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Abstract

We evaluated covariances in the neutron resonance region for capture and elastic
scattering cross sections on minor structural materials, 50,53Cr, 54,57Fe and 60Ni.
Use was made of the recently developed covariance formalism based on kernel
approximation along with data in the Atlas of Neutron Resonances. Our results of
most interest for advanced fuel cycle applications, elastic scattering cross section
uncertainties at energies around 100 keV, are on the level of about 7-10%.
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Chapter 1

Introduction

This report describes evaluation/estimate of covariances of neutron capture and
neutron elastic scattering cross sections in the resonance region for five minor
structural materials in the Cr-Fe-Ni mass range, 50,53Cr, 54,57Fe and 60Ni. The
report complements our earlier work on covariances for three major structural
materials, 52Cr, 56Fe and 58Ni [1]. In both instances we used our new covariance
formalism based on kernel approximation described in Ref. [2] with refinements
described in Ref. [1].

Produced covariances should be incorporated into improved AFCI covariance
library, AFCI-2.0, which is under development by BNL-LANL collaboration for
Advanced Fuel Cycle Initiative applications [3]. This library is supplied in 33-
energy group representation, covering energies from 19.66 MeV down to 10−5 eV
in nearly uniform (near-constant lethargy) energy groups. We emphasize that the
kernel approximation produces covariances averaged over relatively broad energy
bins, which should be well suited for AFCI applications.

The report is organized as follows. In Chapter 2 we summarize adopted for-
malism, which is followed by Chapter 3 where we describe results of evaluation
for individual materials. Chapter 4 is devoted to quality assurance and conclusions
are drawn in Chapter 5.
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Chapter 2

Evaluation procedure

Detailed description of adopted evaluation procedure can be found in Ref. [2].
Its key idea is the use of kernel approximation which allowed us to develop an-
alytical formalism of propagating resonance parameter uncertainties from Atlas
of Neutron Resonances [4] into cross sections uncertainties. Refinements of the
evaluation procedure are described in the report devoted to evaluation of three ma-
jor structural materials, 52Cr, 56Fe and 58Ni [1]. Brief summary of the evaluation
procedure is given below for convenience.

2.1 Radiative capture
Covariances in thermal and resonance regions are treated separately. In the ther-
mal region we use experimentally determined uncertainties of integral quantities.
In the resonance region we use kernel approximation.

2.1.1 Thermal region
In the thermal region capture cross sections in general follow the well-known 1/v
law. The upper energy limit for applicability of this law for Cr-Fe-Ni extends up
to few hundred eV, depending on the position of the first resonance. In the energy
range below 0.5 eV we use experimentally determined uncertainty of the thermal
cross section, ∆σ(Eth). At higher energies of the thermal region, 0.5 eV-1 keV
for materials discussed here, we adopt experimentally determined uncertainty of

3



50,53Cr, 54,57Fe and 60Ni Covariances

capture resonance integral, ∆RIγ. Thus,

∆σγ(E) =


∆σγ(Eth) if E < 0.5 eV,

∆RIγ if 0.5 eV < E . 1 keV.
(2.1)

This choice guarantees good agreement with uncertainties of both thermal cross
sections and resonance integrals given in Atlas of Neutron Resonances.

2.1.2 Resonance region
Kernel approximation is used in the resonance region. We proceed in three steps,
first establish suitable energy bins and determine average cross sections, then com-
pute uncertainties of these average cross sections for each bin, and finally combine
bin uncertainties into covariance matrix. One can either use capture kernel values
directly available in Atlas or compute them from resonance parameters or combi-
nation of the two.

Within the single-level Breit-Wigner (SLBW) formalism for an isolated res-
onance of the energy E0 located in sufficiently broad bin with the energy width
∆E = E1 − E2 the average capture cross section can be expressed as

σ̄γ =
1

∆E

∫ E1

E2

σγ(E)dE ≈ a
gΓnΓγ

Γ
, (2.2)

where

a = 4.089 × 106 (A + 1)2

A2

1
E0∆E

(2.3)

is given in units of barn/eV and

Aγ =
gΓnΓγ

Γ
(2.4)

is the capture kernel given in eV. Here, g is the statistical spin factor g = (2J +

1)/2(2I + 2), J being the spin of the resonance and I the spin of the target nucleus;
Γn,Γγ and Γ are the neutron, radiative and total width, respectively. We note that
up to some fluctuations the average capture cross section is decreasing with the
incident neutron energy due to 1/E0 term in Eq. (2.3).
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The relative uncertainty (standard deviation) of the average capture cross sec-
tion for a single resonance can be obtained from kernel as

∆σ̄γ =
δσ̄γ

σγ

=
δAγ

Aγ

= ∆Aγ . (2.5)

This is convenient if kernel uncertainty can be taken directly from Atlas. If kernel
is computed from resonance parameters, then somewhat more involved procedure
is needed to propagate resonance parameter uncertainties into kernel uncertainty
and thus to average capture cross section [2].

If several resonances are combined together into one energy bin one computes
uncertainty from the binomial expression for quadratic summation of uncertain-
ties,

(∆σ̄γ)2 = 〈∆σ̄γ ∆σ̄γ〉 =

〈∑

i

∆Aγi ×
∑

r

∆Aγr

〉
, (2.6)

where (∆σ̄γ)2 is the variance for a given energy bin, and i and r stand for individual
resonances. This yields

(∆σ̄γ)2 =
∑

i

(
∆Aγi

)2
+ 2

∑

i,r

∆Aγi

〈
∆Aγi ∆Aγr

〉
∆Aγr , (2.7)

where
〈
∆Aγi ∆Aγr

〉
is the resonance-resonance correlation coefficient. In accor-

dance with Ref.[2] our default values for these coefficients for each energy bin are
uniformly set to

corr(Aγi, Aγr) =
〈
∆Aγi∆Aγr

〉
= 0.5. (2.8)

Covariance matrix is composed of the thermal and resonance components.
The covariance in the thermal region is self-correlated, with just two diagonal
terms. In the resonance region the diagonal terms of the covariance matrix are
given by the variances of average capture cross sections in chosen energy bins,
while the off-diagonal terms represent bin-bin correlations. As no information on
correlations is available in Atlas, correlation coefficients must be estimated fol-
lowing certain basic principles. In accordance with Eq. (2.8) our default values
were set to 0.5.

