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X-ray core level spectroscopy:
What do we learn?
Which level of theory do we need?



Why IXS

There are many interesting open questions in material science, solid state 
physics and chemistry. 

Although we know the microscopic Hamiltonian (Dirac equations) that 
does not mean we can predict all macroscopic properties. New 
phenomena emerge out of complexity 

Use spectroscopy to learn additional information on the system



Many different spectroscopy types ... IXS conference

PES Optics



Many different spectroscopy types ... IXS conference

PES RXD RIXS nIXS
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Time dependent perturbation theory

Fermi’s golden rule

Green’s function – spectral representation (energy domain)

Green’s function – (time domain)



Real-space Green’s function theory
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Time dependent perturbation theory

Green’s function – (time domain)

At time t=0 an excitation is created
In spectroscopy one probes if at time t the excitation 
is still at the same place, or if it moved away.

Spectroscopy, including inelastic x-ray scattering
probes the dynamics of the system



Time dependent spectroscopy

Pump
Probe

XASPES RXD RIXS

cPES

XPS

XAS

NEXAFS

XAFS

XES

FY



Nth order correlation functions in ω and 𝒕𝒕 domain

Linear response in time and frequency domain

Nth order response in time and frequency domain



Spectroscopy and IXS

Many types of spectroscopy. But the theoretical challenge to describe these 
is for all types very similar

The interaction between matter and light is very well understood so the 
Operator T is not really a problem for all different spectroscopies

Calculating the ground-state | ⟩𝑖𝑖 is in general a challenge

Calculating the propagator 1
𝜔𝜔−𝐻𝐻

is in general a challenge

Use different levels of theory – approximating the extend of the solid or the 
Coulomb interaction



Which level of theory do we need – NiO as an example

Ni2+ - 4s0 3d8

O2- - 2p6



Electronic states of NiO on a mean-field level

Energy momentum (dispersion) relation and electronic eigenstates (orbitals)



On a mean-field level NiO is a metal, in reality an insulator

F. J. Morin, Phys. Rev. 93, 1199 (1954)

R. Newman and R. M. Chrenko,
Phys. Rev 114 1507 (1959)
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After localization of d electrons one can make d-d excitations

t2g

eg

Possible 
Excitations



nIXS d-d excitations NiO 3 peaks instead of 1

M. W. Haverkort et al. PRB 85, 165113 (2012)

PRL 99, 257401 (2007)



Orbital energy level diagram

Which level of theory do we need – NiO as an example

t2g

eg



First peak, excitation from t2g to eg

Which level of theory do we need – NiO as an example

First peak, understandable on mean field level 
(Hartree Fock or density functional theory)



Third peak – Coulomb repulsion

Which level of theory do we need – NiO as an example

dxy

dx2-y2dz2

Coulomb repulsion is smaller when 
electrons are farther apart



Third peak – Coulomb repulsion

Which level of theory do we need – NiO as an example

dx2-y2dz2

Coulomb repulsion is smaller when 
electrons are farther apart

dxydxy



First peak, excitation from t2g to eg

Which level of theory do we need – NiO as an example

Third peak understandable on 
the level of time dependent 
LDA+U



Second peak, double excitation from t2g to eg

Which level of theory do we need – NiO as an example

DMFT with ED solver
Mix of RG and Quantum 
Chemistry



Second peak, double excitation from t2g to eg

Which level of theory do we need – NiO as an example

Warning!!! A single photon can only excite a single 
electron. The reason you see these strong double 
excitations is a true quantum many-body effect!
- Need to solve locally the full many-body problem



Quanty – www.quanty.org – a flexible script language  

Ground-state by 
Quantum chemistry (CI (S,D,T,…), RAS, …) 
Renormalization group / Matrix product states
Or combinations of these with basis set truncations

Spectroscopy using Green’s functions.
Any order of response for any operator
Diagrammatic expansions
Self energy of excited states due to decay of quasi particles

Mix ideas from quantum chemistry and renormalization group 
theory
PRB 85, 165113 (2012) – PRB 90, 085102 (2014).



Multiplet crystal field theory

Some history –
theory developed in 1930+

Crystal with many atoms 
(for example NiO)



Multiplet crystal field theory

Some history –
theory developed in 1950+

Crystal with many atoms 
(for example NiO)

Approximate a solid by a single 
atom with an additional effective 
field to mimic the effect of the solid 

All local multiplets included and 
correct crystal symmetry. Works 
for strongly correlated insulators 
and low energy excitations that do 
not lead to charge fluctuations. 
(Magnetic excitations – orbital 
excitations.) Also works for XAS 
on strongly correlated insulators 
on excitonic edges.



Multiplet ligand field theory

Add covalence explicitly, but short 
range.

