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Abstract Distance geometry approaches to finding the structure of proteins
from nuclear magnetic resonance (NMR) data are standard, however it is only
recently that distance geometry methods have been applied to ab-initio structure determination from the pair distribution function (PDF). The interatomic
distances extracted from the PDF data are unassigned, whereas NMR experiments are designed to enable peak assignment leading to the assigned distance
geometry problem. The difference between assigned and unassigned distance
geometry problems are described first. We then survey recent work on the
unassigned distance geometry problem and its application to the nanostructure problem, and place this work in the context of algorithms for nanostructure determination from PDF data. Necessary theory including elements of
graph rigidity and homometric sets are discussed. Algorithms for generic and
non-generic cases are outlined and computational results are presented.
Keywords Nanostructure problem, graph rigidity, redundant rigidity,
unassigned distances, LIGA, TRIBOND

1 Introduction
The nanostructure problem is the problem of finding, at high precision, the
atomic positions of molecular, biomolecular or solid state systems when it is
difficult or impractical to grow a single crystal or even a polycrystal sample [1].
The meaning of high precision is context dependent, however a typical requirement in a solid state system is the determination of the positions of all atoms in
a nanostructure to better than 2% for each interatomic distance in the nanostructure, and in some cases even higher resolution is required. High resolution
is required as the function of nanostructured materials and complex molecules
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Fig. 1 (color online) Examples of nanostructured materials. (A) Nanostructured bulk materials. (B) Intercalated mesoporous materials. (C) Discrete nanoparticles. In each case,
ball-and-stick renditions of possible structures are shown on the top, and TEM images of
examples are shown on the bottom. From [1].

is highly sensitve to small changes in the interatomic distances, making it essential to determine nanostruture to high precision to enable understanding
and design of materials. Nanostructure problems are encountered in a wide
variety of materials, including complex molecules, nanoparticles, polymers,
proteins, non-crystalline motifs embedded in a crystalline matrix and many
others (see Fig. 1 for three examples). In this contribution we consider single phase problems where one nanostructure is dominant, though extensions
to multiphase nanostructures are possible once the single phase case can be
solved efficiently.
The pair-distribution function (PDF) method is a versatile and readily
available approach to probing the local atomic structure of nanostructured
materials [2]. PDF results can be extracted from x-ray, neutron or electron
total scattering data and in many cases the data can be collected efficiently.
The major bottleneck in PDF analysis is the extraction of nanostructures from
the data, as standard techniques are based on either refinement from a good
initial guess [3]; or they are based on simulated annealing [4–6]. A more systematic approach to finding good starting structures is a high priority in the
field and provides the motivation for developing ab-initio distance geometry
approaches [7, 8]. Alternative experimental approaches such as high resolution
transmission electron microscopy (see Fig. 1) are very useful for larger scale
morphological studies, but they do not yield the high precision atomic struc-
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Fig. 2 (color online) Schematic of the concept of combining experimental data and ab-initio
modeling to deduce a consensus best atomic structure. From [11].

tures available from diffraction and scattering approaches. Local structural
information can also be found using extended x-ray absorption fine-structure
(EXAFS) and related near-edge absorption spectroscopies, solid-state NMR,
and scanning probe methods at sample surfaces. An innovative emerging approach utilizes ultrafast x-ray laser pump-probe “diffract and destroy” methods which require a separate suite of analysis algorithms [10]. A longer term
goal in the field is to develop modeling frameworks incorporating all of the
available experimental probes to yield consensus best local atomic structures
(see Fig. 2), and the most recent software packages are moving in this direction. Here we focus on the determination of local atomic structure from PDF
data.
As shown in Section 2, the ideal PDF contains a list of the interatomic
distances in a material for both crystalline or non-crystalline cases. The first
step in using distance geometry to find the atomic structure from PDF data
is to extract a distance list from the experimental PDF data. This process is
not straightforward or automated at the present time. The list of interatomic
distances extracted from PDF data contains a variety of errors, including uncertainty in the distances and missing distances, which must be ameliorated
in practical applications. Moreover the list of interatomic distances extracted
from the PDF does not, in general, have information about the atoms at the
ends of each extracted distance. That is, the distances are not assigned, so we
simply have a list of distances without information about the graph structure.
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For this reason we call this the unassigned distance geometry (UDG) problem [7–9] and it is clearly harder than the distance geometry (DG) problem
that arises in protein structure determination from NMR data [12–16] where
the graph structure is given. Here we refer to this problem as the assigned
distance geometry (ADG) problem to distinguish it from the UDG problem.
The UDG class of problems is not new to mathematics and has been studied
previously in various contexts. In an early paper Skiena et al. [19] studied the
problem of “Reconstructing point sets from interpoint distances”, though their
work and the subsequent literature focuses predominantly on one-dimensional
integer problems [22]. Problems such as the turnpike problem and the beltway
problem are in this class and are motivated by DNA sequencing problems often
called “digest” problems.
The unassigned distance geometry problem to be solved in order to find
nanostructure from PDF data is formally defined as follows:
DEFINITION 1: UNASSIGNED DISTANCE GEOMETRY (UDG) PROBLEM (from [9]). Given an integer K > 0 and a nonnegative set of distances dl ∈ ℜ+ , determine whether there is a Graph G = (V, E), a function
x : V → ℜK and an unique assignment ∀l, dl → duv such that
∀{u, v} ∈ E, ||x(u) − x(v)|| = duv