Under these assumptions the correlation matrix is composed of two blocks,
one corresponds to fully correlated thermal region and another one to the reso-
nance region with off-diagonal terms equal to 0.5. The diagonal terms are always
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equal to 1, two blocks are uncorrelated (zeros are replaced by blanks). Thus, the
covariance matrix has the form



(∆σγ(Eth))2

(∆RIγ)2

(∆σ̄γ,1)2

(∆σ̄γ,2)2

(∆σ̄γ,3)2

...





1 1

1 1

1 0.5 0.5 . . .

0.5 1 0.5 . . .

0.5 0.5 1 . . .
...

...
...

. . .



(2.9)

2.2 Elastic scattering
Similar to capture, covariances for neutron elastic scattering in the thermal and
resonance regions are treated separately.

2.2.1 Thermal region
Elastic scattering cross sections are approximately constant over a large portion
of the thermal energy range. For materials under discussion this extends up to 100
eV or so. At sub-thermal energies, under the free-gas approximation, this constant
behavior changes to 1/v due to molecular motion of target nuclei.

In accordance with the procedure adopted by the low-fidelity covariance project
[5], in the energy range below 0.5 eV we adopt uncertainty of thermal free-atom
nuclear elastic cross section. An assumption that at energies above 0.5 eV one
can still resort to the same relative uncertainty, often adopted by the low-fidelity
project, can be challenged and we adopted more conservative approach. Thus,
relative scattering cross section uncertainty in the thermal region is estimated as

∆σn(E) =


∆σn(Eth) if 10−3 eV < E < 0.5 eV,

1.5 · ∆σn(Eth) if 0.5 eV < E . 100 eV,
(2.10)

where σn(Eth) = σs is the free thermal scattering cross section, which in most
cases is directly given in Atlas of Neutron Resonances.∗

∗Atlas uses notation σs for free neutron scattering cross sections.
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2.2.2 Resonance region - average cross sections
Following ENDF-6 Formats Manual [6] neutron elastic scattering cross section in
SLBW representation can be expressed as

σn(E) = 4πo2(2l + 1) sin2 φl + πo2g
Γ2

n − 2ΓnΓ sin2 φl + 2(E − E0)Γn sin(2φl)
(E − E0)2 + 1

4Γ2
,

(2.11)
where o is the incident neutron wave length (alternatively often used wave number
is defined as k = 1/o) and φl is the phase shift,

φl =



kR′ if l = 0

kR′ − arctan(kR′) if l = 1

kR′ − arctan(3kR′/(3 − (kR′)2) if l = 2,

(2.12)

where R′ is the scattering radius.

The average scattering cross section in sufficiently broad energy bin of the
width ∆E = E1 − E2 around the resonance energy E0 can be obtained as

σ̄n =
1

E2 − E1

∫ E2

E1

σn(E)dE = σ̄pot
n + σ̄res

n , (2.13)

where the average potential scattering cross section

σ̄pot
n ≈ 4πo2(2l + 1) sin2 φl , (2.14)

and the average resonance scattering cross section

σ̄res
n ≈ a

gΓn(Γn − 2Γ sin2 φl)
Γ

, (2.15)

with sin2 φl computed at E0.

We note that while σ̄pot
n is slowly decreasing with energy, the resonance term

has 1/E0 dependence and σ̄res
n vanishes with the energy. Therefore, if resonances

extend to hundreds of keV as is the case for structural materials, neutron elastic
scattering is determined by potential scattering. Consequently, elastic scattering
uncertainties are driven by ∆R′ rather than resonance parameter uncertainties.
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2.2.3 Resonance region - uncertainties
Relative uncertainty of the average elastic scattering cross section is obtained by
quadratic summation of the resonance and potential scattering terms, ∆σ̄res

n and
∆σ̄

pot
n . The outcome depends on the correlation between these two terms, our

default value being 〈
∆σ̄res

n ∆σ̄pot
n

〉
= −0.5. (2.16)

Uncertainty of the resonance term is determined from sensitivities of the aver-
age elastic resonance scattering cross section, σ̄res

n , to Γn, Γγ and R’, followed by
quadratic summation,

〈
δσ̄res

n
〉2

=

〈
∂σ̄res

n

∂Γn
δΓn +

∂σ̄res
n

∂Γn
δΓγ +

∂σ̄res
n

∂R′
δR′

〉2

. (2.17)

Materials in Cr-Fe-Ni mass range are almost pure scatterers,

Γn >> Γγ implying δΓn >> δΓγ . (2.18)

Hence the term containing δΓγ in Eq. (2.17) can be neglected and

〈
∆σ̄res

n
〉2 ≈

(
∂σ̄res

n

∂Γn

δΓn

σ̄res
n

)2

+

(
∂σ̄res

n

∂R′
δR′

σ̄res
n

)2

+ 2
∂σ̄res

n

∂Γn

〈
δΓnδR′

σ̄res
n σ̄res

n

〉
∂σ̄res

n

∂R′
. (2.19)

The 1st term in Eq. (2.19) can be approximated for small φl as

∂σ̄res
n

∂Γn

δΓn

σ̄res
n
≈ δΓn

Γn
= ∆Γn, (2.20)

the 2nd term as
∂σ̄res

n

∂R′
δR′

σ̄res
n
≈ 4 sin φl cos φl

1 − 2 sin2 φl
k∆R′ , (2.21)

and the 3rd term can be easily obtained from the first two once anti-correlation
between Γn and R’ has been properly estimated.

Uncertainty of the potential term is obtained from potential scattering by sum-
ming up s-waves and p-waves (d-waves can be neglected) and distant level contri-
butions,

σpot
n (E) =

4π
k2

{
sin2 (kR′) + 3 sin2 [

(kR′) − arctan (kR′)
]}
. (2.22)
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As shown in Ref. [2] one can compute sensitivities analytically and obtain uncer-
tainty of potential scattering cross section as

∆σ̄pot
n =

∂σ̄
pot
n

∂R′
δR′

σ̄
pot
n

= 2∆R′
kR′

sinφ0 cos φ0 + 3
(
1 − 1

1+(kR′)2

)
sin φ1 cos φ1

sin2 φ0 + 3 cos2 φ1

 ,

(2.23)
where ∆R′ = δR′/R′ is R’ relative uncertainty. Leading term is 2∆R′, term in com-
plex brackets being correction factor which is close to 1 and decreases slowly with
energy. As an example, for 56Fe this correction reaches value of 0.9 at 800 keV [2].

