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BENCHMARKING STEPWISE RAY-TRACING IN RINGS IN PRESENCE
OF RADIATION DAMPING∗

F. Méot
Collider-Accelerator Department, BNL, Upton, NY 11973, USA.

Abstract

A number of machine design studies, including “nano-
beams”, sub-millimeter “beta∗” optics, SR rings, etc., re-
quire high accuracy on beam orbit and beam size, reliable
evaluation of machine parameters, dynamic apertures, etc.
This can only be achieved using high precision simulation
tools. Stepwise ray-tracing methods belong in this category
of tools, stochastic synchrotron radiation and its effects on
an electron beam in a storage ring are simulated here in
that manner. Benchmarking of the method against analyt-
ical model expectations, using a Chasman-Green cell, is
presented.

INTRODUCTION

Several present accelerator, storage rings or collider
projects involve extremely low emittance lepton beams,
their design requires high accuracy on beam orbit and beam
size, reliable evaluation of machine parameters, dynamic
apertures, etc. This can only be achieved using high preci-
sion simulation tools, not only based on reliable integration
techniques, but also involving a correct representation of
the forces (magnetic and/or electric fields). For that reason
potentialities of stepwise ray-tracing methods in that mat-
ter have been checked and benchmarked against analytical
model expectations, in a synchrotron radiation (SR) storage
ring using a Chasman-Green cell [1].
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Figure 1: Optical functions in the Chasman-Green super-cell.

The ray-tracing code Zgoubi [2] is used in that exer-
cise. Stochastic synchrotron radiation (SR) in beam lines
was introduced in Zgoubi in view of assessing its perturb-
ing effects on beam emittance in the beam delivery sys-
tem of the “Linear Collider” [3]. The method for handling
stochastic SR closely followed from earlier works regard-
ing the DYNAC dynamics code developed at Saclay [4] in
designing recirculating arcs in the ELFE project [5]. These

∗Work supported by Brookhaven Science Associates, LLC under Con-
tract No. DE-AC02-98CH10886 with the U.S. Department of Energy.

numerical tools have recently been applied successfully in
rings [6].

Note that, although not addressed here and yet part of
the motivations for the work, it is further planned to de-
velop the method so to include SR effects on spin dynamics
in complement to existing spin machinery [7], namely via
spin diffusion and Sokholov-Ternov polarization, in view
of possible application in design studies as the e-p col-
lider [8].

WORKING CONDITIONS

Lattice The benchmarking exercises discussed here
use a Chasman-Green super-cell for the reason that many
quantities relevant to beam dynamics under SR effects can
be derived analytically in that case, as the chromatic invari-
ant, equilibrium emittance, damping times, etc. The con-
sidered cell is a variant of ESRF one, a storage ring is built
from 16 such cells, storage energy ranges from 6 GeV to
18 GeV (convenient to our demonstration, if not realistic)
depending on the “numerical experiment” of concern.

Tab. 1 gives the general lattice parameters, the optical
functions are displayed in Fig. 1.

RF Assuming for benchmarking purposes an isomag-
netic lattice, SR losses amount to

Us =
Cγ
2π

E4
s I2

iso−ρ
= Cγ E

4
s

ρ
≈ 4.6 MeV/turn

restored by the RF system. A single cavity is considered for
simplicity, with somewhat arbitrary parameters, bottom of
Tab. 1, including 30 degrees synchronous phase resulting
in a peak voltage twice the energy loss.

RAY-TRACING RESULTS

The sole effect of energy loss is accounted for in the nu-
merical ray-tracing, although Zgoubi allows accounting for
momentum kick. In addition, SR in sole bends is consid-
ered (no radiation in quadrupoles nor sextupoles), so to al-
low relevant comparison with numerical values drawn from
SR theory.

Typical data from which damping parameters are drawn
are displayed in Fig. 2.

SR integrals intervene in the various quantities ob-
ject of benchmarking in Tab. 3. Their numerical values as
drawn from respectively theoretical expressions and ray-
tracing are given in Tab. 2. Note that ray-tracing does not
directly provide I1 − I5 values, these are drawn from the



Table 1: Chasman-Green lattice parameters, notations used in
the text.