(1)

In this paper the norm||..|| is taken to be the Euclidean norm as is relevant
to many applications, and in particular to the problem of nanostructure determination emphasized here. This problem may be stated as an optimization
problem as follows: Given a convex f (y), find,

min 

dl →duv

∑


f (||x(u) − x(v)|| − duv ) ,

(2)

{u,v}

where the minimization is over all permutations and combinations of the assignments of dl to duv .
A mean square deviation is often used in applications to atomic structure
determination in materials physics and in protein structure determination [2,
23, 14], i.e. f (y) = ay 2 where a is a positive constant. The UDG problem is especially challenging as the graph structure and the graph embedding both need
to be determined. In contrast the distance geometry problem usually solved
to find the structure of proteins using Nuclear Magnetic Resonance (NMR)
data starts from a known graph structure and proceeds to find a graph realization. The assigned distance geometry problem utilized in protein structure
determination is formally defines as follows:
DEFINITION 2: ASSIGNED DISTANCE GEOMERTY (ADG) PROBLEM
(from [16]). Given an integer K > 0 and a simple undirected graph G = (V, E)
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Fig. 3 (color online) Schematic of the differences between the assigned (ADG) and unassigned (UDG) problems for a simple case. From PhD thesis of Saurabh Gujarathi.

whose edges are weighted by a nonnegative function d : E → ℜ+ , determine
whether there is a function x : V → ℜK such that
∀{u, v} ∈ E, ||x(u) − x(v)|| = d({u, v}) = duv

(3)

An optimization formulation of ADG is defined as follows: Given a convex
function f (y), minimize the expression,
∑

f (||x(u) − x(v)|| − duv ).

(4)

E∈{u,v}

Fig. 3 gives a schematic to illustrate the input data to the UDG and ADG
problems.
The distances between nuclei in proteins is often extracted from Nuclear
Magnetic Resonance (NMR) Nuclear Overhauser Effect Spectroscopy (NOESY)
data [12–16], though these distances have significant errors so they are treated
as restraints rather than constraints [24,15,25]. More recently a variety of
other approaches to distance measurements in biological and inorganic materials have been developed and there is considerable promise for continuing
progress in this area [26, 27]. Considerable experimental work is carried out to
determine the pair of nuclei assigned to each distance extracted from the NMR
data, which is essential to the ADG formulation. This application along with
applications of ADG methods to wireless networks [28] and a wide variety of
other areas are discussed in a recent review [16].
This survey is organized as follows: The next section introduces the PDF
method. Section 3 is a theory section presenting the essentials of rigidity theory and graph realization required for theoretical and algorithmic progress.
Section 4 describes two algorithms that have been developed to solve UDG
problems relevant to PDF data and also discusses Monte Carlo and structure
refinement approaches that are not based on distance geometry. Section 5 contains a summary of the main points of the survey and a perspective on some
outstanding challenges.
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2 The pair distribution function
The distances between atoms in a material are contained in the pair distribution function (PDF). The PDF is found by taking a Fourier transform of
the structure factor which is extracted from the experimentally measured total scattering of x-rays, neutrons or electrons from a sample [2, 23]. The PDF
method is widely used to study nanostructures [2,23,1] and several software
packages to find atomic structures that are consistent with PDF data are
available [5,3,6]. Despite the successes of these methods, finding high quality
nanostructures from experimental PDF data remains challenging and subject
to interpretation. There is a need for efficient computational methods that
have a stronger mathematical foundation and performance guarantees. Distance geometry methods provide one avenue to providing these more rigorous
approaches to nanostructure determination. As we show below, a perfect PDF
would yield all of the interatomic distances in the sample. However there are
many limitations in the real PDF data. First, the data is truncated at an
upper interatomic distance that is typically 3.5 nanometers or less, and the
data is imprecise leading to overlap of peaks and hence difficulty in extracting
distances that are close in length.
The ideal pair distribution function is defined by,
g(r) =

∑
1
1
fj∗ fl δ(r − rjl )
2
r N (⟨f ⟩)

(5)

j̸=l

which is clearly a list of the interatomic distances in an atomic structure. Here,
rjl is the distance between atoms j and l located at positions rj , and rl so that
rjl = ||rl − rj ||, where ||..|| is the Euclidean norm. N is the total number of
atoms in the structure, and j = 1...N , l = 1, .....N . fj is the scattering power
of the atom at position rj , and fj∗ is it’s complex conjugate.
The measured structure factor, in the kinematical limit where multiple
scattering is ignored, extracted from scattering experiments is given by.
S(Q) ∝

∑

fj∗ fl eiQ·(rj −rl )

(6)

j,l

and Q = k − k′ is the scattering wavevector which is the difference of the
incoming and outgoing wavevectors of the particle that is scattered. For elastic
scattering, the magnitudes of the scattering wavevectors are the same, k =
k ′ . The term j = l is called the self-scattering term, and is usually treated
separately and normalized in the following way,
S(Q) = 1 +

∑
1
fj∗ fl exp (iQ · rjl ) .
N (⟨f ⟩)2

(7)

j̸=l

(< f >)2 is the mean square averaged scattering power, where the average
is taken over all scatterers in the system. PDF analysis is usually used when
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the material samples are amorphous or powders so that the scattering is independent of sample orientation and an average over the scattering angles
yields,
∑
1
sin (Q rjl )
S(Q) = 1 +
fj∗ fl
.
(8)
N (⟨f ⟩)2
Qrjl
j̸=l