Using explicit expressions for the sensitivities and making appropriate as-
sumptions about the correlations between the resonance parameter uncertainties
one can get the uncertainty of the average cross section in a given energy bin.

2.2.4 Resonance region - covariance matrix
The last step is combining bin uncertainties into covariance matrix, which is com-
posed of the thermal and resonance components. The thermal region is fully cor-
related, with two diagonal terms. In the resonance region the diagonal terms are
given by the uncertainties of average scattering cross sections in chosen energy
bins, while the off-diagonal terms are bin-bin correlation coefficients. Default
values of these coefficients are given in Table 2.1; actual values should be deter-
mined by an evaluator keeping in mind that no information is available in Atlas of
Neutron Resonances.

Elastic scattering correlation matrix is composed of two blocks, one corre-
sponds to fully correlated thermal region and another one to the resonance region
with off-diagonal terms equal to 0.5. The diagonal terms are always equal to 1,
two blocks are uncorrelated (zeros are replaced by blanks). Thus, the covariance
matrix has the form,

(∆σn(Eth))2

(1.5∆σ(Eth))2

(∆σ̄n,1)2

(∆σ̄n,2)2

(∆σ̄n,3)2

...





1 1

1 1

1 0.5 0.5 . . .

0.5 1 0.5 . . .

0.5 0.5 1 . . .
...

...
...

. . .



(2.24)
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Table 2.1: Default values of correlation coefficients (range -1.0 to +1.0) adopted in the
present work.

No. Type Quantity Default

1 Single resonance corr(Γn,Γγ) 0.0+)

2 Resonance-resonance corr(Γγ,Γγ) 0.5

3 Resonance-resonance corr(Γn,Γn) 0.5

4 Resonance-resonance corr(Γn,Γγ) 0.0

5 Pot. scattering-resonance corr(R′,Γn) -0.5

6 Bin-bin corr(σ̄γ, σ̄γ) 0.5

7 Bin-bin corr(σ̄n, σ̄n) 0.5

8 Thermal-resonance corr(σth
γ , σ̄γ) 0.0

9 Thermal-resonance corr(σth
n , σ̄n) 0.0

10 Cross-correlation corr(σth
n , σ

th
γ ) 0.0

11 Cross-correlation corr(σres
n , σres

γ ) 0.0†)

+) For scattering resonances this could be as large as +0.7 if no correction was carried

out by measurer. In analysis by the area method a measurer assumes a value of Γγ to

obtain Γn and for reasonably thick samples (i.e., non-thin) Γn is anticorrelated with Γγ.
†) This correlation should have little impact except for the thermal region; 0.0 value

was adopted for simplicity.
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Chapter 3

Evaluations

3.1 Input uncertainties

3.1.1 Resonance parameter uncertainties
Resonance parameter uncertainties for 5 minor structural materials used in the
present work were taken from electronic version of Atlas of Neutron Resonances [4].
Availability of these data is summarized in Table 3.1.

Table 3.1: Availability of resonance parameter uncertainties in Atlas for 5 minor struc-
tural materials. Maximum resonance energies, Emax

0 , show availability of ∆Γn,∆Γγ and
∆Aγ. At higher energies the average radiative widths with uncertainties

〈
∆Γγ0

〉
and〈

∆Γγ1
〉

are usually available.

Nucleus Emax
0 ∆Γn ∆Γγ ∆Aγ

〈
∆Γγ0

〉 〈
∆Γγ1

〉
Comment

keV Emax
0 Emax

0 Emax
0 % %

50Cr 591 472 292 297 50 31
〈
∆Γγ0

〉
estimated

53Cr 264 244 264 200 50 33
〈
∆Γγ0

〉
estimated

54Fe 807 807 195 195 50 26
〈
∆Γγ0

〉
estimated

57Fe 190 190 190 190 60 86
60Ni 451 451 445 451 31 6

11
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3.1.2 Integral uncertainties - capture
Relative standard deviations (relative uncertainties) for capture integral quantities
are summarized in Table 3.2. These quantities include thermal cross sections,
resonance integrals and 30-keV Maxwellian averages. Shown are also central val-
ues in ENDF/B-VII.0, Atlas, and 30-keV Maxwellian averages in the KADoNis
database [7]. Adopted uncertainties for thermal cross sections and resonance in-
tegrals served as input in the thermal energy range in accordance with Eq. (2.1).
These quantities along with 30-keV Maxwellian averages served also for quality
assurance purposes discussed in Chapter 4, p. 56.

Adopted uncertainties of capture integral quantities were determined by the
procedure developed by the low-fidelity covariance project [5]. The goal there
was to apply adopted integral uncertainties to the differential data in the corre-
sponding energy range. It is understood that ENDF/B-VII.0 cross sections are
obtained from resonance parameters which were deduced from measurements of
differential data. On the other hand, relevant cross section uncertainties in Atlas
were obtained from experiments of integral quantities. Thus, if central value in
ENDF/B-VII.0 agrees with Atlas within two absolute standard deviations, then
estimated relative standard deviation is

∆σ = ∆σAtlas if |σENDF − σAtlas| < 2δσAtlas. (3.1)

If the two central values are discrepant, then adopted relative standard deviation
is defined as half the difference between these two central values relative to the
average central value,

∆σ =
|σENDF − σAtlas|
σENDF + σAtlas

if |σENDF − σAtlas| > 2δσAtlas. (3.2)

The logic behind Eq. (3.2) is as follows [8]∗. Since the two central values are
discrepant and we do not know which one is better, we assume that their average,

σENDF + σAtlas

2
,

is the best-estimate value. Next, we assume that the two initial central values lie
within two standard deviations of the best-estimate value. This is achieved by

∗We are indebted to Mark Williams and Goran Arbanas (ORNL) for illuminating discussion of
this topic.
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Table 3.2: Capture integral quantities (thermal cross sections, σγ(Eth); resonance in-
tegrals, RIγ; 30-keV Maxwellian averages, MACS) and their uncertainties for 5 minor
structural materials. Data were retrieved from ENDF/B-VII.0, Atlas and KADoNis [7].
Uncertainties adopted by the low-fidelity project are compared with present estimates.
For 50Cr and 53Cr present ∆RIγ estimates differ considerably from our initial values based
purely on uncertainties given in Atlas.

