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We discuss the perturbative O{a,a) matching in the static heavy and domain-wall light guark
system. The gluon action is the Iwasaki action and the link smearing is performed in the static
heavy action. The chiral symmetry of the light quark realized by using the domain-wall fermion
formulation does not prohibit the mixing of the operators at O{a). The application of O{a) im-
provement to the actual data shows that the B meson decay constant f, the matrix elements .5
and the B parameter By have non-negligible effects, while the effect on the SU(3) breaking ratio
& is small.
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1. Introduction

RBC/UKQCD Collaboration has been performing a large scale simulation of the lattice QCD
with dynamical domain-wall fermion (DOWF) [11. In this project, we can intensively access the
CKM matrix, which includes b-quark physics. To treat the b-guarks, the Heavy Quark Effective
Theory (HQET) [2] is widely used. The lattice calculation with the HQET, however, has following
difficuities (and solutions).

1. The static propagator is f00 noisy. — This is basically because the static self-energy contains
I/a power divergence. ALPHA collaboration investigated carefully this phenomena and
introduced a modified static action which improves the signal to noise ratio [3]. The modi-
fication can be achieved by replacing the link variable in the static action with the smeared
one, which is obtained by the 3-step hyper-cubic blocking. Using this the power divergence
contributions in the static self-energy are largely reduced.

2. Non-perturbative matching with continuum is needed. — H we include O(1/my) correc-
tion in the HQET formulation, the continuum limit cannot be reached by using perturbative
matching factor because of power divergence [4]. Possible ways of non-perturbative maich-
ing are Schridinger functional scheme with step scaling technique and R/MOM scheme.

While the calculation can, in principle, be performed using the techniques described above, the
actual implementation is not easy. There is an established way to apply the RVUMOM scheme for
DW light quarks. But it has not been applied to the HQET successfully.

As the first step of the project, the static approximation (lowest order of the HQET) is valuable
and an important approach to the complete HQET. In the static limit, the perturbative matching
procedure is justified. The perturbative matching at O(q,) in the static heavy and DW light quark
system was calculated without link smearing in [5] and with link smearing in {6, 7]. In this report,
we present the calculation including the O(a) improvement, whose effect cannot be neglected in
the heavy quark system that we are considering here.

2. Action setup

We use the Iwasaki gluonic action and DW fermion with light quark mass m,, for the light
quark sector. The DWF has an optimized parameter M5 which is called “domain-wall height” and
takes value 0 < Ms < 2. In the calculation of the maiching factor, it is assumed that the extension
of the 5th dimension is infinity, which means the light guarks have exact chiral symimetry. For this
sector, we do not carry out the link smearing.

For heavy quark sector, we use the static approximation with link smearing:

Swaie = L A(E 1) [h(x,t) Wy E - DhEs 1)), 2.1)
Er -

where h{Z,1) is the effective heavy quark field and Wy (X, 1) is the time-component of the smeared
link variable. If Wy = Ug, which is the original gauge link, the action describes the one proposed
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by Eichten and Hill [8]. We use the 3-step hyper-cubic blocked link for Wy with three parameters
{0, 05, 043 ). Possible purameter choices are.

(0.0,0.0,0.0) : unsmeared (Wy = Up)
o 1(1.0.00,00) : APE with a = 1 9] i
(o . o) = v ‘ 2.2}
 (0.75,06,0.3)  HYP1[10]
(1.0,1.0.0.5) L HYP2 (3.

3. O{a) in the static heavy and light qguark system

In this report we mainly focus on the ({a) improvement of operators, and then we treat the
matching factor between continvum HQET (CHQET) and lattice HQET (LHQET). Perturbative
matching at one-loop between continuum QCD and CHQET was obtained by Eichten and Hili {2},
which we can use.

Quark bilinear operator

We consider the on-shell O{a) improved static heavy (i) - light (g) quark bilinear
O . 70 (1 + brmga) [0;@"\' + crao(r”} , 3.1

relating the CHQET operator OEHQET on the left hand side and LHQET operators on the right hand
side. OF = Ay and OY) = AI§- Dg with T = {1,%,,%, %%, 6xv}. Zr is the overall matching
factor between CHQET and LHQET, cr and br are the O(pa) and O(mya} improvement coeffi-
cient, respectively. In this expression, we reduced the dimension 4 operators using the equation of
motions of static heavy and massless light guarks

Doh =0, Pq =0. (3.2)

The O{pa) improvement of the heavy-light currents with clover Wilson light quarks was investi-
gated using one-loop perturbation theory in non-relativistic QCD [11] and the static approximation
[12]. They showed that the O(pa) effects give a large correction to the B meson decay constant fg.
In the Hght-light quark system, the existence of chiral symmetry guarantees the absence of O(a)
errors in the operators. For the case of the static heavy-light quark system, however, there are O(a)
effects even if we use chiral fermions for the light quarks. This was already found in the clover
Wilson light quark with Wilson parameter r = 0 (It is chirally symmetric, but there are doublers.)
121

