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photoelectric  effect,  Compton and pair  production.  The probability of the radiation beam 
interacting with matter through these processes is called the total attenuation coefficient of 
the material or linear ( ) when passing through a material (Figure 1), the intensity of the 

radiation suffers an exponential decay described by the Beer-Lambert relationship, equation 
1.

 . (1)

Where I is the final intensity of the radiation, I0 the initial intensity of the radiation, the linear 
attenuation coefficient  and X is the distance traveled by the ray. The ln(I0/I) is called one-

dimensional projection of the body in the direction of the ray. On CT, the rotation (scan) the 
entire radiation source-detector around the axis of an object, record a series of projections 
resulting from rays passing through the same section in different directions.

3. TOMOGRAPHIC RECONSTRUCTION 

After the scans, the radiating section of the object is treated as a function  (x,y), which 

should be found by some method of reconstruction. Five techniques are displayed below.

3.1 Filtered Back Projection (FBP)

Bracewell and Riddle in 1967, introduced the method called filtered backprojetion (FBP) 
method based on Fourier Transform. The FBP is widely used due to low processing time. The 
theorem  of  projections,  also  called  a  center  cut  theorem  (Central  Slice  Theorem-CST) 
facilitates  the  process.  This  says  a  1D Fourier  transform of  the  Radon  transform of  the 
function corresponds to 2D Fourier transform of the function. That is, performing the Fourier 
transform of the projections, one arrives at the space frequency distribution of densities that 
wish to discover.  Within the operations are performed frequency filtering and 2D inverse 
transform returns the reconstructed image. The FBP is summarized in the following steps:

1. Calculate  the  Fourier  transform  one-dimensional  projections  of  reaching  the 
frequency domain.

2. Filter  the  projections  transformed  with  a  low  pass  filter  (Shepp-Logan,  Hann, 
Hamming, etc.).

3. Place the filtered projections in  a polar  grid.  Each projection in  its  corresponding 
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Figure 1: Attenuation of radiation by different attenuation 

coefficients
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4. Resample these in a Cartesian grid with interpolation (linear, nearest, splines, etc.).
5. Calculate the two-dimensional inverse Fourier transform, coming to the reconstructed 

image.

3.2 Algebraic Reconstruction Technique (ART)

Algebraic methods, or series expansion, discretized section radiated in a matrix of unknowns 
(pixels)  representing  the  density  distribution  function  μ(x,y)  (Figure  2).  After  sweeps,  a 
system of equations resulting from the Beer-Lambert relationship is created and its resolution 
matches the inverse Radon. Due to the characteristics of this system, indirect methods are 
advised, and among the indirect method of projections Kaczmarz has guaranteed convergence 
[2]. The iterative techniques are summarized basically in four steps: creation of the initial 
image,  calculation of  corrections,  patches  and application  of  the  convergence test.  These 
algorithms differ in how corrections are calculated and applied [3]. In his work, the algebraic 
technique is  used ART. In this  representation,  a  ray corresponds to  a  band width mostly 
coincides with the width of one pixel.

The process can be summarized in:

1)  Create an initial image array with N elements parameterized , usually radon or zero. This 

is the beginning of the 1st iteration ( =1).

2)  Calculate the projections  for all the rays from the formula:

(2)
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Figure 2: Discretization of the irradiated section
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f3
<latexit sha1_base64="eRUltlz3W0AmByeXC+PBnjX7dNk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPYv++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDzPY2Q</latexit><latexit sha1_base64="eRUltlz3W0AmByeXC+PBnjX7dNk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPYv++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDzPY2Q</latexit><latexit sha1_base64="eRUltlz3W0AmByeXC+PBnjX7dNk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPYv++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDzPY2Q</latexit><latexit sha1_base64="eRUltlz3W0AmByeXC+PBnjX7dNk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EPYv++WKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuqp5b9e5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDzPY2Q</latexit>

fN
<latexit sha1_base64="I24nfoijvAuwfti63yCUdCfrVls=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF09S0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++wmV5rF8NJME/YgOJQ85o8ZKD2H/rl+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wccOI2r</latexit><latexit sha1_base64="I24nfoijvAuwfti63yCUdCfrVls=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF09S0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++wmV5rF8NJME/YgOJQ85o8ZKD2H/rl+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wccOI2r</latexit><latexit sha1_base64="I24nfoijvAuwfti63yCUdCfrVls=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF09S0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++wmV5rF8NJME/YgOJQ85o8ZKD2H/rl+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wccOI2r</latexit><latexit sha1_base64="I24nfoijvAuwfti63yCUdCfrVls=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF09S0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut1NYW9/Y3Cpul3Z29/YPyodHLR2nimGTxSJWnYBqFFxi03AjsJMopFEgsB2Mb2Z++wmV5rF8NJME/YgOJQ85o8ZKD2H/rl+uuFV3DrJKvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJZ6qcaEsjEdYtdSSSPUfjY/dUrOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/8jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdkQvOWXV0nrouq5Ve/+slK/zuMowgmcwjl4UIM63EIDmsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wccOI2r</latexit>