Nuc- Quantity VII.0 +) A t l a s Lowfi ∗) Present Note
leus b b % % %
50Cr σγ(Eth) 15.9 15.4±0.2 1.3 1.7 2.0

RIγ 7.48 11.7±0.2 1.7 22.1 22 Initial value 4%
MACS 37.8mb 49±12mb 24 - 24 KADoNiS:49±13mb

53Cr σγ(Eth) 18.1 18.6±0.6 3.2 3.3 3.3 ENDF/A: 18.09±0.42b
RIγ 8.43 12.3c - 18.7 19 Initial value 6.6%

MACS 31.4mb 54±9.4mb 17 - 27 KADoNiS:58±10mb
54Fe σγ(Eth) 2.25 2.25±0.18 8.0 8.0 8.0

RIγ 1.20 1.27±0.10c 7.9 8.1 8.0 Initial value 7.9%
MACS 21.6mb 34±3mb 9 - 22 KADoNiS:29.6±1.3mb

57Fe σγ(Eth) 2.43 2.48±0.30 12 12.2 12
RIγ 1.45 1.52±0.15c 9.9 10.1 10 Initial value 9.9%

MACS 28.5mb - - - 18 KADoNiS:40±4mb
60Ni σγ(Eth) 2.76 2.50±0.06 2.4 5.0 5.0 ENDF/A: 2.40±0.06b

RIγ 1.40 1.40±0.20c 14 14.3 14 Initial value 14%
MACS 28.3mb - - - 3 KADoNiS:29.9±0.7mb

+) Retrieved from www.nndc.bnl.gov/sigma at 300K (August, 2010).
∗) Retrieved from www.nndc.bnl.gov/lowfi (August, 2010).
c Value in Atlas is computed.
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defining their difference accordingly, meaning that half their difference,

|σENDF − σAtlas|
2

,

is the standard deviation of the best-estimate value. Then, similar to Eq. (3.1), the
relative uncertainty of the best-estimate integral quantity is adopted as the relative
uncertainty of ENDF/B-VII.0 cross sections.

One may argue, however, that ∆σ should be computed relative to σENDF rather
than to (σENDF +σAtlas)/2. The trouble is that the former has some unfortunate fea-
tures, such as yielding values in considerable excess of 100% if σENDF << σAtlas.
On the other hand, Eq. (3.2) guarantees that 100% maximum is not exceeded. In
addition, it also provides for smooth change when going from consistent data to
discrepant data. Since any attempt to resolve the issue of discrepant data with-
out detailed analysis is virtually impossible, we followed the procedure outlined
above.

3.1.3 Integral uncertainties - elastic
Relative standard deviations (relative uncertainties) for elastic scattering integral
quantities are summarized in Table 3.3. They include three quantities: thermal
cross sections, σn(Eth); values in the thermal region at higher energies, σn(E >
0.5eV); and scattering radii R′. Adopted uncertainties in the thermal energy range
were used as input according to Eq. (2.10).

In addition, we also need ∆R′ in the resonance region. The trouble is that the
values given in Atlas which are shown in Table 3.3 refer to the thermal region.
In order to account for considerable difference in the thermal and resonance ener-
gies and possible implications for ∆R′ in the resonance region, we adopted values
enhanced by appropriate factor compared to thermal values,

∆R′(Eres) ≈ kR′∆R′(Eth), (3.3)

where Eres stands for the energy in the resonance region. The enhancement factor
was initially estimated as kR′ = 2 [1], in the present work we used

kR′ = 1.5. (3.4)
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Table 3.3: Elastic scattering cross sections (in barns) in the thermal region and their
uncertainties for 5 minor structural materials. Also given are values of scattering radius,
R′ (in fm) and ∆R′. Shown are absolute values in ENDF/B-VII.0 and Atlas; uncertainties
in Atlas, low-fidelity project, and values adopted in the present work.

Nuc- Quantity VII.0∗ A t l a s Lowfi† Present Note
leus b or fm b or fm % % %
50Cr σn(Eth) 2.37 2.41±0.06 2.5 - 2.5

σn(E > 0.5eV) - 3.7 Estimated
R’ 5.37 5.0±0.3 6.0 - 9.0 kR′=1.5

53Cr σn(Eth) 7.92 7.76±0.20 2.6 2.6 2.6 ENDF/A: 7.98±0.28
σn(E > 0.5eV) 2.6 3.9 Estimated
R’ 5.48 5.4±0.3 5.6 - 8.3 kR′=1.5

54Fe σn(Eth) 2.20 2.17±0.10 4.6 4.6 4.6
σn(E > 0.5eV) 4.6 6.9 Estimated
R’ 5.48 5.0 - - 6.0 Estimated

57Fe σn(Eth) 2.62 0.68±0.06 8.8 58 50
σn(E > 0.5eV) 58 50 Estimated
R’ 5.90 6.1 - - 6.0 Estimated

60Ni σn(Eth) 0.98 0.98±0.07 7.1 7.2 7.1 ENDF/A: 1.10±0.03
σn(E > 0.5eV) 7.2 11 Estimated
R’ 6.0 6.7±0.3 4.5 - 6.0 Estimated

∗) ENDF/B-VII.0 values retrieved from www.nndc.bnl.gov/sigma (July, 2010).
†) Lowfi values retrieved from www.nndc.bnl.gov/lowfi (July, 2010).
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3.2 50Cr evaluation
Evaluation is performed in several consecutive steps. We start with inspecting
capture and elastic scattering cross sections in ENDF/B-VII.0 library. Then, we
identify the proper energy binning for average cross sections, compute uncertain-
ties of the average cross sections in these energy bins, and finally combine the
bins into covariance matrix. Details can be seen on subsequent plots.