For convenience in comparing different materials, the PDF above is often
normalized so that it approaches one at large distances. From the relations (5)
and (8) it is easy to see that the structure factor (the experimentally measured
quantity) is related to the pair distribution function through,
∫
2 ∞
g(r) =
Q[S(Q) − 1]sin(Qr)dQ
(9)
π 0
From the point of view of distance geometry, the key feature of the pair distribution function as defined in Eq. (5) is that it contains a list of interatomic
distances without any specific reference to the particular atoms at the endpoints of each distance, so finding atomic structure from the PDF requires
solution to a UDG problem.
The experimental PDF does not have delta function peaks as occurs in the
ideal PDF of Eq. (5). The experimental peak width is determined by both physical processes and experimental resolution [2]. A high resolution x-ray PDF
for a crystalline sample of Ni is presented in Fig. 4, and interatomic distances
extracted from this PDF are indicated. In structures with high symmetry,
such as Ni which crystallizes into a face-centered cubic structure, distances
of the same length occur frequently and the degeneracy of each distance can
be estimated from the area of each peak. Extraction of high quality distance
lists requires high purity samples, high resolution detectors and careful data
analysis.

3 Theory
3.1 Overview
We want to find a set of n positions in ℜK that are consistent with a given
set of interatomic distances. The set of positions are the atom centers in a
nanostructure. A first question is uniqueness, that is, is there is a unique
structure for a given set of interatomic distances?
Clearly if only a few distances are given, many structures can be found
that are consistent with the distance constraints. However what about the case
where the full set of (n(n−1)/2) interpoint distances are given, for a Euclidean
point set of cardinality n? A related question was raised by Patterson [29] in
his early work considering the determination of crystal structures from scattering data, and there is a large subsequent literature [30]. An important result is
that there is a subclass of structures that are homometric, which means that
elastic scattering data, and hence the full set of interpoint vector distances,
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Fig. 4 (color online) High quality PDF for FCC Ni. The bottom figure indicates distances
that have been extracted from this PDF. The LIGA algorithm reconstructs the local FCC
structure from these distances [7].

is not sufficient to determine a unique realization [17,18]. Patterson’s original paper discussed the vector separations x(u) − x(v) between points (u, v),
whereas the UDG problem considers the distances ||x(u) − x(v)||. Two “distinct” point sets are weakly homometric when the complete set of interpoint
distances are equivalent [21], where point sets related by rigid rotations, translations or reflections are not “distinct” within the context of this discussion.
Weakly homometric point sets are of interest in the UDG problem and in a va-
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Fig. 5 (color online) The hexagon has three distinct distances with degeneracies (6 −
grey, 6 − blue, 3 − green). The two three-dimensional structures in the figure are weakly
homometric with the hexagon.

riety of contexts [19–21]. In the context of the nanostructure problem, weakly
homometric structures can be important for small structures with special symmetries, and for some crystal structures. For example two three-dimensional
structures are weakly homometric with a hexagon (see Fig. 5).
However, most nano-structures that are larger than the smallest globally
rigid structure (see below) are not homometric or weakly homometric [20,
8], so that a unique structure can be found from the full set of interpoint
distances, provided the distances have very high precision. This is intuitively
understood by noting that the number of translational degrees of freedom
of an embedding of n points in ℜK is nK, while the number of interpoint
distances is n(n − 1)/2 >> nK − K(K + 1)/2 for large n, so the full set
of interpoint distances imposes many more constraints than the number of
degrees of freedom for large structures. Here K(K + 1)/2 is the number of
degrees of freedom associated with translations and rotations of a rigid body
in K dimensions. For a weakly homometric structure to exist a large number
of the constraints would have to be linearly dependent which is a very unlikely
event.
At the opposite extreme are structures where the distance constraints are
maximally independent. A beautiful and rich literature for a class of structures with this property is based on the theory of generic graph rigidity. The
beauty of this theory is based on the fact that generic graph rigidity is
a topological property where the rigidity of all graph realizations that are
generic is dependent only on the graph connectivity and not on the specifics
of the realization [31,32]. Conditions for a unique graph realization have been
determined precisely for generic cases, where it has been proven that a unique
structure exists if and only if the kernel of the stress matrix is K + 1, the
minimum possible [33–37]. A second approach is to use rigorous constraint
counting methods that have associated algorithms based on bipartite matching. Combinatorial algorithms of this type to test for generic global rigidity [34,
38], based on Laman’s theorem [39] and it’s extensions [40, 38], are also efficient for testing the rigidity of a variety of graphs relevant to materials science,
statistical physics and the rigidity of proteins [41–46].
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In the following discussion we concentrate on constructing graph realizations (i.e. atomic structures) using build up methods that ensure global rigidity
at each step in the process. Clearly homometric structures cannot be globally
rigid and for a given system it is important to have an efficient test for global
rigidity and hence for a unique structure at each step in buildup. Globally Rigid
Build-up (GRB) methods have been developed for the ADG case [47–49], and
more recently for the UDG case relevant to PDF/nanostructure problems [8].
Both of these GRB methods iteratively add a site and K + 1 (or more) edges
to an existing globally rigid structure. A test for global rigidity of the newly
added site and it’s K + 1 connecting edges is carried out at each step of the
build-up. GRB methods are polynomial (P) for the case of precise distances,
for both the ADG and UDG cases, in contrast to the most difficult ADG cases
defined by Saxe [50], where the ADG problem is NP-hard. From the perspective of graph rigidity the NP-hard instances of ADG problems with precise
distances correspond to families of locally rigid structures that are consistent
with an exponentially growing number of different nanostructures as the size
of the structure grows [51]. If global rigidity is only imposed at the final step in
the process the algorithm must search an exponential number of intermediate
locally rigid strutcures from which the final unique structure is selected. If
globally rigid substructures occur at intermediate steps however, the complexity of the search can be reduced, as has been demonstrated in recent branch
and prune approaches [16].
Significant extensions of build-up methods are required to fully treat imprecise distance lists that occur in experimental data. One promising approach,
the LIGA algorithm, utilizes a stochastic build-up heuristic with backtracking
and tournament strategies to mitigate experimental errors [7, 52]. LIGA has
been used to successfully reconstruct C60 and several crystal structures using distance lists extracted from PDF data [7,52,53]. Buildup algorithms for
nanostructure determination from PDF data are discussed in Section 4. First
we give some more details concerning graph rigidity results that are relevant
to these algorithms.