,
NX

n=1

µnxn = ln
I0
I

<latexit sha1_base64="rnbfnYoM//aAnX2OfO8eeOR2LyQ="></latexit><latexit sha1_base64="rnbfnYoM//aAnX2OfO8eeOR2LyQ="></latexit><latexit sha1_base64="rnbfnYoM//aAnX2OfO8eeOR2LyQ="></latexit><latexit sha1_base64="rnbfnYoM//aAnX2OfO8eeOR2LyQ="></latexit>

I = I0 e
�(µ1x1+µ2x2+...µNxN )

<latexit sha1_base64="4RO7YdesXu0XbXP3u4viSiJ0lF4="></latexit><latexit sha1_base64="4RO7YdesXu0XbXP3u4viSiJ0lF4="></latexit><latexit sha1_base64="4RO7YdesXu0XbXP3u4viSiJ0lF4="></latexit><latexit sha1_base64="4RO7YdesXu0XbXP3u4viSiJ0lF4="></latexit>



f(x, y)
<latexit sha1_base64="e4A4siSf9jFbRcF3Bz2t4/HqlVE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJuEPQY9OIxgnlAsoTZyWwyZnZmmZkVlyX/4MWDIl79H2/+jZMHookFDUVVN91dQcyZNq775eRWVtfWN/Kbha3tnd294v5BU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsYXU/81gNVmklxZ9KY+hEeCBYygo2VmmH58Sw97RVLbsWdAv0Qb5GUYI56r/jZ7UuSRFQYwrHWHc+NjZ9hZRjhdFzoJprGmIzwgHYsFTii2s+m147RiVX6KJTKljBoqv6eyHCkdRoFtjPCZqgXvYn4n9dJTHjpZ0zEiaGCzBaFCUdGosnrqM8UJYanlmCimL0VkSFWmBgbUMGGsPTyMmlWK55b8W7PS7WreRx5OIJjKIMHF1CDG6hDAwjcwxO8wKsjnWfnzXmfteac+cwh/IHz8Q20o46L</latexit><latexit sha1_base64="e4A4siSf9jFbRcF3Bz2t4/HqlVE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJuEPQY9OIxgnlAsoTZyWwyZnZmmZkVlyX/4MWDIl79H2/+jZMHookFDUVVN91dQcyZNq775eRWVtfWN/Kbha3tnd294v5BU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsYXU/81gNVmklxZ9KY+hEeCBYygo2VmmH58Sw97RVLbsWdAv0Qb5GUYI56r/jZ7UuSRFQYwrHWHc+NjZ9hZRjhdFzoJprGmIzwgHYsFTii2s+m147RiVX6KJTKljBoqv6eyHCkdRoFtjPCZqgXvYn4n9dJTHjpZ0zEiaGCzBaFCUdGosnrqM8UJYanlmCimL0VkSFWmBgbUMGGsPTyMmlWK55b8W7PS7WreRx5OIJjKIMHF1CDG6hDAwjcwxO8wKsjnWfnzXmfteac+cwh/IHz8Q20o46L</latexit><latexit sha1_base64="e4A4siSf9jFbRcF3Bz2t4/HqlVE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJuEPQY9OIxgnlAsoTZyWwyZnZmmZkVlyX/4MWDIl79H2/+jZMHookFDUVVN91dQcyZNq775eRWVtfWN/Kbha3tnd294v5BU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsYXU/81gNVmklxZ9KY+hEeCBYygo2VmmH58Sw97RVLbsWdAv0Qb5GUYI56r/jZ7UuSRFQYwrHWHc+NjZ9hZRjhdFzoJprGmIzwgHYsFTii2s+m147RiVX6KJTKljBoqv6eyHCkdRoFtjPCZqgXvYn4n9dJTHjpZ0zEiaGCzBaFCUdGosnrqM8UJYanlmCimL0VkSFWmBgbUMGGsPTyMmlWK55b8W7PS7WreRx5OIJjKIMHF1CDG6hDAwjcwxO8wKsjnWfnzXmfteac+cwh/IHz8Q20o46L</latexit><latexit sha1_base64="e4A4siSf9jFbRcF3Bz2t4/HqlVE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJuEPQY9OIxgnlAsoTZyWwyZnZmmZkVlyX/4MWDIl79H2/+jZMHookFDUVVN91dQcyZNq775eRWVtfWN/Kbha3tnd294v5BU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsYXU/81gNVmklxZ9KY+hEeCBYygo2VmmH58Sw97RVLbsWdAv0Qb5GUYI56r/jZ7UuSRFQYwrHWHc+NjZ9hZRjhdFzoJprGmIzwgHYsFTii2s+m147RiVX6KJTKljBoqv6eyHCkdRoFtjPCZqgXvYn4n9dJTHjpZ0zEiaGCzBaFCUdGosnrqM8UJYanlmCimL0VkSFWmBgbUMGGsPTyMmlWK55b8W7PS7WreRx5OIJjKIMHF1CDG6hDAwjcwxO8wKsjnWfnzXmfteac+cwh/IHz8Q20o46L</latexit>