Figure 3.1: 50Cr(n,γ) and (n,el) average cross sections in the thermal and resonance re-
gion using resonance parameters from ENDF/B-VII.0 processed by NJOY.
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3.2.1 Capture

Figure 3.2: 50Cr(n,γ) average cross sections using resonance parameters from Atlas.
Compared are approximate values obtained by kernel formalism with correct values ob-
tained by NJOY, demonstrating an excellent agreement. Shown in the insert is the thermal
region.
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Figure 3.3: 50Cr(n,γ) uncertainties for three scenarios of level-level correlation between
radiative widths, corr(Γγ,Γγ) = 1.0, 0.5 and 0.0. Above 297 keV the uncertainties of the
average radiative widths were adopted, see Table 3.1.

Page 18



50,53Cr, 54,57Fe and 60Ni Covariances

    σ
 vs. E

 for 50C
r(n,γ)

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
-5

10
-3

10
-1

10
1

∆σ/σ vs. E for 50Cr(n,γ)

10-2 10-1 100 101 102 103 104 105 106 107
10-1

100

101

102
Ordinate scales are % relative

standard deviation and barns.

Abscissa scales are energy (eV).

Correlation Matrix

0.0
0.2
0.4
0.6
0.8
1.0

0.0
-0.2
-0.4
-0.6
-0.8
-1.0

Figure 3.4: 50Cr(n,γ) covariances in the thermal and resonance region for corr = 0.5,
the level-level and bin-bin correlation coefficients adopted uniformly in the entire energy
range. Shown are relative uncertainties in % (top), average cross sections in barns (right)
and correlation matrix (bottom).
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3.2.2 Elastic

Figure 3.5: 50Cr(n,el) average cross sections in the resonance region using resonance
parameters from Atlas. Compared are approximate values obtained by kernel formalism
with correct values obtained by NJOY. Shown in the insert is the thermal region. Potential
scattering cross sections are shown explicitly, indicating strong role of potential scattering
at high energies.
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Figure 3.6: 50Cr(n,el) uncertainties for three scenarios of level-level correlation between
neutron widths, corr(Γn,Γn) = 1.0, 0.5 and 0.0. Assumed was scattering radius uncertainty
∆R′ = 9% and default value of the correlation coefficient corr(R′,Γn) = -0.5.
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Figure 3.7: 50Cr(n,el) uncertainties for three scenarios of corr(R′, Γn) = 0.0, -0.5 and -1.0
assuming ∆R′ = 9%. Shown for comparison are uncertainties assuming perfectly known
scattering radius, ∆R′ = 0, illustrating dominant impact of ∆R′ on elastic scattering cross
section uncertainties at high energies.
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Figure 3.8: 50Cr(n,el) covariances in the thermal and resonance region for the uniformly
adopted value of level-level and bin-bin correlation coefficients, corr = 0.5.
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3.3 53Cr evaluation
Evaluation is performed in several consecutive steps. We start with inspecting
capture and elastic scattering cross sections in ENDF/B-VII.0 library. Then, we
identify the proper energy binning for average cross sections, compute uncertain-
ties for the average cross sections in these energy bins, and finally combine the
bins into covariance matrix. Details can be seen on subsequent plots.

Figure 3.9: 53Cr(n,γ) and (n,el) average cross sections in the thermal and resonance re-
gion using resonance parameters from ENDF/B-VII.0 processed by NJOY.
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3.3.1 Capture

Figure 3.10: 53Cr(n,γ) average cross sections using resonance parameters from Atlas.
Compared are approximate values obtained by kernel formalism with correct values ob-
tained by NJOY, demonstrating an excellent agreement. Shown in the insert is the thermal
region.
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Figure 3.11: 53Cr(n,γ) uncertainties for three scenarios of level-level correlation between
radiative widths, corr(Γγ,Γγ) = 1.0, 0.5 and 0.0. Above 200 keV the uncertainties of the
average radiative widths were adopted, see Table 3.1.
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Figure 3.12: 53Cr(n,γ) covariances in the thermal and resonance region for corr = 0.5,
the level-level and bin-bin correlation coefficients adopted uniformly in the entire energy
range. Shown are relative uncertainties in % (top), average cross sections in barns (right)
and correlation matrix (bottom).
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3.3.2 Elastic

Figure 3.13: 53Cr(n,el) average cross sections in the resonance region using resonance
parameters from Atlas. Compared are approximate values obtained by kernel formalism
with correct values obtained by NJOY. Shown in the insert is the thermal region. Potential
scattering cross sections are shown explicitly, indicating strong role of potential scattering
at high energies.
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Figure 3.14: 53Cr(n,el) uncertainties for three scenarios of level-level correlation between
neutron widths, corr(Γn,Γn) = 1.0, 0.5 and 0.0. Assumed was scattering radius uncertainty
∆R′ = 8.3% and default value of the correlation coefficient corr(R′, Γn) = -0.5.
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Figure 3.15: 53Cr(n,el) uncertainties for three scenarios of corr(R′,Γn) = 0.0, -0.5 and
-1.0 assuming ∆R′ = 8.3%. Shown for comparison are uncertainties assuming perfectly
known scattering radius, ∆R′ = 0, illustrating strong impact of ∆R′ on elastic scattering
cross section uncertainties at high energies.
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Figure 3.16: 53Cr(n,el) covariances in the thermal and resonance region for the uniformly
adopted value of level-level and bin-bin correlation coefficients, corr = 0.5.
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3.4 54Fe evaluation
Evaluation is performed in several consecutive steps. We start with inspecting
capture and elastic scattering cross sections in ENDF/B-VII.0 library. Then, we
identify the proper energy binning for average cross sections, compute uncertain-
ties for the average cross sections in these energy bins, and finally combine the
bins into covariance matrix. Details can be seen on subsequent plots.