Cell length (m) 50.8000
Number of cells 16
Circumference, C = 2πR (m) 812.800
momentum compaction, α (10−4) 3.096
Qx 36.1998
Qy 11.1997
Q’x, Q’y, natural -113.9, -34.53
Q’x, Q’y, corrected -0.035, -0.012

Bend parameters :
Nb. of bends 64
Bend deviation, θ (rad) 2π/64
Bend length, L (m) 2.45
Curvature radius, ρ (m) 24.95549

Periodic functions at non-dispersive dipole end :
β0 (m) 3.415
α0 2.073

Longitudinal parameters :
Frequency, frf = ωrf/2π (MHz) 110.651
Harmonic, h 300
Synchronous phase, ϕs (deg) 30
Peak voltage, V̂ (MV) 9.1912

Figure 2: Transverse damping, samples. Top : horizontal mo-
tion, down to equilibrium emittance ; bottom : vertical, down to
zero (since no transverse kick is accounted for). The envelopes
(solid lines) are from the damping law with numerical parameters
as given in Tab. 3.

damping effects and their parameters instead, like damp-
ing times, momentum spread, bunch length, etc. : this is
detailed in footnotes in Tab. 2.

Damping times, equilibrium emittances, bunch
sizes, etc., so drawn from ray-tracing are displayed in

Table 2: SR integrals and their reduced expressions for isomag-
netic lattice.

Theoretical Ray-tracing

I
(a)
1 = αC (m) 0.2516 0.250 (c)

I2 = 2π/ρ (m−1 ) 0.2518 0.253 (d)

I3 = 2π/ρ2 (10−2m−2) 1.0089 0.102 (e)

I4 = 1
ρ3

∫
Dxds (10−4m−1) 4.0403 − (f)

I5 = 2π
ρ2

H̄ (b) (10−5m−1) 3.2562 3.21 (g)

H̄ (mm) 3.2209 3.207 (h)

H̄min = ρθ3

4
√

15
(mm) 1.5242

(a) I1 =
∫

Dx
ρ

ds, I2 =
∫

ds
ρ2

, I3 =
∫

ds
|ρ|3 , I4 =

∫
Dx
ρ3

(1− 2n) ds,

I5 =
∫ H

|ρ|3 ds, H̄ = 1
2πρ

∫
bends Hds,

with, in I4, n = − ρ
B

∂B
∂x

=field index= 0.

(b) H = γxD2
x + 2αxDxD′

x + βxD′2
x

(CG)
= ρθ3(γ0L

20
+ β0

3L − α0
4
)

case of Chasman-Green cell, α0, β0 from Tab. 1, γ0 = (1 + α2
0)/β0.

(c) From momentum compaction.
(d) From energy loss, Us, Tab. 3.
(e) I22/(2π).
(f) From I4/I2, damping parameter D, Tab. 3.
(g) From I5/I2, natural εx, Tab. 3.
(h) From natural εx, Tab. 3.

Tab. 3. together with theoretical data for comparison, it
can be observed that the agreement is very good.

Theoretical exponential damping laws for four dif-
ferent energies, 6, 9, 12 and 18 GeV, are plotted in Fig. 3
(longitudinal motiuon) and Fig. 4 (horizontal) together with
a fitting curve using ε(t) = ε0 exp(−t/τ) + εf with τ the
damping time constant, ε0 and εf respectively the starting
and equilibrium emittances. Numerical values for τ , ε0 and
εf as obtained from the fit are given in Tab. 4, together with
the theoretical ones (as drawn from the formulæ given in
Tab. 3) for comparison.

Scaling laws with energy for various quantities in
Tab. 3 are checked. Tab. 4 shows the numerical values of
emittances and damping times as drawn from smoothing of
ray-tracing data using the exponential damping fit above.
The Table shows, for comparison, between square brack-
ets, numerical values drawn from theoretical formulæ in
Tab. 3.

CONCLUSION

Ray-tracing reproduces very accurately beam parame-
ters associated with synchrotron radiation damping. That
makes the method a relevant tool in design studies regard-
ing nanobeams, resonance factories and other e-p collider
projects.
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Table 3: Synchrotron radiation parameters at 6 GeV. The “Theo-
retical” column shows both the formula used and on top of it the
numerical value it yields.

Zgoubi Theor.

Working hypotheses :
Storage energy, Es GeV 6
γ 11742
Revolution period Trev μs 2.7112
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Damping parameter, D 10−3 1.6049

I4/I2
Jx 1.0262(b) 0.9984

1−D
Jy 0.9832(c) 1
Jl 2.0044(d) 2.0016

2 +D
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Cqγ
2
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I5
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Cqγ
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θ3

4
√
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(a) Statistical, from tracking.
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Figure 3: Damping of longitudinal motion, 6, 9, 12 and 18 GeV.
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Figure 4: Damping of horizontal motion, 6, 9, 12 and 18 GeV.
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recalled in the 3rd row, energy loss is recalled in the 2nd column.
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