f̂(kx, ky)
<latexit sha1_base64="VKxxrlrlGRkUxjfZP6DVkHvv740=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgVpCQi6LLoxmUF+4A2hMl00g6ZTMLMTTGE/okbF4q49U/c+TdOH4i2HrhwOOde7r0nSAXX4Dhf1srq2vrGZmmrvL2zu7dvHxy2dJIpypo0EYnqBEQzwSVrAgfBOqliJA4EawfR7cRvj5jSPJEPkKfMi8lA8pBTAkbybbs3JFCE42rkP55Hfn7m2xWn5kyBf4i7SCpojoZvf/b6Cc1iJoEKonXXdVLwCqKAU8HG5V6mWUpoRAasa6gkMdNeMb18jE+N0sdhokxJwFP190RBYq3zODCdMYGhXvQm4n9eN4Pw2iu4TDNgks4WhZnAkOBJDLjPFaMgckMIVdzciumQKELBhFU2ISy9vExaFzXXqbn3l5X6zTyOEjpGJ6iKXHSF6ugONVATUTRCT+gFvVqF9Wy9We+z1hVrPnOE/sD6+AYQ45NF</latexit><latexit sha1_base64="VKxxrlrlGRkUxjfZP6DVkHvv740=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgVpCQi6LLoxmUF+4A2hMl00g6ZTMLMTTGE/okbF4q49U/c+TdOH4i2HrhwOOde7r0nSAXX4Dhf1srq2vrGZmmrvL2zu7dvHxy2dJIpypo0EYnqBEQzwSVrAgfBOqliJA4EawfR7cRvj5jSPJEPkKfMi8lA8pBTAkbybbs3JFCE42rkP55Hfn7m2xWn5kyBf4i7SCpojoZvf/b6Cc1iJoEKonXXdVLwCqKAU8HG5V6mWUpoRAasa6gkMdNeMb18jE+N0sdhokxJwFP190RBYq3zODCdMYGhXvQm4n9eN4Pw2iu4TDNgks4WhZnAkOBJDLjPFaMgckMIVdzciumQKELBhFU2ISy9vExaFzXXqbn3l5X6zTyOEjpGJ6iKXHSF6ugONVATUTRCT+gFvVqF9Wy9We+z1hVrPnOE/sD6+AYQ45NF</latexit><latexit sha1_base64="VKxxrlrlGRkUxjfZP6DVkHvv740=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgVpCQi6LLoxmUF+4A2hMl00g6ZTMLMTTGE/okbF4q49U/c+TdOH4i2HrhwOOde7r0nSAXX4Dhf1srq2vrGZmmrvL2zu7dvHxy2dJIpypo0EYnqBEQzwSVrAgfBOqliJA4EawfR7cRvj5jSPJEPkKfMi8lA8pBTAkbybbs3JFCE42rkP55Hfn7m2xWn5kyBf4i7SCpojoZvf/b6Cc1iJoEKonXXdVLwCqKAU8HG5V6mWUpoRAasa6gkMdNeMb18jE+N0sdhokxJwFP190RBYq3zODCdMYGhXvQm4n9eN4Pw2iu4TDNgks4WhZnAkOBJDLjPFaMgckMIVdzciumQKELBhFU2ISy9vExaFzXXqbn3l5X6zTyOEjpGJ6iKXHSF6ugONVATUTRCT+gFvVqF9Wy9We+z1hVrPnOE/sD6+AYQ45NF</latexit><latexit sha1_base64="VKxxrlrlGRkUxjfZP6DVkHvv740=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgVpCQi6LLoxmUF+4A2hMl00g6ZTMLMTTGE/okbF4q49U/c+TdOH4i2HrhwOOde7r0nSAXX4Dhf1srq2vrGZmmrvL2zu7dvHxy2dJIpypo0EYnqBEQzwSVrAgfBOqliJA4EawfR7cRvj5jSPJEPkKfMi8lA8pBTAkbybbs3JFCE42rkP55Hfn7m2xWn5kyBf4i7SCpojoZvf/b6Cc1iJoEKonXXdVLwCqKAU8HG5V6mWUpoRAasa6gkMdNeMb18jE+N0sdhokxJwFP190RBYq3zODCdMYGhXvQm4n9eN4Pw2iu4TDNgks4WhZnAkOBJDLjPFaMgckMIVdzciumQKELBhFU2ISy9vExaFzXXqbn3l5X6zTyOEjpGJ6iKXHSF6ugONVATUTRCT+gFvVqF9Wy9We+z1hVrPnOE/sD6+AYQ45NF</latexit>