Figure 3.17: 54Fe(n,γ) and (n,el) average cross sections in the thermal and resonance
region using resonance parameters from ENDF/B-VII.0 processed by NJOY.
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3.4.1 Capture

Figure 3.18: 54Fe(n,γ) average cross sections using resonance parameters from Atlas.
Compared are approximate values obtained by kernel formalism with correct values ob-
tained by NJOY, demonstrating an excellent agreement. Shown in the insert is the thermal
region.
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Figure 3.19: 54Fe(n,γ) uncertainties for three scenarios of level-level correlation between
radiative widths, corr(Γγ,Γγ) = 1.0, 0.5 and 0.0. Above 195 keV the uncertainties of the
average radiative widths were adopted, see Table 3.1.
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Figure 3.20: 54Fe(n,γ) covariances in the thermal and resonance region for corr = 0.5,
the level-level and bin-bin correlation coefficients adopted uniformly in the entire energy
range. Shown are relative uncertainties in % (top), average cross sections in barns (right)
and correlation matrix (bottom).
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3.4.2 Elastic

Figure 3.21: 54Fe(n,el) average cross sections in the thermal and resonance region for
resonance parameters from Atlas. Compared are approximate values obtained by kernel
formalism with correct values obtained by NJOY. Shown in the insert is the thermal re-
gion. Potential scattering cross sections are shown explicitly, indicating strong role of
potential scattering at high energies.
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Figure 3.22: 54Fe(n,el) uncertainties for three scenarios of level-level correlation between
neutron widths, corr(Γn,Γn) = 1.0, 0.5 and 0.0. Assumed was scattering radius uncertainty
∆R′ = 6% and default value of the correlation coefficient corr(R′,Γn) = -0.5.
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Figure 3.23: 54Fe(n,el) uncertainties for three scenarios of corr(R′, Γn) = 0.0, -0.5 and -1.0
assuming ∆R′ = 6%. Shown for comparison are uncertainties assuming perfectly known
scattering radius, ∆R′ = 0, illustrating dominant impact of ∆R′ on elastic scattering cross
section uncertainties at high energies.

Page 38



50,53Cr, 54,57Fe and 60Ni Covariances

    σ
 vs. E

 for 54F
e(n,el.)

10
-2

10
-1

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
-5

10
-3

10
-1

10
1

10
3

∆σ/σ vs. E for 54Fe(n,el.)

10-2 10-1 100 101 102 103 104 105 106 107
0

2

4

6

8

10

12
Ordinate scales are % relative

standard deviation and barns.

Abscissa scales are energy (eV).

Correlation Matrix

0.0
0.2
0.4
0.6
0.8
1.0

0.0
-0.2
-0.4
-0.6
-0.8
-1.0

Figure 3.24: 54Fe(n,el) covariances in the thermal and resonance region for the uniformly
adopted value of level-level and bin-bin correlation coefficients, corr = 0.5.
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3.5 57Fe evaluation
Evaluation is performed in several consecutive steps. We start with inspecting
capture and elastic scattering cross sections in ENDF/B-VII.0 library. Then, we
identify the proper energy binning for average cross sections, compute uncertain-
ties for the average cross sections in these energy bins, and finally combine the
bins into covariance matrix. Details can be seen on subsequent plots.

Figure 3.25: 57Fe(n,γ) and (n,el) average cross sections in the thermal and resonance
region using resonance parameters from ENDF/B-VII.0 processed by NJOY.
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3.5.1 Capture

Figure 3.26: 57Fe(n,γ) average cross sections using resonance parameters from Atlas.
Compared are approximate values obtained by kernel formalism with correct values ob-
tained by NJOY, demonstrating an excellent agreement. Shown in the insert is the thermal
region.
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Figure 3.27: 57Fe(n,γ) uncertainties for three scenarios of level-level correlation between
radiative widths, corr(Γγ,Γγ) = 1.0, 0.5 and 0.0. Above 190 keV the uncertainties of the
average radiative widths were adopted, see Table 3.1.
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Figure 3.28: 57Fe(n,γ) covariances in the thermal and resonance region for corr = 0.5,
the level-level and bin-bin correlation coefficients adopted uniformly in the entire energy
range. Shown are relative uncertainties in % (top), average cross sections in barns (right)
and correlation matrix (bottom).
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3.5.2 Elastic

Figure 3.29: 57Fe(n,el) average cross sections in the resonance region using resonance
parameters from Atlas. Compared are approximate values obtained by kernel formalism
with correct values obtained by NJOY. Shown in the insert is the thermal region. Potential
scattering cross sections are shown explicitly, indicating strong role of potential scattering
at high energies.
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Figure 3.30: 57Fe(n,el) uncertainties for three scenarios of level-level correlation between
neutron widths, corr(Γn,Γn) = 1.0, 0.5 and 0.0. Assumed was scattering radius uncertainty
∆R′ = 6% and default value of the correlation coefficient corr(R′,Γn) = -0.5.
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Figure 3.31: 57Fe(n,el) uncertainties for three scenarios of corr(R′, Γn) = 0.0, -0.5 and -1.0
assuming ∆R′ = 6%. Shown for comparison are uncertainties assuming perfectly known
scattering radius, ∆R′ = 0, illustrating dominant impact of ∆R′ on elastic scattering cross
section uncertainties at high energies.
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Figure 3.32: 57Fe(n,el) covariances in the thermal and resonance region for the uniformly
adopted value of level-level and bin-bin correlation coefficients, corr = 0.5.
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3.6 60Ni evaluation
Evaluation is performed in several consecutive steps. We start with inspecting
capture and elastic scattering cross sections in ENDF/B-VII.0 library. Then, we
identify the proper energy binning for average cross sections, compute uncertain-
ties for the average cross sections in these energy bins, and finally combine the
bins into covariance matrix. Details can be seen on subsequent plots.

Figure 3.33: 60Ni(n,γ) and (n,el) average cross sections in the thermal and resonance
region using resonance parameters from ENDF/B-VII.0 processed by NJOY.
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3.6.1 Capture

Figure 3.34: 60Ni(n,γ) average cross sections using resonance parameters from Atlas.
Compared are approximate values obtained by kernel formalism with correct values ob-
tained by NJOY, demonstrating an excellent agreement. Shown in the insert is the thermal
region.
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Figure 3.35: 60Ni(n,γ) uncertainties for three scenarios of level-level correlation between
radiative widths, corr(Γγ,Γγ) = 1.0, 0.5 and 0.0.
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Figure 3.36: 60Ni(n,γ) covariances in the thermal and resonance region for the level-level
correlation coefficients adopted uniformly in the entire energy range corr = 0.5, while
bin-bin corr = 1.0 was adopted in the final analysis. Shown are relative uncertainties in %
(top), average cross sections in barns (right) and correlation matrix (bottom).
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3.6.2 Elastic

