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We discuss the RBC&UKQCD collaboration’s progress towards a first-principles
calculation of direct CP-violation in the Standard Model via K → ππ decays. In
particular we focus upon the calculation of the I = 0 channel amplitude A0, for
which obtaining physical kinematics requires more sophisticated techniques than
those used for the I = 2-channel decay. We discuss our chosen techniques along
with preliminary demonstrations of their application to simpler lattice quanti-
ties, and finally present early results for the tuning of the gauge-evolution of the
large-volume, physical-pion-mass ensembles that will be used to perform the A0

calculation.
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1 Introduction
Direct CP-violation inK → ππ decays manifests as a difference in phase between the complex
amplitudes, A2 and A0, of the decay in the I = 2 (∆I = 3/2) and I = 0 (∆I = 1/2) channels
respectively (the I = 1 channel being forbidden by Bose symmetry):

ǫ′ =
iωei(δ2−δ0)

√
2

(

ImA2

ReA2

− ImA0

ReA0

)

, (1)

where ω = ReA2/ReA0 and δi are the scattering phase shifts of the final-state pions.
Low energy strong interactions play an important role in the dynamics of these decays;

for example they are largely responsible [1] for the factor of ∼ 20 relative enhancement of the
I = 0 decay amplitude relative to the I = 2 amplitude that is known as the “∆I = 1/2-rule”.
As a result we must use lattice QCD in order to study these processes. As the hadronic scale
of ∼ 1 GeV is much smaller than the W-boson mass, the decay can be described using the
weak effective theory. The interaction takes the form of a local operator:

Heff
W =

GF√
2
V ∗
usVud

10
∑

i=1

[zi(µ) + τyi(µ)]Qi(µ) , (2)

where zi and yi are Wilson coefficients determined in the perturbative regime and τ =
−V ∗

tsVtd/VudV
∗
us is responsible for the direct CP-violation in the decay. On the lattice we

measure Euclidean Green’s functions, 〈ππ|Qi|K〉, and non-perturbatively renormalize at the
scale µ.

The first-principles calculation of ǫ′ has long been a goal of the lattice community, but
it is only recently that the techniques and raw computing power have become available to
perform a realistic calculation. The difficulties are two-fold: firstly, performing the calcu-
lation requires both large physical volumes and light quark masses, which in turn requires
large and powerful supercomputers; and secondly it requires the development of strategies
for calculating diagrams with vacuum intermediate states (in the I = 0 channel), and for
obtaining the physical kinematics in the decay.

Using large-volume but relatively coarse ensembles of domain wall fermions with the
Iwasaki+DSDR gauge action and near-physical pion masses, the RBC and UKQCD collabo-
ration have performed the first realistic ab initio decay of the I = 2 channel amplitude [2, 3],
and a calculation with finer lattices and a full continuum extrapolation is underway that will
substantially reduce the discretization systematic, which was the largest contribution to the
error on the earlier calculation. Unfortunately the techniques used to obtain physical kine-
matics in this channel (discussed further below) are not applicable to the I = 0 case, and an
alternative strategy must be found. For this we have chosen G-parity boundary conditions,
the discussion of which will be the focus of these proceedings.

2 Obtaining physical kinematics
Lattice calculations are necessarily performed in a finite volume. For multi-particle states, the
component particles are typically confined in close proximity, and their continuous interaction
causes changes in the state’s energy and normalization that are functions of the physical
scattering length. We must therefore calculate of an additional quantity, known as the
Lellouch-Luscher factor [4], to relate the finite-volume amplitudes to their physical, infinite-
volume values. The determination of this quantity demands that the interaction is on-shell.
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As the physical kaon mass is 500 MeV and the pion mass is 135 MeV, this requires the final
state pions to each have non-zero momentum. This is an excited state of the ππ-system,
the ground state of which comprises stationary pions. Lattice calculations are performed
by measuring Euclidean Green’s functions, the time-dependence of which can in general be
described as an infinite sum of terms decaying exponentially in the energy of each allowed
state. The cleanest signal is usually the ground-state contribution, which can be picked out in
the large-time limit. In principle it is possible to extract excited state contributions providing
one has sufficient statistical precision to resolve them over the much larger ground-state
contribution. However for this calculation it is unlikely that a precise-enough measurement
could be performed using this strategy, particularly in the I = 0 case where the presence of
vacuum diagrams is expected to lead to considerably noisier measurements.

