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Abstract

A scaling relation N, ~ 4.404.T. has been observed parallel and perpendicular
to the copper-oxygen planes in the high-temperature superconductors; N, is the
spectral weight and o4 is the dc¢ conductivity just above the critical temperature
T.. In addition, Nb and Pb also fall close to the this scaling line. The application
of the Ferrell-Glover-Tinkham sum rule to the BCS optical properties of Nb above
and below T, yields N, ~ 8.11rdcTc when the normal-state scattering rate is much
greater than the superconducting energy gap (1/7 > 24, the “dirty” limit). This
result implies that the high-temperature superconductors may be in the dirty limit.
The superconductivity perpendicular to the planes is explained by the Josephson
effect, which again yields N, ~ 8.1¢4.T; in the BCS formalism. The similar forms

for the scaling relation in these two directions suggests that in some regime the

dirty limit and the Josephson effect may be viewed as equivalent.
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1 Introduction

Scaling laws express a systematic and universal simplicity in nature. In com-
plex biological systems, scaling laws can be tremendously useful [1], and they
are equally important in the physical sciences. Since the discovery of super-
conductivity at elevated temperatures in copper-oxide materials some 20 years
ago [2], there has been considerable effort to identify trends and correlations
between the physical quantities as a clue to the origin of the superconductiv-
ity [3]. One of the earliest patterns that emerged was the linear scaling of the
superfluid density p, in the copper-oxygen planes of the hole-doped materials
with the superconducting transition temperature T, (where p; is proportional
to the number of carriers in the condensate n,; in addition py oc 1/A2, where
A is the superconducting penetration depth). This is the celebrated Uemura
relation [4,5] and it works well for the underdoped materials. However, this
relation appears to break down in the very underdoped [6] and overdoped [7,8]

materials (optimal doping is defined where T is a maximum [9]).

In contrast, we have recently demonstrated a scaling relation N, ~ 4.4 04,1,
[10,11], where N, is the spectral weight of the condensate (N, = ps/8) and oy,
is the dc conductivity just above the critical temperature. (In this instance

both sides of the equation possess the same units, so that the constant is
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dimensionless. The dimensionless constant and the description of the scaling
in terms of N, rather than p, results in a prefactor which is smaller than
observed in our previous work [10]). This relation appears to hold regardless
of the doping level or type, nature of the disorder, or direction (along or
perpendicular to the copper-oxygen planes). In addition to the copper-oxide
materials, the simple elemental BCS superconductors Nb and Pb are also
observed to follow this relation. The optical properties of Nb were calculated
in the normal and superconducting states. The spectral weight N, is then
determined from conductivity sum rules. The linear scaling N, « 4.1, is
recovered in the BCS “dirty” limit 1/7 > 2A, where 1/7 is the normal-state
scattering rate and 2A is the isotropic BCS superconducting energy gap (T < |
T.). This result suggests that the copper-oxide materials may be in the “dirty”
limit. The superconductivity perpendicular to the planes is thought to arise
from Josephson coupling; interestingly, this approach again yields the scaling
relation N. oc 4. T [11]. This result and a possible connection with the in-

plane behavior is discussed.

2 Experiment and Results

The relevant experimental quantities here are the spectral weight of the con-
densate (N, o< 1/)?) for T' <« T, and o4 at T ~ T,. Normally, these two
quantities are determined using different experimental techniques on differ-
ent samples where the dopings are at best similar, but never identical. A
fundamental advantage of optical reflectance techniques is that the real and
imaginary parts of the dielectric function € = €; + ie; may be determined, al-

lowing both N, and o4, to be calculated for the same sample. The reflectance



" of a large number of single and double layer cuprates has been measured over
a wide frequency range by a number of different workers, and the Kramers-
Kronig analysis used tb calculate the cémplex optical properties [12]. The real
part of the optical conductivity is oy (w) = —iweg/4m (in units of cm™!), and
04 = 01(w — 0) at T ~ T,. For T < Ty, the response of € to the formation
of a superconducting condensate is ideally purely real, thus ¢; = e, — wgs Jw?,
and w?, = —w’¢ (w) in the w — 0 limit. Here, w2, = 4mn,e?/m* is the square
of the superconducting plasma frequency, n, is the superconducting carrier
concentration, m* is an effective mass, and ¢, is the high-frequency contribu-
tion to the real part of the dielectric function. The strength of the condensate

is simply p, = w?,, which is proportional to n,/m*. The value of p, may also

ps?
be estimated by examining the changes in the optical conductivity just above
and well below T,. The f-sum rule for the conductivity [13] has the form
Jo? 01(w) dw = w2/8, where w2 = 4nne®/m is the classical plasma frequency.
The spectral weight at a given cut-off frequency w, is defined here as