Figure 3.37: 60Ni(n,el) average cross sections in the resonance region using resonance
parameters from Atlas. Compared are approximate values obtained by kernel formalism
with correct values obtained by NJOY. Shown in the insert is the thermal region. Poten-
tial scattering cross sections are shown explicitly, indicating dominant role of potential
scattering at high energies.
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Figure 3.38: 60Ni(n,el) uncertainties for three scenarios of level-level correlation between
neutron widths, corr(Γn,Γn) = 1.0, 0.5 and 0.0. Assumed was scattering radius uncertainty
∆R′ = 4.5% and default value of the correlation coefficient corr(R′, Γn) = -0.5.
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Figure 3.39: 60Ni(n,el) uncertainties for three scenarios of corr(R′,Γn) = 0.0, -0.5 and
-1.0 assuming ∆R′ = 4.5%. Shown for comparison are uncertainties assuming perfectly
known scattering radius, ∆R′ = 0, illustrating dominant impact of ∆R′ on elastic scattering
cross section uncertainties at high energies.
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Figure 3.40: 60Ni(n,el) covariances in the thermal and resonance region for the uniformly
adopted value of level-level correlation coefficients corr = 0.5, while bin-bin corr = 1.0
was adopted in the final analysis.
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Chapter 4

Quality assurance

Quality Assurance (QA) of covariances is important aspect of the evaluation pro-
cess. Our QA procedures address formatting, mathematical properties of covari-
ances matrices and plausibility of cross section uncertainties.

4.1 Compliance with ENDF-6 format
We used MF33 covariance format which was implemented in fairly simple and
straightforward manner for all materials under discussion. Covariance matrices
are supplied for capture and elastic scattering, they comply with the format as
specified in the latest version of ENDF-6 Formats Manual [6].

4.2 Mathematical properties of covariance matrices
This QA test consists of three requirements:

• Symmetry. All our matrices are symmetric,

cov(i, j) = cov( j, i). (4.1)

• Schwarz inequality. Correlation coefficients in each of our matrices are
within -1.0 and +1.0 boundaries,

−1 ≤ corr(i, j) ≤ 1. (4.2)
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• Positive-definiteness. Eigenvalues of our matrices should be either positive
or at least semi-positive. This means that after diagonalizing a matrix all
diagonal elements meet requirement

cov(i, i) ≥ 0. (4.3)

We note that the way how we constructed the matrices does not implic-
itly guarantee their positive-definitiveness. However, the matrices are fairly
simple and the fix, if at all necessary, is relatively easy to do with small
impact on final results.

4.3 Cross section uncertainties
There are no established procedures how to judge quality of cross section covari-
ances. Probably the most sophisticated system is under development for AFCI
applications [3] by the NNDC, its basic idea being inspection of covariances from
several different perspectives. This includes integral perspective, where one com-
pares own results with uncertainties of independently determined integral quanti-
ties (thermal, RI, Maxwellian average, Cf average). The second perspective is dif-
ferential, where one analyzes dispersion of major evaluated libraries and performs
comparison with differential data retrieved from EXFOR. The third perspective is
testing against a set of criteria designed to check plausibility of uncertainties in
broader energy groups.

In the present work we resorted to the following three tests. First, for capture
we performed comparison with independent sources of information on integral
quantities. For elastic scattering things are more complicated and we resorted
to a comparison with independent estimate for the unresolved resonance region.
As the third test we checked whether our uncertainties do not fall below certain
acceptable limits, the goal being to avoid claims of unrealistic precision of cross
sections.

4.3.1 Capture
We compared our results with three integral quantities: thermal values - compar-
ison was made with data in Atlas adjusted for discrepancies with ENDF/B-VII.0
cross sections; resonance integrals - comparison was made with data in Atlas; 30-
keV Maxwellian average - comparison was made with the uncertainties given in
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Atlas and also in KADoNiS library [7] which is an independent database main-
tained by the nuclear astrophysics community. These three integral quantities
effectively cover the energy range from the thermal point up to about 100-200
keV. This should be sufficient for AFCI applications, above about 100 keV cap-
ture cross sections are very small and hence of limited practical importance.

Summary of capture integral uncertainty testing for 50,53Cr, 54,57Fe and 60Ni is
given in Table 4.1. Our findings including recipes for possible fixes are as follows:

• In the thermal region our uncertainties either agree with Atlas or are more
conservative since we accounted for discrepancies with cross sections in
ENDF/B-VII.0 library. In all instances our covariances perform well.

• For capture resonance integrals things are more complicated. Thus, for three
materials, 54,57Fe and 60Ni, performance of our results is good. For 50,53Cr,
however, our uncertainties differ considerably from recommended uncer-
tainties obtained according to Eq. (3.2).

We note that fixing resonance integral uncertainty for 50,53Cr would be pos-
sible by the following consideration. RIγ can be approximated as

RIγ =

∫ 20MeV

0.5 eV

1
E
σγ(E)dE ≈

∫ 1 keV

0.5 eV

1
E
σγ(E)dE . (4.4)

This approximation takes into account 1/E weighting function as well as
strong decline of capture cross sections for all materials under discussion
meaning that one can neglect contributions from E & 1 keV. If according to
Eq. (2.1) one would adopt

∆σγ(E) = ∆RIγ for 0.5 eV < E . 1 keV, (4.5)

then good agreement with capture integral resonance uncertainty could be
achieved.

• 30-keV Maxwellian averages offer a good possibility to check our results
effectively in the energy range from about 5 keV to 200 keV. One can see
that even though the agreement is not unreasonable, our results look a bit
too optimistic. It is not clear how to fix these discrepancies, one possibility
would be to enhance radiative width uncertainties in Atlas.
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Table 4.1: Capture integral quantities (thermal cross sections, σγ(Eth); resonance in-
tegrals, RIγ; 30-keV Maxwellian averages, MACS) and their uncertainties for 5 minor
structural materials. Shown are values in ENDF/B-VII.0 and Atlas, for MACS also in
KADoNis [7]. Recommended uncertainties were obtained following Eqs. (3.1) and (3.2).