Crystal with many atoms 
(for example NiO)



Multiplet ligand field theory

Add covalence explicitly, but short 
range.

Approximate a solid by a single 
atom interacting with a bath. Add 
all interactions on the local atom, 
take the bath in mean-field theory
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parameters from experiment



Multiplet ligand field theory

Add covalence explicitly, but short 
range.

Approximate the bath by a single 
“site” (i.e. 5 orbitals for a d-shell)

Approximate a solid by a single 
atom interacting with a bath. Add 
all interactions on the local atom, 
take the bath in mean-field theory

Early days –
parameters from experiment

Nowadays –
parameters from theory (DFT)



Beyond – Multiplet ligand field theory

Add more than one ligand. Often 
needed to get good agreement 
between ab initio based theory 
and experiment 



Beyond – Multiplet ligand field theory

Add more than one ligand. Often 
needed to get good agreement 
between ab initio based theory 
and experiment 

Add both occupied and 
unoccupied ligand orbitals 
(𝜋𝜋-back bonding)

With renormalization group 
techniques Quanty can handle 
hundreds of ligand / bath orbitals



LDA + Multiplet ligand field theory

But how to deal with covalence to 
neighboring correlated open shell 
sites?



LDA + Multiplet ligand field theory

But how to deal with covalence to 
neighboring correlated open shell 
sites?

Replace the full coulomb 
interaction on all sites, but one by 
a potential. Set this potential such 
that the local charge density 
(matrix) is the same at the impurity 
and the mean-field approximated 
sites



Dynamical Mean-Field Theory



Dynamical Mean-Field Theory

In LDA+MLFT we approximated 
the solid by a single atom 
interacting with a bath (set of 
ligand orbitals) such that the one 
particle density at the impurity and 
mean-field approximated 
neighbors are equivalent



Dynamical Mean-Field Theory

In LDA+MLFT we approximated 
the solid by a single atom 
interacting with a bath (set of 
ligand orbitals) such that the one 
particle density at the impurity and 
mean-field approximated 
neighbors are equivalent



Dynamical Mean-Field Theory

In DMFT we make the one particle 
Green’s function between the 
impurity and bath self consistent



Example – bands excitations, resonances and excitons

Energy (eV)
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electron – hole 
interaction

M.W.Haverkort et al. EPL, 108 57004(2014) 
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Example – bands excitations, resonances and excitons

M.W.Haverkort et al. EPL, 108 57004(2014) 

Energy (eV)
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Exciton

Continuum edge jump



XAS and XPS on an DMFT level

M.W.Haverkort et al. EPL, 108 57004(2014) 



nIXS in MnO – M23 edge 3p to 3d – giant resonances -

Excitons are well 
described using a 
local model 
(LDA+MLFT) 

J. of Phys.: Conf. Ser. 190 012047 (2009)
J. of Phys.: Conf. Ser. 712 012001 (2016) 



nIXS in MnO – M23 edge 3p to 3d – giant resonances 

Excitons are well 
described using a 
local model 
(LDA+MLFT) 

Resonances (multiplets
above the continuum edge) 
are not well described using 
a local model

J. of Phys.: Conf. Ser. 190 012047 (2009)
J. of Phys.: Conf. Ser. 712 012001 (2016) 



nIXS in MnO – M23 edge 3p to 3d – giant resonances 

LDA+MLFT LDA+DMFT

J. of Phys.: Conf. Ser. 190 012047 (2009)
J. of Phys.: Conf. Ser. 712 012001 (2016) 



Core level spectroscopy of excitionic states LDA+DMFT

Ab initio calculation of spectra Beyond linear response - RIXS

PRL 95, 097203 (2005), PRL 107, 107402 (2011)
PRB 85, 165113 (2012), J. Phys.: Condens. Matter 24 255602 (2012)



Decay of localized into delocalized states – resonances

Interaction of localized with 
delocalized states

Elastic line
Local excitons 
(d-d excitations)

Itinerant excitations 
(charge-transfer)

Example RIXS of Cuprates as 
function of charge transfer energy Δ



Decay of localized into delocalized states – resonances

Interaction of localized with 
delocalized states

Elastic line
Local excitons 
(d-d excitations)

Itinerant excitations 
(charge-transfer)

Example RIXS of Cuprates as 
function of charge transfer energy Δ



Decay of localized into delocalized states – resonances

Interaction of localized with 
delocalized states

Example RIXS of Cuprates as 
function of charge transfer energy Δ



Self energy and line-width

The intensity measured in a spectroscopy experiment is given by

With Γ the line width of the peak, equal to the lifetime of the particle in the 
time domain

If H is the Hamiltonian of the universe, than Γ=0. 