3.2 Graph rigidity and graph realization
Theorems 1-6 below provide the results used for polynomial-time build-up algorithms for the precise distance cases of ADG and UDG. This theory also provides useful background in understanding other algorithms for finding nanostructure from PDF data, including simulated annealing methods and the LIGA
algorithm. First we present the basic definitions.
DEFINITION 3: A BAR-JOINT FRAMEWORK consists of rigid bars connecting point-like joints. The bars impose distance constraints but the bars are
freely rotatable around the joints. For an embedding in K dimensions, each
free joint has K translational degrees of freedom.
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DEFINITION 4: A BODY-BAR FRAMEWORK consists of rigid bars connecting extended rigid objects called bodies. The bars impose distance constraints but the bars are freely rotatable around the joints, where the joints are
located on the surfaces of the bodies. An additional condition is that only one
bar is incident to each joint in a body-bar framework. This is a key distinction
from bar-joint frameworks where joints with many incident bars lead to special
cases. For an embedding in K dimensions, each free body has K translational
degrees of freedom and K(K −1)/2 rotational degrees of freedom, so that each
free body has a total of K(K + 1)/2 degrees of freedom.
DEFINITION 5: A FLEXIBLE STRUCTURE is a structure that allows at
least one continuous internal deformation of one or more of its vertices or bodies, under the application of an infinitesimal general force. A flexible structure
has at least one zero eigenvalue in its dynamical matrix. The eigenvalues of
the dynamical matrix give the vibrational frequencies of the normal modes of
the structure. If there is a continuous deformation that has no restoring force,
there is an associated zero frequency normal mode of the dynamical matrix.
In the physics literature a zero eigenvalue of the dynamical matrix is called a
“floppy” mode [32].
DEFINITION 6: A REDUNDANT BAR can be removed from a structure
without increasing the number of floppy modes in the structure.
DEFINITION 7: AN ISOSTATIC OR LOCALLY RIGID STRUCTURE has
no floppy modes and no redundant bars. Each bar in an isostatic structure
removes one degree of freedom of the vertices or bodies in the structure. An
isostatic structure has a restoring force to a general infinitesimal deformation.
Note however that an isostatic structure is in general NOT GLOBALLY rigid
as there are usually large scale deformations that satisfy all of the constraints of
an isostatic framework. Locally rigid structures are not unique and in general
the number of possible structures consistent with isostatic constraints grows
exponentially in the number of vertices or bodies in the framework.
DEFINITION 8: A GLOBALLY RIGID STRUCTURE has no floppy modes,
no continuous deformations and no global deformations that are consistent
with the distance constraints.
THEOREM 1: ([33–37]) The following statements hold for generic graphs:
1. A unique realization exists if an only if the graph is globally rigid.
2. Each bar (edge) in a globally rigid graph is redundant.
3. The stress matrix, Ω, of a globally rigid realization has minimal kernel K +1.
The∑
stress matrix, Ω, is derived from the coefficients appearing in the stress
2
energy edges ωij (ri −
∑rj ) [33–37], and the related force equations for each
vertex at equilibrium j ωij (rj − ri ) = 0. Note that this is different than the
quantities being optimized in the UDG and ADG problems as defined in Eq.
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(1) and (2) as the bar length does not appear in this definition of the stress
matrix - the stress matrix is the special case where all bar lengths are set
to zero. The elements of the stress matrix are∑Ωij = −ωij for off diagonal
elements, and the diagonal elements are Ωii = j ωij so that the row sum is
zero for all rows of Ω. Furthermore, the stress matrix block diagonalizes into a
separate block for each dimension, as the force components in each dimension
are independent.
Build-up algorithms which maintain global rigidity at each step of the algorithm utilize the following additional result.
THEOREM 2: ([34,36]) Generic 3-connected graphs in the plane are globally
rigid.
For a restricted subclass of graphs satisfying the molecular conjecture, this
result extends to three dimensions.
THEOREM 3: (based on [46]) Generic 4-connected graphs in K = 3 are globally rigid if they satisfy the molecular constraint.
The molecular conjecture [46] has been used extensively in the study of
proteins and glasses and has recently been proven in arbitrary dimensions [54].
One important case where the molecular conjecture holds is molecular bonding
where neighboring atoms have strong central forces and strong bond angle
forces exist between three neighboring atoms.
A more restricted build-up process that ensures global rigidity at each step
of the algorithm is stated in THEOREMS 3 and 4 below. First we need to
define compatable distances.
DEFINITION 9: Compatable distances are a set of precise distances in a globally rigid structure that yield zero for the optimization cost functions (1) for
UDG or (2) for ADG.
THEOREM 4: (Follows from Theorems 1 and 2) A build up algorithm in ℜ2
that adds three compatable distances connecting a new site to an existing
globally rigid structure yields a structure that is globally rigid, if the three
sites of the existing structure at which the three added distances connect are
not on the same line.
THEOREM 5: ([47]) A build up algorithm in ℜ3 that adds four compatable
distances connecting a new site to an existing globally rigid structure yields
a structure that is globally rigid if the four sites of the existing structure at
which the four distances connect are not in the same plane.
Build-up algorithms using distances that satisfy Theorems 4 and 5 provide
sufficient conditions for generating globally rigid structures for both generic
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and non-generic graphs.
DEFINITION 10: For a UDG problem where the input distances have an associated globally rigid associated graph (AG), the true assignment (TA) is the
assignment of distances to edges of the AG such that the energy defined in (1)
is zero. Since the graph is globally rigid, all other assignments of distances to
edges yield a finite value for Eq. (1). This follows from Theorem 1.
THEOREM 6: If a search over the available distances in a UDG problem yields
a set of compatable distances satisfying Theorem 4 for buildup in ℜ2 or Theorem 5 for buildup in ℜ3 , then this is a TA and yields a correct substructure
associated with the input distance list. This follows from Definition 10.
THEOREM 7: The smallest generic graph that has a redundant edge in K
dimensions is the clique of size K + 2.
PROOF: Cliques satisfy the molecular conjecture so constraint counting
can be used. By constraint counting, a graph with n vertices, no floppy modes
and n(n − 1)/2 edges has one redundant edge if:
n(n − 1)/2 = nK − K(K + 1)/2 + 1