For the ∆I = 3/2 measurement it is possible to modify the quark boundary conditions
in order to induce momentum on the final state pions: With antiperiodic valence boundary
conditions (BC), the finite-volume discretization of the lattice momentum changes from in-
teger multiples of 2π/L with periodic BC to odd-integer multiples of π/L, where L is the
lattice spatial side length. Imposing these conditions on the down-quark propagator while
retaining periodic BC for the up quark results in a charged pion state that is antiperiodic:
π+(x+L) = d(x+L)u(x+L) = −d(x)u(x). However, the neutral pion, which is needed for
the physical decay K+ → π+π0, remains periodic as d(x+ L)d(x+ L) = d(x)d(x). This can
be avoided using the Wigner-Eckart theorem to relate the physical decay to an unphysical
one containing only charged pions:

〈(π+π0)I=2|Q∆Iz=1/2|K+〉 =
√
3

2
〈(π+π+)I=2|Q∆Iz=3/2|K+〉 . (3)

This trick circumvents another issue; that imposing different boundary conditions on the up
and down quarks manifestly breaks the isospin symmetry, allowing mixing between states
of different isospin. This is prevented here by charge conservation, as the final state is the
only charge-2 state that can be formed with the remaining quantum numbers. Using this
technique, the RBC and UKQCD collaboration were able to obtain A2 [2, 3].

Unfortunately the strategy described above cannot be employed for the calculation of A0:
This calculation requires the measurement of K0 → π+π− and also K0 → π0π0, where for
I = 0 there is no convenient Wigner-Eckart relation to remove the neutral pions from the
latter. There is also no means of avoiding the isospin-breaking induced by imposing different
BC on the down and up quarks. G-parity boundary conditions (GPBC) [5, 6, 7] offer a means
to circumvent these issues.

3 G-parity Boundary Conditions
G-parity is a combination of charge conjugation and an isospin rotation by π radians about
the y-axis: Ĝ = ĈeiπÎy , where the hat-symbol is used to denote operators. The charged
and neutral pions are all eigenstates of this operation with eigenvalue −1, hence applying
the operation at a spatial boundary causes the pion states to become antiperiodic in that
direction, removing the zero-momentum ground state.

At the quark level,
Ĝ

(

u
d

)

=

(

−Cd
T

CuT

)

, (4)

where C = γ2γ4 in our conventions. Due to the mixing between the quark flavours at
the lattice boundary, extensive modifications to our parallel code libraries were required to
perform an efficient calculation.
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Figure 1: Top: the measured pion and kaon energies respectively as a function of the num-
ber of G-parity directions (twists), overlaid by the expected continuum dispersion relations.
Bottom: BK as a function of the number of G-parity directions.

Additional complications arise from the fact that the Dirac operator for the fields across
the boundary involves complex conjugated gauge links – the SU(3) matrices describing the
gluon and sea-quark dynamics – which necessitates the generation of new ensembles of gauge
configurations obeying complex conjugate BC, an unusual and expensive requirement for a
lattice calculation. (Note that using antiperiodic BCs in this calculation would also require
new ensembles to be generated due to the presence of vacuum diagrams.)

In order to describe states involving strange quarks, in particular the stationary neutral
kaons required for the A0 calculation, with the quarks interacting with gauge fields that obey
complex-conjugate BC, we place the strange quark in an isospin doublet with a fictional
degenerate partner, referred to as s′, and impose GPBC on this pair. We can then form a
state comprising the usual kaon and a fictional particle involving the partner quarks: K̃ =
1√
2
(sd+ us′). This is an eigenstate of G-parity with eigenvalue +1, and thus obeys periodic

BC and has a stationary ground state. If we restrict ourselves to operators involving only the
physical kaon state, then the fictional partner can only contribute by propagating through
the boundary, an effect which is suppressed exponentially in the lattice size and the kaon
mass, and is expected to be on the sub-percent level.