The lifetime of a propagator is due to Couplings not included into the 
Hamiltonian or due to states not included into the Hilbert space



Self energy and line-width

A local multiplet can decay due to covalent interaction with the continuum



Self energy and line-width

A local multiplet can decay due to covalent interaction with the continuum

PHYSICAL REVIEW B 84, 075134 (2011)



Self energy and line-width

A local multiplet decays by the Auger Meitner process

Coulomb interaction to states with free electrons 
not included in the Hilbert space sofar

Photon excitation of core electron
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Self energy and line-width

A local multiplet decays by the Auger Meitner process

Coulomb interaction to states with free electrons 
not included in the Hilbert space sofar

Photon excitation of core electron

Core-hole decays via Auger Meitner process



Calculate the lifetime – From 𝚪𝚪 to Σ(𝝎𝝎)

In order to calculate the lifetime we split the Hilbert-space into two parts

A B
Hilbert space A contains all local states, 
Hilbert-space B contains the states after 
decay. (e.g. with one electron in the 
continuum) 

Hamiltonian HA acts within subspace A, Hamiltonian HB within subspace B 
and HAB couples the two spaces 

The original Green’s function describing the propagation of an excitation 
made with operator T, without lifetime is given as:



Calculate the lifetime – From 𝚪𝚪 to Σ(𝝎𝝎)

The original Green’s function describing the propagation of an excitation 
made with operator T, without lifetime is given as:

If we add the interaction with the continuum (HAB) to the propagator we find 
(using the Dyson equations or diagonalization of a Block Matrix)

Where the lifetime of the state now is given by the propagator making 
excitations into the continuum



Calculate the lifetime – From 𝚪𝚪 to Σ(𝝎𝝎)

If we add the interaction with the continuum (HAB) to the propagator we find 
(using the Dyson equations or diagonalization of a Block Matrix)

Where the lifetime of the state now is given by the propagator making 
excitations into the continuum

We can create a Krylov basis for HA and calculate the Green’s function 
describing the spectra of these states after making an excitation with 
operator HAB



From 𝚪𝚪 to Σ(𝝎𝝎) – for Auger Meitner decay



RIXS – competition between decay processes

A non-perturbative absolute converging series 
expansion as alternative to traditional 
(diagrammatic) methods

PRL 119, 256401 (2017)



RIXS – competition between decay processes

PRL 119, 256401 (2017)

with

if

with

if

Projection expansions for functions

Projection expansions for operators



Accurate determination of Σ of a core excited state



Determining the neutrino mass - Nuclear decay of Ho



How to determine the neutrino mass from nuclear decay



Electron capture in Ho and the neutrino mass

Detailed analyses of electron capture

Excited state energy of Dy

Ca
pt

ur
e 
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te Energy difference 

between ground-
state of Ho and Dy



How to determine the neutrino mass from nuclear decay



Electron capture in Ho and the neutrino mass

Excited state energy of Dy



Electron capture in Ho and the neutrino mass

Excited state energy of Dy



Status quo of the theory of the EC spectrum in Ho

ECHo data recently published PRL 119, 122501 (2017)
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Status quo of the theory of the EC spectrum in Ho

ECHo data recently published PRL 119, 122501 (2017)

Additional (unexplained) peaks 

Unexplained line-broadening (and missing intensity)

Asymmetric line shapes

Status quo of the theory of the EC spectrum in Ho



Nuclear decay of Ho theory including locally bound states

PHYSICAL REVIEW C 97, 054620 (2018) 

Calculate the electron capture spectrum of atomic Ho including all 
bound orbitals for Ho in Au. 
(1s, 2s, 2p, 3s, 3p, 4s, 3d, 4p, 5s, 4d, 5p, 6s, 4f) and 67 electrons

Operator T is the weak interaction, turning the Ho nucleus into a Dy
nucleus, creating a neutrino and annihilating an s or p1/2 electron.



Nuclear decay of Ho theory including locally bound states

PHYSICAL REVIEW C 97, 054620 (2018) 



High resolution theory (Lorenzian FWHM = 1 eV)

PHYSICAL REVIEW C 97, 054620 (2018) 

Over 5000 resolved multiplets in an 
energy window from 0 to 50 keV, 
with resolution of 1 eV.

