well decoupled locally at 
that point. JI is a global constant. 

where L is the distance from the IR center to the DX BPM. 
Eq. (14) can be used for a fast estimate of the Pc at the IR's 

(1 5) 

center, fi = 1.259 x (m.rad)-i. (23) 
L 



Twiss and coupling parameters 

Twiss parameters at the IR6 center are 
According Eq.(2), from Eq. (19), the eigenmode 1’s 

IRs IR6 IR8 IRlO 
AQjr 166.695 166.474 147.064 
&,I 0.9711 0.9874 2.4613 

%I = -- = -- Fzl - - 0.0793 (25) 
P2z Fzz 

IR12 IR2 IR4 
141.788 150.637 119.395 
2.8843 2.1815 4.8660 

According to Eqs.(4) and (6), the coupling matrix at the 
IR6 center can be calculated through F, 

0.0730 -0.0765 
-0.0422 0.0584 Cc= ( 

,& waist determination 
Knowing the eigenmode 1% Twiss parameters at LS IR 

center, according to Eq. (1 l), the IR6 P waist can be deter- 
mined, 

pW,l = 0.9710 m (27) 

SZ,J = -0.0770 m. (28) 

A aegative &,,I signifies the PI waist is sited upstream 
with respect to the IR center. 

According to Eq. (16), the coupling matrix CW,l at the 
eigenmode I’s P waist can be calculated from that at the 
center, 

(29) 
( 0.0763 -0.0752 ) 
-0.0422 0.0551 . CUJJ = 

Summary of IR optics parameters 
Table 1 lists all IR centers’ &IS fiom the phase ad- 

vances between the two adjacent DX BPMs, according to 
Eq. (15) . The phase advances between the relevant two 
DX BPMs also are given. The unit of the phase advances 
are given in unit of degree. 

Table 2 lists the Twiss and coupling parameters at the 
IR centers from the action-angle parameterization. Since 
the rbpm.b-g2 BPM vertical data is aberrant, the coupling 
parameters are not available at IR2 center. 

Comparing the &IS at the IR centers from Tables 1 and 
2, a big difference in the IRl2 is apparent. Looking into 
the turn-by-turn BPM data of the IR12 DX BPMs, I found 
that the downstream BPM rbpm.b-g12 gave poor horizontal 
data. 

Table 3 lists the locations of p,,~ waist and its & I ,  

coupling parameters there. 6 1 , ~  is the longitudinal offset 
with respect to the IR celiter. 

Table 4 lists the coupling parameter r and eigenmode 1’s 
action in IRs. fi is a global constant. The average 
OfflintheIRsinTable 4is 

- 
& = 1.18 x (m.rad)-i, 

Table 2: Twiss and coupling parameters at the IR centers 
from the linear coualiniz’s action-ande varametrization 

I Y  Y L  

JR!3 I &,I I ac.1 I e11 I e12 I .e21 I CZZ 

IR6 I 0.9771 I 0.0793 I 0.0730 I -0.0765 I -0.0422 I 0.0584 

Table 4: T and fl in IRs. 

which can be used to roughly extract the r f i  at the hori- 
zontal BPMs in the arcs, 

(31) 
r&==. Fll 

d z  
and at the dual-plane BPMs, 
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