(10)

Solving gives n = K + 2. This assumes that all of the n(n − 1)/2 edge constraints are independent as implied by generic rigidity. nK is the number of
degrees of freedom of the nodes in the structure, while K(K +1)/2 is the set of
global degrees of freedom that occur for any rigid body and cannot be affected
by the edge constraints.
Theorem 7 states that the smallest globally rigid structure in two dimensions has four vertices and in three dimensions it has five vertices, as presented
in Fig. 6. We call these structures the core of the buildup, and in order to start
a build-up procedure, a core compatable with the input distance list must be
found. This is simple for ADG problems, but is the most time consuming
step in the reconstruction for UDG problems. If the distances are imprecise,
larger cores should be used for the buildup process to ameliorate the chances
of incorrect starting structures.

4 Algorithms for nanostructure determination
There is a very extensive literature describing PDF experiments on a wide
range of complex nanostructured materials [2]. Nanostructures consistent with
the experimental PDF data are usually discovered using one of two approaches:
(i) By using physical intuition or theoretical modeling to propose a starting
structure, followed by structure refinement [3] or (ii) Use of global optimization
methods to find structures, most often using a simulated annealing approach
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Fig. 6 (color online) Examples of cores in K=2 (Left) and K = 3 (Right). A core is the
smallest cluster that contains a redundant bond in a generic graph rigidity sense. For the
two dimensional case (left figure), the horizontal bond is the base (in black), the bonds
below it (in blue) make up the base triangle while those above it (in red) make up the top
triangle. The vertical bond is the bridge bond (in green). The extension to K = 3 requires a
base triangle (black), feasible tentrahedra compatible with the base triangle (blue, red) and
finally a briding bond (green) that is consistent with the target distance list.

that in this literature is called Reverse Monte Carlo (RMC) [4, 6]. Nanostructures found to be consistent with the PDF data are then tested further by
checking their properties against known results from other experimental structural characterization approaches such as TEM, STM etc, and experimental
results for electrical, mechanical, thermodynamic, optical, magnetic and other
physical properties. Quantum mechanical calculations to predict the structure
and properties of complex materials are utilized in making these comparisons.
Though the RMC method is a global optimization approach it is of limited
use in finding unique nanostructures, due to the strong metastability of the
nanostructure optimization problem. However RMC is widely utilized to find
populations of local nanostructures consistent with materials with varying local atomic structures, such as structural glasses and liquids.
Attempts at finding unique global minimum nanostructures of solid state
materials using distance geometry approaches is recent, despite the long history of finding global minimum atomic structures using Bragg diffraction from
single crystals. The first paper to note the connections and distinctions between
the use of distance geometry to solve protein structures from NMR data and
the structure of nanoparticles from PDF data was published in 2006 [7], and
the experimental data, sample preparation and the available algorithms still
need to be improved to make this approach robust. A second algorithm for
this problem (TRIBOND), that is more closely connected to ADG algorithms,
was developed very recently [8,9] and it is a deterministsic build-up algorithm
that ensures global rigidity is preserved throughout the reconstruction. When
a sufficient number of precise distances to ensure a unique reconstruction are
provided, TRIBOND finds a unique reconstruction in polynomial time. LIGA,
is heuristic utilizing stochastic build-up, tournaments, backtracking and local
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Fig. 7 (color online) Examples of the unassigned distance geometry problem (uDGP). The
figures on the left are plots of the (ideal) distance lists for a C60 molecule (top) and a random
set of 10 points in the plane (bottom). The uDGP problem has as input the distance lists
in the left figure and the objective is to find the structures on the right. From [8].

optimization. LIGA is robust to experimental error and has been extended to
treat crystals with multiple elements. It’s main limitation is in the treatment
of systems with many distances. Two examples that have been used for benchmarking these algorithms are the UDG problems related to random point sets
in the plane and C60 , as illustrated in Fig. 7. TRIBOND is very efficient for the
random point set case with precise distances, while LIGA is efficient for systems have a limited set of distances with high multiplicity, such as fullerenes.
In the following we first discuss traditional methods for finding nanostructure from PDF data. The second subsection describes the TRIBOND algorithm, and the third subsection covers the LIGA algorithm.