We

N(we, T) = / o1(w, T) dw, (1)

o+

which is simply the area under the conductivity curve. The copper-oxide ma-
terials, and superconductors in general, show a dramatic suppression of the
low-frequency conductivity upon entering the superconducting state; this dif-
ference between the T' ~ T, and T' <« T, conductivities is often referred to as
the “missing area”. The spectral weight associated with the formation of the
superconducting condensate is then N, = N,,— Ny, where N,, = N(w,, T ~ T),
and Ny = N(w,, T < T), and w, is chosen such that N, converges. Here, N,

is simply the spectral weight associated with the missing area in the conduc-



tivity, which is related to the square of the superconducting plasma frequency

w2, =8N, ‘ (2)

or ps = 8 N,. This expression is the well-known Ferrell-Glover-Tinkham sum
rule [14,15]. These two different techniques typically yield nearly identical
values for p,; an exception exists in the underdoped materials perpendicular
to the planes, where it has been suggested that there is missing spectral weight
[16]. The optically-determined values of wys, 04, and T [17] for a wide variety
of copper-oxygen superconductors are listed in Table I of Ref. [12], and are
shown in the log-log plot of Fig. 1. Within error, all of the points may be’

described by the relation N, ~ 4.40,.T..

3 Discussion

In addition to the copper-oxide superconductors, the elemental BCS supercon-
ductors Pb and Nb also fall very close to the scaling line shown in Fig. 1. This
is surprising because unlike BCS superconductors which have nearly isotropic
swave energy gaps, the copper-oxide materials are thought to possess gaps
which are d wave in nature and contain nodes [18,19]. A gap with d,2_,2 sym-
metry may be written as A, = Ag[cos(kza) — cos(kya)]; the gap reaches a
maximum at the (0, 7) and («,0) points, and vanishes along the nodal (7, 7)
directions. A deeper understanding of the scaling relation as it relates to both:
the elemental superconductors and the copper-oxide materials may be ob-
tained from an examination of the spectral weight above and below T, in

relation to the normal-state scattering rate and the superconducting energy

gap.



“In order to achieve this, the optical properties for Nb have been calculated
in both the normal and superconducting states. The “metallic” normal state
may be described by the Drude model where the complex dielectric function
is

2

E(w) = €xx — m, (3)

€ and the w, have been previously defined, and v = 1/7. The dielectric
function and the conductivity are related through & = o1 + ioy = —iw(€ —
€0)/4m. Thus 01 = 04/(1 + w?r?) with 04 = wr/47 (in units of cm™),
which has the shape of a Lorentzian centered a zero frequency, with a width
of 1/7. The plasma frequency for Nb has been taken to be w, = 56 000 cm™!
[20]. The behavior of Nb in the superconducting state has been modeled using
the BCS model [21] for an arbitrary purity level with a critical temperature of
T, =9.2 K and a gap of 2A = 22.3 cm™! (the BCS weak-coupling limit 2A =
3.5kpT.); a wide range of of normal-state scattering rates 1/7 = 0.05A —
50A have been examined. The spectral weight of the condensate N, has been
determined by integrating to w, ~ 200A; N, is observed to converge smoothly
for all the values of 1/7 examined. The result of this calculation is shown as
the solid line in Fig. 2, and the vertical dashed line indicates where 1/7 = 2A.
The point to the right of the dashed line is for Nb recrystallized in ultra-
high vacuum [22] to achieve conditions in which the residual resistivity ratios
[p(RT)/p(T Z T¢)] are well in excess of 100, and where N, — w2/8 (or p; —
w?2) for T' < T. As the scattering rate increases fhe strength of the condensate
begins to decrease until it adopts the linear scaling behavior N, ~ 8.1 04,71,