Now we consider the symmetries which the theory has. In addition to the chiral symmetry
in the light quark sector, we have the heavy quark symmetry & — e ~%€k% j for the heavy quark
sector. These symmeetries guarantee that Zp is independent on I' {13]. And also, ey = Ge, br = Gb
with ™% = GT, in which ¢ and b are independent on [

Four-guark eperator

We consider the four-quark operator (AB = 2) which is relevant for the B® — B® mixing. Its
{full) QCD operator is

0F" = [bylqllb¥iq), (3.3)
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where y‘r‘ Yufr and also 'y‘k = ¥:Pr. At the one-loop level we need to take into account only the
CHQET operator

O = Zfé(fsyig‘g;‘?r"yﬁq 3.4

for matching between the CHQET and LHQET operémrs, where 207 (B is the particle (anti-
particle) of the static quark. With the use of chiral fermions for the light quark, the on-shell O(a)
improved four-fermion operator can be written in

OCHOET _ 7, [OL + ZEUGUNB T é"’}manN}E ) (3.5)
where

ON‘;} = ’7";;{*";/!‘5{ {fg{')'f{(yf}ﬁﬁ -=i—-4:§E(+:3PL£§ET;—%{“}PR(%&;‘)&}E

42 h“”)ﬁ(}f, Nai[Rt “ingl 4T Py (D) gliR T Py, (3.6
On = 2R gl i q) + 4R PLg] iR Pag]
+20 R q) () viq] + 4R Prgl i) Pg, 3.7

Z;, is an overall matching factor, Zm

improvement coefficient.

is the O(pa) improvement coefficient and Z\™ is the O{m,a)

4. One-loop perturbative calculation of the O(a) coefficients

Quark bilinear operator

We calculate the matching factor and the O{a) improvement coefficients using one-lcop per-
turbation theory. The calculation is performed by comparing the light to heavy scattering amplitude
between the CHEQT and LHQET. Now we consider the scattering amplitude with an initial light
quark g carrying momentum p and a final heavy quark » carrying momentum &. In order to extract
the on-shell O{a) coefficients, the amplitude is expanded in the external guark momenta p and &
around zero momentum and the light quark mass m,, around zero mass. Since the momenta obey
the equation of motions (3.2), § =0 and &g = C. In the pueriurbative calculation, we choose the
Feynman gauge and the UV divergences in the continuuim calculation are regulated by dimensional
regularization and we use the MS scheme for the renormatization. The IR divergences are regulated
by introducing the glucn mass 4.

The renormalized scéttering amplitude for the CHQET at one-loop order can be written in the
form

§ H 5 N (22 } f
(h(E}Oria(p))com = (i + X;ELF ‘5’023;;) 0)}0 + '““"’"CF @f{a{m (Gi‘ 1]

. O 3 £ Ai0
«:--E&%&stmqmor’.}m @D

where { )o represents the tree level expectation value of the amplitude, Cr = (N? ~ 1)/(2N,) with
number of color N, and

o _ 3. A\ S g 8% _m) 41
g = =51 <;@*> + o oy = VR o = YT “2
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unsineared APE HYPI EYP2

M 12.979 5.514 4910 3671
e 14.884 1429  0.667 —3.378
ez~ SM 1.906 4085 —4.243 ~7.049

'Fable I: Numerical values of SM, e and eg for sach link smearing.

In this expression g is the renormalization scale parameter. The scattering amplitude for the
LHQET has the same IR divergence as in the continuum:

" ; L2 (1}’ (A 7 St S S S
h{kWrig(p) e = (l'f'z;:“’ﬂzﬁzt) e o+ Z}‘;“‘{F:@"z;u’“&fr 0

i)

Oy ;L0
-‘;-%-;;C;:Ja’m (1~ wg)mqauﬁ’;@, 4.3)

where wg = | — Ms,

O _ 3. sana SAer o _an_ 8%y m AT

LCfé’Ian == A“iiﬂ (a }u ) -+ ‘—'5““ :Ld N J/‘i’gan = *g}z "rd . J?f;m = _‘3"(:2“’ -?‘d e . {44)
The value of f was obtained in [14]. Since we will use the fitting function ~ e ¥ ep = ¢ — 6M,
the reduced value of ¢, is used [8]. The values are presented in Tab. 1. 4 ©, gV and d™ are the
finite parts of the vertex correction whose values are shown in Fig. 1. After the matching we obtain

the renormalized operator with O(«a) improvement

OSRT (1 — w2y~ 22, P20 (1 4 br(1 — wE)mya) [o‘r‘” +c;—a0?)} : {4.5)
where
o 3o 00,5 fer {m]
=1+ —Cr =1 R ' A AL I 4.
Zr =1 47ECP 211((1#)‘1*4 3 |5 4.9)
s o 1) _ & . (m) )
= Gl = ——CpGd™, 4.7
cr ir wGd\ by in »Gd 4.7

Because of our use of DW light quarks we need the DW-specific factors (1 —w3) = (1 — (1 - Ms)?)
and Z, = | + %}szw (141 in Eq. (4.5). The O(a,a) coefficients Eq. (4.7} are new resules of this
calculation.

