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Abstract
In this work, the ASPIRRIN code has been extended to provide the calculation
of resonance harmonics for the case of machine with Siberian Snakes and spin
rotators. Examples are shown for RHIC accelerator, including the case of the
configuration with six Snakes per RHIC ring.

1 Algorithm Description

With the application of the various kind of spin rotating devices (like Snakes
and spin rotators) the stable spin axis on the design closed orbit may deviate
from the vertical, and an algorithm should be realized which calculates the
spin resonance harmonics with this complex configuration of the magnetic field
on the design orbit. We implemented the algorithm of the intrinsic resonance
harmonic calculation in a program code which was added to the existing spin
dynamics calculation code ASPIRRIN [1].

We consider the spin motion in a special periodical coordinate system in
which the spin rotation on the design orbit happens with the constant spin tune
ν. This coordinate system is defined by the right-handed orthonormal triad
(l,m,n0), where n0 is the stable spin direction on the design orbit, and the
vectors l,m can be derived using the eigen-solutions of the one turn spin map
on the design orbit. We also will use the complex vector k = l + im. In fact, as
the spin tune on the design orbit can be defined up to the integer number, the
choice of special periodic system is also unlimited. In the accelerator with the
Snakes, we will use the periodical coordinate system in which the spin tune is
1/2 (or other constant value between 0 and 1). To describe the invariant spin
field related with the orbital oscillations, we use the complex variable α defined
as:

n =
√

1− |α|2n0 + <(αk∗) (1)

The spin motion equation can be written as:

dα

dθ
= iνα− iw · k

√
1− |α|2 (2)
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where w describes the spin perturbation by the orbital oscillations. We omit
the term w · n0 which is not of interest in this paper. We consider the spin
perturbation as the linear form in the orbit variables: wj = Tjqxq. And the
linear orbital motion can be presented as: xq = FqrAr, where Fqr is the matrix
compiled from the eigen-vectors of the orbital motion, and Ar is the vector of the
orbital amplitude. Let’s note that currently we have implemented the algorithm
for the transverse betatron motion, therefore q and r indexes run from 1 to 4.
But, it should be no problem to extend it to 6D motion, if needed.

The first-order spin resonance harmonics are defined as the coefficients of
the Fourier decomposition of the spin perturbation term:

w · k =
∑
r,p

εrpe
iνrpθ (3)

where νrp = p + Qr. The Qr are the components of the betatron tune set:
(Qx,−Qx, Qy,−Qy). In the case of strong betatron coupling, one should use
the tunes of betatron modes instead. Since we only consider linear fields and
linear orbital motion, the resonance harmonics are called first-order in both the
spin motion and the orbital motion sense.

Keeping only the terms corresponding to the betatron motion:

w · k =
∑
j,q,r

TjqFqrArkj =
∑
r

Are
iQrθṼr (4)

Here the index j runs from 1 to 3, while the indices q and r run from 1 to 4.
And we introduced a four-component vector Ṽ , which is the periodical function
of the azimuth θ and, therefore, can be expanded into the Fourier series:

Ṽr =

e−iQrθ
∑
j,q

TjqFqjkj

 =
∑
p

ṽrpe
ipθ (5)

Comparing the expressions (4) and (5) with (3) we see that ṽrp presents the spin
resonance harmonic εrp normalized by the corresponding betatron amplitudeAr.
To calculate ṽrp we need to take the integral over one turn:

ṽrp =
1

2π

∫ 2π

0

Ṽre
−ipθdθ =

1
2π

∫ 2π

0

ei(ν−νrp)θ
∑
j,q

TjqFqrk0j

 dθ (6)

In the program the integral over one turn is taken doing the element-by-element
integration.

2 Resonance harmonics in RHIC with two Snakes

Here we show some results of the calculation done for the RHIC collider with
two Siberian Snakes. The calculations were done for the lattice which had
Qy = 29.21. The spin tune is independent on the energy and is equal to 1/2, and
one is mostly interested in the resonance harmonics, related with the vertical
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betatron motion, which are close to the spin tune value. Let’s name those
harmonics w−1 and w1. In the periodical coordinate system, those harmonics
rotate correspondingly with the rate 0.21 and 0.79. In terms of the definition of
the formula ( 3): w−1 = ε3,−29; w1 = ε4,30. Figure 1 shows the calculated values
of the harmonic amplitudes versus the Gγ in the region of strong resonances in
RHIC for the vertical betatron amplitude corresponding to 3.3 µm emittance.
As clearly seen the harmonic amplitudes are very similar at most of the energies.
It would be natural to use in this case the linear harmonics, defined in the
coordinate system rotating together with the spin, that is at 1/2 rotation rate
relative to the periodical system. The amplitudes of the linear harmonics are
then :

|wl1m| = |w1|+ |w−1|; |wl1s| = ||w1| − |w−1|| (7)

Here wl1m presents main linear harmonic, which amplitude is large. And wl1s
denotes secondary linear harmonic, which is small and can be considered as a
perturbation. Figure 2 presents the linear harmonics amplitudes in RHIC.

In the similar way the program can calculate the intrinsic resonance har-
monics, which are located further away from the spin tune ( w2,w−2,w3,w−3,
and so on) and corresponding linear harmonics. It is also able to calculate the
harmonics of the resonances related with the horizontal betatron motion, in the
case when this motion has effect on the spin dynamics (the betatron coupling,
spin rotators, ...).

3 Resonance harmonics in RHIC with six Snakes

In the accelerator with multiple Snakes there is a question about the optimal
configuration of the Snake axes. Using the resonance harmonics approach, one
can consider the choice of the Snake axis configuration, which minimizes the
harmonics values for the intrinsic resonances. For instance, we can find the snake
configurations that nullify the wl1 harmonics, which have the largest effect on
the spin motion. Let’s consider the system of six Snakes, placed equidistantly
in RHIC, and assuming 6-fold periodicity of the orbital motion. And φi is
the Snake axis angle of the ith Snake. We found that the following Snake
configuration nullifies the wl1 harmonics:

φi+1 − φi = π/2 (8)

for all ith. In fact, as shown in Figure 3, such the Snake configuration cancels
also wl3 and wl4 harmonics, so that the spin motion is governed mainly by the
wl2 harmonics.
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Figure 1: Resonance harmonics throughout the RHIC strong resonance region.

Figure 2: Linear resonance harmonics throughout the RHIC strong resonance
region.

Figure 3: Linear resonance harmonics in RHIC with six Snake configuration:
(−45◦; 45◦;−45◦; 45◦;−45◦; 45◦)
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