observed in Fig. 2. (It should be noted that the BCS model yields the same

asymptotic behavior in the dirty limit, regardless of the choice of w, or A; the



constant is only sensitive upon the ratio of A to T,.) The two points for Nb
shown in Fig. 1 [23,24], (reproduced in Fig. 2), fall close to this line and are
clearly in the dirty limit. Thus, the scaling relation N, or p; < 4. T is the
hallmark of a BCS dirty-limit system [25]. The presence of g4, in the scaling
relation indicates the nature of the superconductivity depends on the normal-
state scattering rate. To illustrate this point more clearly, we consider the two

extreme limits in Fig. 2; the clean and dirty limits.

The clean limit case (1/7 < 2A) is illustrated in Fig. 3 for the choice 1/7 =
0.2A. Nearly all of the spectral weight associated with the condensate lies be-
low 2A. As a result, the normalized spectral weight of the condensate 8 N,/ p,
(the difference in the area under the two curves indicated by the hatched
region) shown in the inset of Fig. 3, approaches unity at frequencies closer
to 1/7 rather than 2A. The spectral weight for the condensate may be esti-
mated simply as a geometric area N, ~ og./7. If 1/7 o« T, for T' ~ T} in the
copper-oxide materials [26], then N, « 04, T, in agreement with the observed
scaling relation. It is interesting to note that 1/7 o« T, may yield rather large
values for the normal-state scattering rate, and it has been suggested that the
copper-oxide materials are close to the maximum level of dissipation allowed
for these systems [27]. In addition, to achieve the clean limit it is not only
necessary that 1/7 <« 24, but also that 1/7 S 24, in the nodal regions.
The clean-limit requirement is much more stringent for a d-wave system than
it is for a material with an isotropic energy gap, and it is not clear that it
will ever be satisfied in the copper-oxide superconductors. This suggests that
a, dirty-limit view may be more appropriate. It should be emphasized at this
point that in the high-temperature superconductors the large normal-state

scattering rate is not due to impurities, but rather from out-of-plane disorder,



correlation effects, or a combination of both.

The BCS dirty limit (1/7 > 2A) is shown in Fig. 4 for the choice of 1/7 = 10A.
In this case the normal-state conductivity is a broadened Lorentzian, and
much of the spectral weight has been pushed out above 2A. As a result, the
normalized spectral weight of the condensate, shown in the inset, converges
much more slowly than in the cleaﬁ-limit case. However, a majority of the
spectral weight is captured by 2A and N, is almost fully formed above 4A. In
this case, the spectral weight of the condensate (the hatched area in Fig. 4)
may be estimated as N, =~ 04.2A. In the BCS model, the energy gap 2A
scales linearly with T, yielding N, & o4, T, which is in agreement with the
observed scaling relation. This result necessarily implies that the energy scale

for the condensate is proportional to T,.

The scaling relation predicted by the BCS model has a numerical constant
of 8.1, but the geometrical estimate assuming weak coupling yields a value of
only 2.4. An examination of Fig. 4 indicates that this discrepancy arises from
the fact that N, ~ 04, 2A underestimates the spectral weight by more than a
factor of two. The results from Fig. 2 suggest that a more realistic estimate of
the area is N, ~ 3.3(04. 2A), which assuming weak coupling yields the correct
numerical constant in the scalirig relation. The observed scaling relation in
the cuprates would imply that 2A/kgT, ~ 2. However, this statement suffers
from the fact that it is valid only within a BCS formalism for aﬁ isotropic
s-wave gap. Another, perhaps more reasonable, explanation for the different
numerical constants between the BCS and high-temperature superconductors
may arise from the fact that copper-oxide superconductors have nodes in the
energy gap, and as a consequence there is still a substantial amount of low-

frequency residual conductivity at low temperature [28] resulting in a reduced



estimate for the spectral weight for the condensate.