Here we should briefly mention the !/a power divergence in the operator O? ) caused by the
mixing with the lower dimensional operator O? ). Since this power divergence is already in the
O{a) part, the tota! contribution is 0{e®) and we do not worry about it in taking the continuum
limit. And also this O{a®) effect contributes at Of{a?). which we can neglect in this one-loop
calcutation. This is guite different from the power divergence that appears in the 1 /m} expansion:
if the matching is done at {-th loop, the power divergence of ~ a/™! /a remains.

Four-guark operator

The calculation for the four-quark operator can be done just by rearranging the quark bilinear
results above. After the maiching we obtain the O(a) improved operator

OSHQET = (! - (Wg)z}mi (Zw)_iZL [0]] +ZS}L?0;\;]) -+ Z,(dm}(i - W%)m[‘;dON.‘% . €48)

h
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Figure 1: Numerical values of 49, ¢! and (1 — w7 )" versus DW height Ms for each link smearing.

As in the quark bilinear operator, we need the DW-specific factors in Eq. (4.8). The matching
factor and O(a) coefficients are

\ 7 10 [ v 4 4
Z% =142 s (a1 s ed® 2L _u}. @,
S RGBS B S | “.9)
(fy _ O DR &s o im) ‘
ZV = gV Zim = 25 pgtm) :
L 4 (A 4r d d (416)

where the constant v is the one-loop contribution from the diagram in which the gluon connecis
light and light, which was obtained in [14]. The constant ¢ arises when the gluon connects-two
heavy lines and is given by ¢ = ep.

5. Discussion

In Egs. (3.1) and (3.5), we used the operators Og ) and Onp which contain covariant deriva-
tives. These operators, however, can be written in the form:

iy L e =\ s
H=Ty-Dg = $Gao (A=Tq), Oy =2H0q) (90— 30) K gl 6D

where we have used the equations of motion (3.2). This form is quite convenient for taking the
O{a) improvement in correlation functions. In the evaluation of the 2-point correlation function
(AT ACY (0)), where AL = At ysq, we have

AT AAST(0)) = (14br(1 — wh)mga -+ caaBuma) (A5 (0)AS T O). (52

Eping is the binding energy of static heavy and light guark, which is obtained in the correlator fitting.
Therefore, in order to accomplish the O(a) improvement, no further measurement is needed in the
2-point correlation function, And alsc because the O(mga) part can be neglected due to its smal
size in many cases, we omit the O(mga) in the following discussion. Again, we should comment
on the 1 /a power divergence. The replacement (5.1} does not change the power divergence in the
operators. The familiar power divergence in the Epq is exactly the same as that mentioned earlier
in the operator 0}1}, which becomes an O(a”) contribution because the divergence is already in the
O{a) part. Using the Bq. (5.2), we can evaluate the O(q) improvement of B meson decay constant
fp like

F™ = (1 + caaBoing) fi- (5.3)
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For matrix element .#p, B parameter By and SU(3) breaking ratio & we use the vacuum saturate
approximation (VSA), and we obtain

vsa i

?‘f;mij Y34, (l - ZZIEI}@Eb;,m) Ap, Bgnp Sh (E + ?;éZé — A }ﬁEbind) Bg.

gimp o8, (1 ‘?‘Z},ﬁ“ {(Evinatn,) — Evinan, }5) E. (5.4
Now we roughly estimate these Ofa,a} effect using the actual simulation data (§ = 2.13,
IXTxLs = 16° %32 x 16, Ms = 1.80, myge = {0.01,0.02,0.03}, ma = 0.0359) which ap-
peared in [6]. For this estimate the MF-improvement is taken into account. In this case, dil) =
3.48{APE), 6.41(HYP2) and Eping ~ 0.6(APE), 0.5(HYP2}. The coupling constant has the range
ot ~ Q.15 —0.35, conservatively. The conclusion is that the O{@,a) effect of fpis 3—8%{APE), 5 -
129 (HYP2), of . is 9~ 24%{APE), 15— 36%(HYP2), and of By is 3 - 8%(APE). 5 12%(HYP2).
Using the assumnption (Eying;p,) — Evina(s, 1) ~ (ma, — mp, ), the effect for & is less than 2%.

6. Summary

We have presented a one-loop perturbative calculation of the O(a) improvement coefficient
for the static heavy - DW light quark system taking into account the link smearing in the heavy
quark sector. Estimated O(a) effect is not small in fp, .#p and Bj, but is small in £. While pertur-
bative matching has large ambiguities and its own limitations, we deduce that this conclusions is
not largely changed even in the non-perturbative matching.

We thank all the member of the RBC and UKQCD Collaborations.
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