Of course this theory now has one too many quark flavours, hence we must take the
square-root of the fermion determinant that represents the s/s′ contribution to the Feynman
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path integral, which in the lattice context provides the weight of each gauge configuration
in the ensemble average. This is a strategy commonly used for the staggered formulation of
lattice QCD. Unfortunately taking the square-root results in a non-local determinant, which
violates the Osterwalder-Schrader condition for the formal analytic continuation of Euclidean
results to Minkowski space. However, unlike for the staggered formulation the non-locality
is confined to the boundaries and should be benign at sufficiently large volumes.

The use of GPBC impacts the forms of the diagrams involved in a given calculation:
The mixing of quark flavours allows for the Wick contraction of up and down quark field
operators: G(2,1)

y,x = 〈CuT
y dx〉 , G(1,2)

y,x = 〈−dyu
T
xC

T 〉 . (5)

This results in an increased number of diagrams that must be evaluated. In the first of
these contractions, quark flavour flows towards the boundary on both sides. Likewise, quark
flavour flows away from the boundary in the second contraction. We may interpret this as
the boundary destroying/creating flavour, violating baryon number conservation. In practise
this means that baryon-number eigenstates are not eigenstates of the system; for example
the proton (uud) mixes with the anti-neutron (ddu). However this is not important for
calculations involving only mesonic states.

In order to demonstrate that the GPBC have the desired effect, we generated fully dynam-
ical ensembles of domain wall fermions with a lattice volume of 163×32 and an unphysically-
large pion mass of ∼ 420 MeV, with periodic BC and also GPBC in one and two directions.
In figure 1 we plot the measured pion and kaon energies as a function of the number of direc-
tions with GPBC. We see clearly the increase in pion energy associated with the increasing
number of G-parity boundaries, and that it agrees well with the expected dispersion relation.
We also see that stationary kaon states can be produced in this framework. We also consider
the quantity BK , which measures the amplitude of mixing between neutral kaon states via
the weak interaction. As it involves only kaons, we expect this quantity to be invariant under
changing the number of G-parity boundaries; from the figure we see that this is indeed the
case.

4 Conclusions and Outlook
After performing the calculation of the ∆I = 1/2 K → ππ amplitude we will have all of the
pieces required for a complete ab initio determination of the measure of direct CP-violation
in the Standard Model. This calculation requires significant computational and theoretical
advances to be made, particularly in the strategy used to obtain physical kinematics in the
decay. Much of this work has now been completed, and the RBC and UKQCD collaboration
in the position to begin this measurement in earnest. To this end we have recently commenced
the generation of a gauge ensemble with a lattice size of 323 × 64, using Möbius domain
wall fermions (Ls = 16) and the Iwasaki+DSDR gauge action with β = 1.75 and near
physical pion masses (lightest unitary pion 171(1) MeV and lightest partially-quenched 143(1)
MeV [8]). We are using G-parity boundary conditions in three directions to match the
expected K and ππ energies. (Note that aside from the boundary conditions, these lattice
parameters are essentially the same as those used for the initial ∆I = 3/2 calculation.)
The generation is being performed on 512 nodes of the IBM BlueGene/Q supercomputer at
Brookhaven National Laboratory. We will soon have enough configurations to begin testing
our measurement apparatus.
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Our work now is focussed upon formulating and testing the measurement strategy, in-
cluding the technique we will use to evaluate the vacuum diagrams. Further testing of the
systematic errors associated with the G-parity technique is also required, although thus far
we have observed no evidence of any sicknesses. Further afield we might also consider the
uses of G-parity boundary conditions in other frontier calculations performed by the collab-
oration, particularly those with significant noise contributions from intermediate pion states
such as the calculation of the KL −KS mass difference [9].
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