It was previously noted [10] that the scaling relation N, ~ 4.404.T; is a
universal result that describes not only the copper-oxygen (a-b) planes, but
perpendicular to the planes (c axis) as well, as shown in Fig. 5. While a
description of the scaling based on scattering rates within the context of clean
and dirty limits may be appropriate for the a-b planes where the transport
is coherent, it is inappropriate along the c¢ axis, where the activated nature
of the temperature dependence of the resistivity indicates that the transport
in this direction is incoherent and governed by hopping [29]. In this case, the
superconductivity along the c axis may be described by the Josephson effect,
which for the BCS weak coupling case (2A = 3.5kp T;) yields N, ~ 8.104. T,
[11]. Surprisingly, this is precisely the result that was obtained in the a-b
planes for the BCS weak-coupling case in the dirty limit in Fig. 2, indicating
that from a functional point of view the scaling behavior of the dirty limit
and the Josephson effect are nearly identical. Because these calculations have
all been done using a BCS formalism, there is some uncertainty in applying
these results to d-wave systems. It is possible that the Josephson effect arises
naturally out of systems with an increasing amount of disorder and as a result
any crossover from coherent to incoherent behavior still yields the same form
of the scaling relation. The dynamical nature of the electronic inhomogeneities

in the copper-oxygen planes may support this argument [30].

4 Conclusions

The implications of the linear scaling relation N, or ps o« g4, 1. in the copper-

oxide superconductors have been examined within the context of clean and



dirty-limit systems. In the conventional BCS superconductors (such as Nb),
this linear scaling is the hallmark of a dirty-limit superconductor. The copper-
oxide materials are thought to be d-wave superconductors, in which the clean
limit is difficult to achieve. The observed linear scaling strongly suggests that
‘the copper-oxide superconductors are either close to or in the dirty limit. Esti-
mates of N, (or p,) based on geometric arguments imply that the energy scale
below which the majority of the spectral weight is transferred into the con-
densate scales linearly with T,. The a-b planes and the c axis follow the same
scaling relation. The scaling behavior for the dirty limit and the Josephson
effect (assuming a BCS formalism) is essentially identical from a functional
- point of view, suggesting that in some regime the dirty limit and the Josephson

effect may be viewed as equivalent.

5 Acknowledgements

It is a pleasure to acknowledge many useful discussions with thank Y. Ando,
D. N. Basov, D. A. Bonn, I. Bozovic, A. V. Chubukov, S. V. Dordevic, M.
Greven, W. N. Hardy, P D. Johnson, S. A. Kivelson, P. A. Lee, T. M. Rice, M.
Strongin, D. B. Tanner, T. Timusk, J. J. Tu and T. Valla. Work at Brookhaven
was supported by the DOE under contract number DE-AC02-98CH10886.

References

[1] J. H. Brown, G. B. West (Eds.), Scaling in biology, Oxford University Press,
Oxford, 1999.

[2] J. G. Bednorz, K. A. Miiller, Z. Phys. B 64 (1986) 189.

10



3l

[4]

[5]

[6]

[7]

[8]

[9]

T. Schneider, Europhys. Lett. 60 (2002) 141.

Y. J. Uemura, G. M. Luke, B. J. Sternlieb, J. H. Brewer, J. F. Carolan, W. N.
Hardy, R. Kadono, R. F. Kiefl, S. R. Kreitzman, P. Mulhern, T. M. Riseman,
D. L. Williams, B. X. Yang, S. Uchida, H. Takagi, J. Gopalakrishnan, A. W.
Sleight, M. A. Subramanian, C. L. Chien, M. Z. Cieplak, G. Xiao, V. Y. Lee,
B. W. Statt, C. E. Stronach, W. J. Kossler, X. H. Yu, Phys. Rev. Lett. 62 (1989)

2317.

Y. J. Uemura, L. P. Le, G. M. Luke, B. J. Sternlieb, W. D. Wu, 'J.'H. Brewer,
T. M. Riseman, C. L. Seaman, M. B. Maple, M. Ishikawa, D. G. Hinks, J. D.

Jorgensen, G. Saito, H. Yamochi, Phys. Rev. Lett. 66 (1991) 2665.
Y. Zuev, M. S. Kim, T. R. Lemberger, Phys. Rev. Lett. 95 (2005) 137002.