4.1 Reverse Monte Carlo (RMC) and structure refinement (PDFGui)
Reverse Monte Carlo (RMC) methods [4,6] consider models with atomic positions ri , i = 1, ..., n. The starting configuration of these points can be random
or ordered, and it is good practice to check that the final results are robust to
the choice of the initial state. Monte Carlo is used to move the atomic positions
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of the model in order to minimize the residual,

R=

P
∑
(pmodel
)2
− pexp.
i
i

(11)

i

where pmodel
is the PDF calculated from the model positions, using Eq. (8)
i
convolved with a Gaussian to represent the experimental uncertainty in the
distances. pexp.
is the experimental data that may be extracted from x-ray,
i
neutron or electron scattering experiments. P is the number of data points
used to represent the PDF. The PDF is calculated from distance r = 0 to a
maximum rmax , so the resolution in real space is δr = rmax /P . The experimental resolution in reciprical space is δq and it is important to take account
of any oversampling issues in interpreting features in the PDF. RMC can be
considered to be a global optimizer as illustrated in Fig. 2. Additional terms
can be added to the expression for R above to treat other experimental data.
RMC was developed to capture populations of local atomic structures occuring in glasses and liquids [4], and the number of degrees of freedom in
the models used for that purpose is typically much higher than the number
of points used in the residual, so the model is underconstrained. Unless further constraints are applied, the models found by RMC using underconstrained
models may fit the experimental data extremely well, yet be unphysical. Physical or chemical constraints should be added to the RMC procedure to capture
known properties of the target nanostructure. More recently RMC has been
extended to treat polycrystalline materials. A new RMC code, called RMCProfile, is public and maintained predominantly by the theory group at ISIS
in the Rutherford labs [6]. It has the capability to include a variety of constraints, a variety of experimental data, and in the case of crystalline systems
it has different procedures to treat both the total scattering and the Bragg
peaks.
PDFGui requires the assumption of a reference structure, and the residual (11) is minimized with respect to candidate distortions that are also input
by the user. PDFGui is maintained predominantly by the Billinge group at
Brookhaven and Columbia [3]. Distortions of the reference structure are described by a set of parameters, and a minimization of the residual (11) is taken
over the parameter set. The number of parameters used in the minimization
is usually much smaller than the number of degrees of freedom in the data, so
the models are underconstrained. Minimization is often taken using standard
downhill methods such as Levenburg-Marquardt, however global optimization
routines are also available in the package. In the case of nanoparticles, assumptions must also be made about the reference structure of the surface and other
defects.
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4.2 Globally rigid buildup for UDG problems (TRIBOND) with generic
distance lists
The TRIBOND algorithm for precise distance lists is a deterministic algorithm,
and has guaranteed convergence for distance lists where all of the distances
have different values (generic lists) The input data is an ordered list of interatomic distances and the number of atoms in the target structure. The first
step in the algorithm is finding a core, and from Theorem 6 we know that a
core in two dimensions has four sites and in three dimensions five sites. The
procedures that TRIBOND uses to find cores are illustrated in Fig. 6. Once
a core has been found, build-up is carried out utilizing Theorems 4 and 5 to
ensure that the atomic structure remains unique at each step in the process.
A pseudocode for TRIBOND is as follows (from [9] where a more complete
discussion can be found):
TRIBOND Algorithm (precise generic distances)
INPUT: An ordered list of interatomic distances of length M .
CORE FINDING
Search combinations and permutations of (K + 2)(K + 1)/2 distances
selected from the input list of interatomic distances until an embedding
with K + 2 sites and (K + 2)(K + 1)/2 edges is found, such that the
cost in Eq. (1) of the structure is smaller than the machine precision.
FOR i = 1, N - K - 2
ADD A VERTEX
Search over all combinations and permutations of K + 1 distances
chosen from the list of interatomic distances until a set of these
distances is found to connect a new vertex to the existing
substructure with the cost in Eq. (1) less than machine precision.
END
OUTPUT: A list of atomic co-ordinates for N atoms.
It is straightforward to find a polynomial upper bound for TRIBOND by
estimating the worst-case computational time for core-finding and for buildup.
Since the number of ways of choosing
six distances from the set of m =
( )
n(n − 1)/2 unique distances is( m
,
a
brute
force search would find a core
)6
12
in computational time τcore < m
∼
n
,
which
demonstrates that the algo6
rithm is in P in two dimensions. Similar arguments show that TRIBOND is
polynomial in any embedding dimension [9], though the polynomial exponent
is large. These arguments are useful to show TRIBOND is in P for any K [8, 9],
however these upper bounds on the algorithmic efficiency are loose. In practice
the scaling of the computational time with the size of random point sets in
the plane is approximately n3.3 (Fig. 8), and point sets with over 1000 sites
have been reconstructured on a laptop. As can be seen from the figure, corefinding is the most time consuming part of the procedure. Extensions to three
dimensions look promising [9], and strategies to treat imprecise distances have
also been demonstrated [8, 9]. For the case of imprecise distances it is espe-
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Number of bridge bond checks