Nuc- Quantity VII.0 A t l a s Rec. Present Performance

leus b b % % % and possible fix
50Cr σγ(Eth) 15.9 15.4±0.2 1.3 1.9 2.0 Performance good

RIγ 7.48 11.7±0.2 1.7 22 3.5 Fix possible via thermal

MACS 37.8mb 49±12mb 24 24 7.6 Fix not easy

KADoNiS 37.8mb 49±13mb 26 26 7.6 Fix not easy
53Cr σγ(Eth) 18.1 18.6±0.6 3.2 3.2 3.3 Good; see also ENDF/Aa)

RIγ 8.43 12.3c - 19 6.1 Fix possible via thermal

MACS 31.4mb 54±9.4mb 17 26 13 Fix not easy

KADoNiS 31.4mb 58±10mb 17 29 13 Fix not easy
54Fe σγ(Eth) 2.25 2.25±0.18 8.0 8.0 8.0 Performance good

RIγ 1.20 1.27±0.10c 7.9 8.1 8.0 Performance good

MACS 21.6mb 34±3mb 9 22 9.6 Fix not easy

KADoNiS 21.6mb 29.6±1.3mb 4.4 15 9.6 Performance reasonable
57Fe σγ(Eth) 2.43 2.48±0.30 12 12 12 Performance good

RIγ 1.45 1.52±0.15c 9.9 10 10 Performance good

MACS 28.5mb - - - 14.4

KADoNiS 28.5mb 40±4mb 10 17 14.4 Performance good
60Ni σγ(Eth) 2.76 2.50±0.06 2.4 5.1 5.0 Performance good

RIγ 1.40 1.40±0.20c 14 14 14 Good; see also ENDF/Ab)

MACS 28.3mb - - - 6.4

KADoNiS 28.3mb 29.9±0.7mb 2.3 2.7 6.4 Fix not easy

a) 53Cr [9], retrieved from ENDF/A in July 2010: σγ(Eth) = 18.09±0.42b
b) 60Ni [10], retrieved from ENDF/A in July 2010: RIγ = 2.40±0.06b
c) Value in Atlas is computed.
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4.3.2 Elastic scattering
For elastic scattering we resorted to a comparison of uncertainties for two energies
as shown in Table 4.2. For thermal energies our results agree will with those in
Atlas except for 57Fe. This good agreement is not surprising and it is in line with
our evaluation procedure adopted in the thermal region. Disagreement for 57Fe is
due to large discrepancy between thermal elastic cross section in ENDF/B-VII.0
(2.62 b) and Atlas (0.68 b).

Table 4.2: Uncertainties for elastic scattering cross sections for 52,53Cr, 54,57Fe and 60Ni.
Shown are thermal values and those at around 100 keV. Comparison is made between
Mughabghab (thermal - Atlas, see also Table 3.2; 100 keV - new estimates [11]) and
present results.

Nuclide Energy Mughabghab Present Comment

% %
50Cr thermal 2.5 2.5 Good agreement

100 keV 13.4 11 Good agreement
53Cr thermal 2.6 2.6 Good agreement

100 keV 14.2 7.5 Modest agreement
54Fe thermal 4.6 4.6 Good agreement

100 keV 14.6 5.3 Modest agreement
57Fe thermal 8.8 50 Large discrepancy with VII.0

100 keV 9.8 6.1 Reasonable agreement
60Ni thermal 7.1 7.1 Good agreement

100 keV 10.6 7.2 Reasonable agreement

As the second energy we show comparison at around 100 keV with indepen-
dent estimate done most recently by Mughaghab [11]. He used expression for the
unresolved resonance region which relates average total cross sections with the
scattering radius R’ and neutron s-wave and p-wave strength functions S0 and S1.
Then, he carried out a least-squares fit to the total cross sections to derive these
quantities as well as their uncertainties. Since at 100 keV capture cross section can
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be neglected, uncertainty of elastic scattering cross section is fully determined by
uncertainty of total cross section. One can see that the two approaches yield com-
parable results, though our uncertainties are systematically lower. This seems ac-
ceptable since our results are based on averaging of individual resonances around
100 keV rather than on averaging over the entire resonance region.

4.3.3 Minimal uncertainties
We adopted criterion that uncertainties in the 33-group representation should be
larger than reasonable minimal values, which were set to 2%. We thus require

• ∆σ(n, γ) > 2%,

• ∆σ(n, el) > 2%.

These minimal values take into account the fact that to reach 2% precision in neu-
tron cross section measurements is tough. Better precision has been achieved in
determining the best established cross sections of neutron standards.

We checked all uncertainties and made sure that if precision better than 2% is
claimed, then plausible explanation is available. This test produced warning only
once, 1.88% for 50Cr(n,γ) in the border between thermal and resonance region
as artifact of processing. In the thermal region we adopted 2.0% value (1.3%
from Atlas corrected for discrepancy with the thermal cross section in ENDF/B-
VII.0); in the 1st resonance bin capture kernel is known also to about 2%. Since
correlation between these two bins was estimated to be 0.5, quadratic summation
gives a value smaller than 2%.
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Conclusions

We evaluated covariances for neutron capture and elastic scattering on 50,53Cr,
54,57Fe and 60Ni in the resonance region which extends to hundreds keV for each
of them. This work complements our earlier evaluation of three major structural
materials, 50Cr, 56Fe and 58Ni. Use was made of the recently developed covariance
formalism based on kernel approximation along with data in the Atlas of Neutron
Resonances. Covariances in the thermal region were directly deduced from exper-
imental data and thus treated independently from the resonance region. Our results
should serve as covariances for central cross section values in ENDF/B-VII.0 li-
brary. Processed 33-group data should be adopted by AFCI-2.0 covariance library.

Kernel approximation works very well for capture. All materials under dis-
cussion are almost pure scatterers, meaning that neutron widths are much larger
than radiative widths, Γn >> Γγ. Therefore, capture covariances are essentially
determined by radiative width uncertainties, ∆Γγ and they strongly depend on
level-level correlations, corr(Γγ,Γγ), which had to be estimated.

Kernel approximation for elastic scattering represents less robust approach.
This is mostly due to interference effects. Fortunately, elastic cross sections at
high energies are dominated by potential scattering and covariances are thus de-
termined by scattering radius uncertainty, ∆R′.

Our results were subject to QA checks, including compliance with ENDF-
6 formatting, mathematical properties of covariance matrices and limited uncer-
tainty testing. Uncertainties were tested against a few available integral quantities
and against 2% minimal value.
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