C. Niedermayer, C. Bernhard, U. Binninger, H. Gliickler, J. L. Tallon, E. J.

Ansaldo, J. I. Budnick, Phys. Rev. Lett. 71 (1993) 1764.

J. L. Tallon, J. W. Loram, J. R. Cooper, C. Panagopoulos, C. Bernhard, Phys.

Rev. B 68 (2003) 180501.

M. R. Presland, J. L. Tallon, R. G. Buckley, R. S. Liu, N. E. Flower, Physica
C 176 (1991) 95.

[10] C. C. Homes, S. V. Dordevic, M. Strongin, D. A. Bonn, R. Liang, W. N. Hardy,

S. Komiya, Y. Ando, G. Yu, N. Kaneko, X. Zhao, M. Greven, D. N. Basov,

T. Timusk, Nature 430 (2004) 539.

[11] C. C. Homes, S. V. Dordevic, D. A. Bonn, R. Liang, W. N. Hardy, T. Timusk,

Phys. Rev. B 71 (2005) 184515.

[12] C. C. Homes, S. V. Dordevic, T. Valla, M. Strongin, Phys. Rev. B 72 (2005)

134517.

11



[13] D. Y. Smith, Dispersion theory, sum rules, and their application to the analysis
of optical data, in: E. D. Palik (Ed.), Handbook of Optical Constants of Solids,

Academic, New York, 1985, pp. 35-68.
[14] R. A. Ferrell, R. E. Glover, III, Phys. Rev. 109 (1958) 1398.
[15] M. Tinkham, R. A. Ferrell, Phys. Rev. Lett. 2 (1959) 331.

[16] D. N. Basov, S. I. Woods, A. S. Katz, E. J. Singley, R. C. Dynes, M. Xu, D. G.
Hinks, C. C. Homes, M. Strongin, Science 283 (1999) 49.

[17] For simplicity, all units are in cm™!; to achieve this two unit conversions are
implicitly employed in the text; 1 em™! = (7/15) Q7 lem™ and 1 em™! =

1.44 K.

[18] Z. Shen, D. S. Dessau, B. O. Wells, D. M. King, W. E. Spicer, A. J. Arko,
D. Marshall, L. W. Lombardo, A. Kapitulnik, P. Dickinson, S. Doniach,

J. DiCarlo, T. Loeser, C. H. Park, Phys. Rev. Lett. 70 (1993) 1553.

[19] W. N. Hardy, D. A. Bonn, D. C. Morgan, R. Liang, K. Zhang, Phys. Rev. Lett.

70 (1993) 3999.

[20] D. W. Lynch, W. R. Hunter, An introduction to the data for several metals,
in: E. D. Palik (Ed.), Handbook of Optical Constants of Solids II, Academic

Press, San Diego, 1991, p. 396.

[21] W. Zimmerman, E. H. Brandt, M. Bauer, E. Seider, L. Genzel, Physica C 183

(1991) 99.
[22] C. Varmagzis, M. Strongin, Phys. Rev. B 10 (1974) 1885.
[23] O. Klein, E. J. Nicol, K. Holczer, G. Griiner, Phys. Rev. B 50 (1994) 6307.

[24] A. V. Pronin, M. Dressel, A. Pimonev, A. Loidl, I. V. Roshchin, L. H. Greene,

Phys. Rev. B 57 (1998) 14416.

12



[25] R. A. Smith, V. Ambegaokar, Phys. Rev. B 45 (1992) 2463, in the absence
of weak localization, in the dirty limit I' > A, it was shown that p; =
420 4.A tanh[A /2T, where o4 is the dc conductivity in the normal state and
A is the superconducting energy gap. Assuming that the gap scales with T, and

that T' « T, then p; x g4.7%.

[26] J. Orenstein, G. A. Thomas, A. J. Millis, S. L. Cooper, D. H. Rapkine,

T. Timusk, L. F. Schneemeyer, J. V. Waszczak, Phys. Rev. B 42 (1990) 6342.
[27] J. Zaanen, Nature 430 (2004) 512.
[28] E. Schachinger, J. P. Carbotte, Phys. Rev. B 67 (2003) 134509.