18

109
10

Core Finding
Buildup
Total

8

107
106
105
104
103
102
8

16

32
64
128
Number of sites

256

512

Fig. 8 Experimental results for a series of reconstructions from distance lists generated from
random point sets in two dimensions. The mean computational cost (bridge bond checks)
for finding the core, performing buildup and their total is presented as a function of the
number of points in the structure. The plots for the total and core finding steps are nearly
indistinguishable because core finding takes an order of magnitude more time than buildup.
Each point on the plots is an average over 25 different instances of random point sets. We
find that the mean total computational time scales as τtotal ∼ N 3.3 . From [8].

cially important to find a reliable substructure that is at least the size of the
core in order to have a realiable buildup and reconstruction. A large starting
substructure increases the chances of having multiple redundant bond checks
to validate any addition of new atoms to the structure.

4.3 LIGA: A robust UDG heuristic
The LIGA heuristic is efficient for precise and imprecise UDG problems with
a relatively low number distinct distances. The input to the algorithm is an
ordered distance list. In some cases the number of atoms in the target structure
is specified, but this can be relaxed. Using LIGA, the atomic structure of C60
and a range of crystal structures [7,52,53] have been solved using distances
extracted from PDF data. This algorithm uses a combination of ideas from
dynamic programming with backtracking, and tournaments as illustrated in
Fig. 9. It builds up a candidate structure by starting with a single atom and
adding additional atoms one at a time. LIGA keeps a population of candidate
structures at each size and uses promotion and relegation procedures and
tournaments to find high quality nanostructures.
A key feature of the LIGA algorithm is the choice of a cost function. If
there are n atoms in a cluster and M distances in the distance list, with
M ≥ n(n − 1)/2, then the cost of a subcluster with label i is the following
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Fig. 9 Schematic of the operation of the LIGA algorithm. A population of structures at all
sizes is kept. Smaller clusters are increased in size by addition of a vertex and edges. If the
cost of a vertex addition is low, then the addition is kept with a probability that depends on
the cost. The cluster is then bigger and is promoted to a higher level. This initiates demotion
of an existing cluster of larger size by removing an atom from it, the most expensive vertex
in the cluster. The process is carried out iteratively until low cost structures of the target
size are generated. From [52].

sum,
ci = M inimum[

M
1 ∑
(dk − tl(k) )2 ]
M

(12)

k=1

where dk is a distance in the cluster and tl(k) is a distance in the target
distance list. The minimum is taken over all ways of assigning model distances
to nearest target distances.
The algorithm starts with an ordered distance list and a choice for the
number of structures (population) to be kept at each level. A pseudocode for
LIGA is:
LIGA Algorithm in three dimensions
INPUT: Ordered list of M distances, target size N , population size s.
FOR A NUMBER OF SWEEPS OF THE TOURNAMENT
FOR ALL CLUSTER SIZES (N)
FOR ALL CLUSTERS (s)
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PROMOTION PROCEDURE:
Use atom addition procedures (see below)
One atom or more atoms may be added to a cluster.
Typically 10,000 random trials are generated
Low cost trials are chosen with probability 1/cost
RELEGATION PROCEDURE:
Choose a cluster with probability proportional to cost.
Each atom has cost equal to its contributions to Eq. (12)
Remove highest cost atom and relegate the cluster.
END POPULATION LOOP
END CLUSTER SIZE LOOP
IF the cost of a cluster of target size is smaller than tolerance, EXIT
END TOURNAMENT SWEEP LOOP
OUTPUT: A list of atomic co-ordinates for N atoms.
OUTLINE OF ATOM ADDITION PROCEDURES (full details are in [52]).
Promotion is the process of changing the level of a candidate cluster by
adding one atom or more atoms to it. The Liga algorithm generates possible
positions for new atoms using three different methods:
(1) Line trials. This method places new sites in-line with two existing atoms
in the cluster.
(2) Planar trials. This method adds atoms in plane to account for occurrence of atom planes in crystal structures.
(3) Pyramid trials. Three atoms in a subcluster are randomly selected based
on their fitness to form a base for a pyramid of four atoms. The remaining
vertex is constructed using three randomly chosen lengths from the list of
target distances. As there are 3! ways of assigning three lengths to three atoms,
and because a pyramid vertex can be placed above or below the base plane,
this method generates 12 candidate positions.
Each of these methods is repeated many times (typically 10000 times in
our trials) to provide a large pool of possible positions for a new atom. For
each of the generated sites LIGA calculates the associated cost increase for
the enlarged candidate and it filters the ‘good’ positions with the new cost in
a low cost window. The atom positions outside the cost window are discarded
and the winner is chosen randomly from the remaining possibilities with a
probability proportional to 1/cost. The winner atom is added to the candidate,
and the n lengths it uses are removed from the target distance list. The costs
of other atoms in the pool are recalculated with respect to the new candidate
subcluster and the shortened distance table. If the candidate has fewer than
N atoms and there are any atoms inside the cost window, a new winner is
selected and added. This can lead to an avalanche of added atoms, potentially
reducing the long-term overhead associated with generating larger high-quality
candidates. Each level is set to contain a fixed number of candidates, but at
the beginning they are completely or partially empty. When a winner for
promotion is selected from a level that is not full it adds a copy of itself to
that level in addition to being promoted. Similarly, when a loser is selected
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Fig. 10 Reconstruction of a buckeyball from experimental neutron scattering data. Figures
a-c are various forms of the experimental data, starting with the raw structure factor data.
The imprecise distance list of Fig. d extracted from this data is the only information that
is used to find the correct structure. From [7, 52].