The Hamiltonian contains the 
binding energy of the 1s orbital 
(order 50 keV) as well as the 
hyperfine interaction (order μeV)
(~11 orders of magnitude)



Calculate the lifetime of these excitations

Green’s function – spectral representation (energy domain)



Calculate the lifetime of these excitations

Electron captured from inner shell



Calculate the lifetime of these excitations

Electron captured from inner shell



Calculate the lifetime of these excitations

Core-hole decays via Auger process



Calculate the lifetime of these excitations

Core-hole decays via Auger process



Auger decay – self-energy of the many particle propagator



Nuclear decay of Ho – local multiplets and Auger decay



Nuclear decay of Ho – local multiplets and Auger decay

These peaks do not have a lorenzian line-
shape. Focus on one decay to see what 
happens



Nuclear decay of Ho – local multiplets and Auger decay



Nuclear decay of Ho – Energy dependence of the lifetime



Measuring orbitals



Measuring orbitals – resonances in non-resonant IXS

3p to 3d

3s to 3d

Valence 
to free 
electron

IXS spectrum of NiO



Measuring orbitals – sum-rules in nIXS

For the angular part this is a complete orthonormal set. For the radial part 
this is a complete set, non-orthogonal and with a norm proportional to 
|Rcs(r)|. One measures the projected partial density matrix around the 
atom of the resonance with a radius related to the size of the core orbital.

For s-nIXS integrated over a single core resonance (c) the operator one 
measures is the projection operator to the one particle orbital:



Team and funding

Maurits W. Haverkort
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Robert Green

Yi Lu
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Understanding quantum materials

For very small systems there is a 
nearly perfect theoretical 
understanding of quantum 
materials and their dynamics

Experiment – For example:
Real-time observation of valence 
electron motion (Nature 466 2010)

Attosecond absorptionTransient absorption spectraReconstructed wave-package



But what happens if we put a larger molecule in a field

Pictures from wikipedia



Simple metals (Li, Al, …) in a field – Plasmon oscillations

Pictures from wikipedia



How about this molecule

4 Mn atoms with open d-shells 
interacting with many C, N, O,…

Pictures from wikipedia

Oxygen-evolving complex in 
Photosystem II



No intuitive extrapolation from small to large systems



How far can we get ab initio



Theoretical challenges – NP-hard scaling

Example cluster of H atoms

1 2 1 (   ) 22
1
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Only include the 1s orbital
(Hubbard model)
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Theoretical challenges – NP-hard scaling

Example cluster of H atoms

1 2 1 (   ) 2
2 4 2 (   ) 6
4 8 4 (   ) 70
6 12 6 (   ) 924
8 16 8 (   ) 12 870

10 20 10 (   ) 184 756
12 24 12 (   ) 2 704 156
14 28 14 (   ) 40 116 600
16 32 16 (   ) 601 080 390
18 36 18 (   ) 9 075 135 300
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36
18

Cluster of H atoms
Only include the 1s orbital
(Hubbard model)



Theoretical challenges – NP-hard scaling

No direct exact solutions 
possible

Solution (1):
Approximate the Coulomb
interaction by a (time dependent)
potential.
(LDA, GGA, Hartree-Fock)



Multi-electron excitations – excited state v.s. ground-state

Eigen-state energies of
half filed atoms (p3, d5

and f7) using different
levels of configuration
interaction (singles,
doubles, triples,
quadruples, quintuples,
…)



Theoretical challenges – NP-hard scaling

Solution (2):
Many determinants are highly
improbable and do not contribute
to the state of interest. Therefore
do not include those in the basis

Solution (1):
Approximate the Coulomb 
interaction by a (time dependent) 
potential.
(LDA, GGA, Hartree-Fock)



Minimize the exponent of the exponential scaling

Many determinants are highly
improbable and do not contribute
to the state of interest. Therefore
do not include those in the basis

O. Gunnarsson and 
K. Schönhammer, 
PRL 50, 604 (1983)

Configuration interaction

Renormalization group

Improve on Configuration interaction
by systematically optimizing the one
orbital basis and remove the unim-
portant many electron determinants.

Mix ideas from quantum chemistry 
and renormalization group theory
PRB 85, 165113 (2012). 
PRB 90, 085102 (2014).



Quanty – www.quanty.org

Ground-state by 
Quantum chemistry (CI (S,D,T,…), RAS, …) 
Renormalization group
Matrix product states
Or combinations of these with basis set truncations

Spectroscopy using Green’s functions.
Any order of response for any operator
Diagrammatic expansions
Self energy of excited states due to decay of quasi particles

Implemented as script language
Freedom to choose your model and level of theory



Theoretical challenges – NP-hard scaling

Solution (2):
Many determinants are highly
improbable and do not contribute
to the state of interest. Therefore
do not include those in the basis

Solution (1):
Approximate the Coulomb 
interaction by a (time dependent) 
potential.
(LDA, GGA, Hartree-Fock)

Solution (3):
Combined with (2):
Include locally all interactions,
make non-local approximations.
• Multiplet Crystal-Field Theory
• Multiplet Ligand-Field Theory
• Embedded Cluster Theory
• Dynamical mean-field theory
• (connected to DFT or HF)
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