[29] S. L. Cooper, K. E. Gray, Anisotropy and interlayer coupling in the High-T,
cuprates, in: D. M. Ginsberg (Ed.), Physical Properties of High-Temperature

Superconductors IV, World Scientific, Singapore, 1994, pp. 61-188.

[30] D. Mihailovic, Phys. Rev. Lett. 94 (2005) 207001.

13



Fig. 1. The log-log plot of the spectral weight of the condensate N, vs o4, T, of the
hole-doped copper-oxide superconductors for pure and Pr-doped YBayCu3Ogy;
pure and Zn-doped YBayCuyOs; pure and Y/Pb-doped BigSryCaCusOgys; under-
doped Lag_;Sr,CuOy; TlyBagCuOg,s; electron-doped (Nd,Pr)s_,Ce,CuOy4 and the
bismuth oxide material Biy_,K,BiO3. Within error, all the points may be described
by a single (dashed) line, N, ~ 4.4 54, T¢; the upper and lower dotted lines represent
approximately the spread of the data. (The values used in the plot are shown in

Table I of Ref. [12].)

Fig. 2. The log-log plot of the predicted behavior from the BCS model of the
spectral weight of the condensate N, in Nb for a wide range of scattering rates
1/7 = 0.056A — 50A, and assuming a plasma frequency w, = 56 000 em™!, critical
temperature T, = 9.2 K and an energy gap of 2A = 3.5kp T, (solid line). The
dashed line indicates 1/7 = 2A. To the right of this line the material approaches
the clean limit with a residual resistance ratio (RRR) of 2 100; the'ri'ght arrow
indicates that for larger RRR’s, 04, close to T, increases, but N, has saturated to
w2/8 (or ps — wg; the data point for Nb in this regime is from Ref. {22]). As the
scattering rate increases, the spectral weight of the condensate adopts a linear scal-
ing behavior (dotted line); the two points for Nb (Refs. [23,24]) shown in Fig. 1 lie
close to this line, indicating that they are in the dirty limit. The scaling relation

shown in Fig. 1 (dash-dot line) is slightly offset from the BCS dirty-limit result.

14



Fig. 3. The optical conductivity for the BCS model in the normal (solid line) and
superconducting states (dashed line) for a material in the clean limit (1/7 < 24A).
The normal-state conductivity is a Lorentzian centered at zero frequency with a full
width at half maximum of 1/7 for T ~ T,. The spectral weight associated with the
formation of a superconducting condensate is indicated by the hatched area. The
majority of spectral weight lies below 2A. Inset: N, = N(w,T ~ T,) (solid line),
Ns = N(w,T < T;) (dashed line), and difference between the two N, = Ny, — N;
(long-dashed line) normalized with respect to ps/8; 8 N./ps converges rapidly to

unity and is fully formed at energies comparable to 1/7.

Fig. 4. The optical conductivity for the BCS model in the normal (solid line) and
superconducting states (dashed line) for a material in the dirty limit (1/7 2 2A).
The spectral weight associated with the formation of a superconducting condensate
is indicated by the hatched area. A significant amount of spectral weight lies above
2A. Inset: N, = N(w,T ~ T) (solid line), Ny = N(w,T <« T¢) (dashed line),
and difference between the two N, = N, — N, (long-dashed line) normalized with

respect to ps/8; 8 N¢/ps converges at energies comparable to 4A.

Fig. 5. The log-log plot of the spectral weight of the condensate N, vs o4, T, for the
a-b planes-and the ¢ axis for a variety of cuprates. Within error, all of the points fall
on the same universal (dashed) line defined by N, ~ 4.4 4. T¢; the dotted line is the
dirty limit result N, ~ 8.1 04, T, for the BCS weak-coupling case (2A = 3.5kp T¢)
from Fig. 2, and also represents the Josephson result for the BCS weak-coupling
case, used to describe the scaling along the c-axis [11]. The subscripts for the c-axis
data points indicate different chemical dopings. (Values for the c-axis points are

listed in the supplemental information of Ref. [10].)
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