for relegation from a division that is not full it adds a copy of itself to that
division before being relegated. Finally, after a winner is promoted it checks
to see if there are any empty levels below its new level. If this is the case then
it adds an appropriately relegated clone of itself to those empty levels.
When target distance lists are obtained from experimental PDF data, they
may contain significant errors in the multiplicity and values of the distances
(compare Fig. 7 and Fig. 10). This is a problem especially because underestimated multiplicities may greatly increase the cost of the correct structure.
Under such circumstances it is advantageous to relax or even ignore multiplicities altogether. In the first case, the target distance table is constructed with
distance multiplicities increased by a fixed percentage, and thus it contains
more lengths than actually present in the searched structure. In the second
case, the program allows any target distance to be compared with the model
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structure an arbitrary number of times. This is in effect the same as setting
infinite multiplicities for all lengths in the target set. It is also possible to
relax the condition of a fixed target size N , in which case the largest cluster
size keeps growing. However since the target distances have a fixed maximum
length, the cost of the large structures grows significantly, indicating the true
largest cluster consistent with the input distance list.
An illustration of the solution to the C60 fullerene from experimental PDF
data is presented in Fig. 10, showing that it is possible to reconstruct interesting nanostructure from unassigned distance lists extracted from real experimental PDF data. A large number of other structures have been reconstructed
using LIGA both using precise distance lists and from experimental data [53].
LIGA works well when structures have high symmetry leading to a limited
number of unique distaces. However LIGA has difficulty with structures that
have a large number of different distances due to the stochastic nature of
its atom addition procedures. The emergence of distance geometry methods,
like those used in TRIBOND, provide new avenues for improving LIGA as
discussed in the next section.

5 Discussion and closing remarks
Distance geometry methods in nanostructure determination underwent a rapid
development in the 1980s culminating in effective procedures to find protein
structure from NMR distance restraints. The algorithms that have eventually
dominated this field are based on robust global optimization methods such as
simulated annealing and molecular dynamics. These approaches are effective
as they easily incorporate the uncertainties inherent in experimental distance
restraints. However finding the structure of proteins from NMR experiments
remains an extreme challenge with the rate of discovery of new sequences
rapidly growing while the determination of protein structures lags far behind.
One challenge in this field is the peak assignment problem which has traditionally required human intervention, though automated methods continue
to improve in quality. If no peak assignment is carried out determination of
protein structure from distance information is then a UDG problem.
Determination of the nanostructure of complex solid state materials has
traditionally relied on crystallography and it is only recently that the nanostructure problem, which addresses the problem of finding nanostructure without crystals, has been precisely defined. Nevertheless simulated annealing algorithms, called RMC, have been used since the 1980s to find average local
structures of disordered materials. The new challenge is to find unique local
nanostructures that are known to be important in a vast array of complex
materials. While PDF experiments are capable of efficiently producing distance lists in neighborhoods up to a few nanometers, current methods to find
nanostructures consistent with the PDF are not keeping pace with the rate at
which the experimental data is being generated.
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Effective computational methods to solve the unassigned distance geometry (UDG) problem have the potential for significant impact in both protein
structure determination and in the nanostructure problem, while also posing
interesting mathematical and computational challenges. Some progress has
been made with the TRIBOND and LIGA algorithms (see Section 4) taking
very different approaches to solving UDG problems. As described in Section
3 recent advances in rigidity theory provide improved understanding of distance geometry approaches to UDG and ADG and it seems that a new look
at distance geometry methods for both ADG and UDG is timely.
One clear lesson emerging from experiences with the TRIBOND and LIGA
algorithms, and which has also been emphasized in recent work on branch
and prune methods for ADG problems, is that the ordering of vertices used
in reconstruction from distance information is very important. In TRIBOND
this is illustrated in Fig. 8 which shows that finding a reliable core is the most
time consuming step in reconstruction. This leads to the viewpoint that it is
more effective to find a smaller number of high precision distances in a core,
than it is to find a larger number of low precision distances that are not closely
related.
It is worth emphasizing that finding local globally rigid substructures is
especially important as each redundant bond in such a subststructure provides a check on the correctness of the reconstruction. This is not true of
substructures that are not globally rigid. For precise distance lists the smallest substructure in three dimensions containing a redundant bond is a clique
with five vertices. One strategy to solve macromolecular structure from a set
of distance constraints is then to identify and reconstruct the most redundant,
in a graph rigidity sense, substructures first. Moreover, concentrating experimental and theoretical efforts to find the precise structure of small subunits
of a large protein or nanostruture will enable a solid base from which to build
larger structures. This approach will also help to mitigate the effects of errors and uncertainties in the distance lists while taking avantage of problem
structure. An important theoretical challenge is to extend the understanding
of a core size for the case of unique distances, to cases where the distances are
imprecise. In this imprecise case it would be very useful to have bounds on the
probability that a subcluster is unique given the subcluster size, the number
of distances in the subcluster and the errors in those distances.
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