✓
<latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit>

1D Fourier !ansform

Sources

Detectors

✓
<latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit>

~⇠
<latexit sha1_base64="zG23E+yg+2ojv910jo47P/2X8bo=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kOaUDbbabt0swm7m2IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqlGwSU2DDcC24lCGoUCW+Hodua3xqg0j+WDmSQYRHQgeZ8zaqz06I+RZf4Tn3bLFbfqzkFWiZeTCuSod8tffi9maYTSMEG17nhuYoKMKsOZwGnJTzUmlI3oADuWShqhDrL5wVNyZpUe6cfKljRkrv6eyGik9SQKbWdEzVAvezPxP6+Tmv51kHGZpAYlWyzqp4KYmMy+Jz2ukBkxsYQyxe2thA2poszYjEo2BG/55VXSvKh6btW7v6zUbvI4inACp3AOHlxBDe6gDg1gEMEzvMKbo5wX5935WLQWnHzmGP7A+fwBLJaQow==</latexit><latexit sha1_base64="zG23E+yg+2ojv910jo47P/2X8bo=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kOaUDbbabt0swm7m2IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqlGwSU2DDcC24lCGoUCW+Hodua3xqg0j+WDmSQYRHQgeZ8zaqz06I+RZf4Tn3bLFbfqzkFWiZeTCuSod8tffi9maYTSMEG17nhuYoKMKsOZwGnJTzUmlI3oADuWShqhDrL5wVNyZpUe6cfKljRkrv6eyGik9SQKbWdEzVAvezPxP6+Tmv51kHGZpAYlWyzqp4KYmMy+Jz2ukBkxsYQyxe2thA2poszYjEo2BG/55VXSvKh6btW7v6zUbvI4inACp3AOHlxBDe6gDg1gEMEzvMKbo5wX5935WLQWnHzmGP7A+fwBLJaQow==</latexit><latexit sha1_base64="zG23E+yg+2ojv910jo47P/2X8bo=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kOaUDbbabt0swm7m2IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqlGwSU2DDcC24lCGoUCW+Hodua3xqg0j+WDmSQYRHQgeZ8zaqz06I+RZf4Tn3bLFbfqzkFWiZeTCuSod8tffi9maYTSMEG17nhuYoKMKsOZwGnJTzUmlI3oADuWShqhDrL5wVNyZpUe6cfKljRkrv6eyGik9SQKbWdEzVAvezPxP6+Tmv51kHGZpAYlWyzqp4KYmMy+Jz2ukBkxsYQyxe2thA2poszYjEo2BG/55VXSvKh6btW7v6zUbvI4inACp3AOHlxBDe6gDg1gEMEzvMKbo5wX5935WLQWnHzmGP7A+fwBLJaQow==</latexit><latexit sha1_base64="zG23E+yg+2ojv910jo47P/2X8bo=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9kOaUDbbabt0swm7m2IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZemAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqlGwSU2DDcC24lCGoUCW+Hodua3xqg0j+WDmSQYRHQgeZ8zaqz06I+RZf4Tn3bLFbfqzkFWiZeTCuSod8tffi9maYTSMEG17nhuYoKMKsOZwGnJTzUmlI3oADuWShqhDrL5wVNyZpUe6cfKljRkrv6eyGik9SQKbWdEzVAvezPxP6+Tmv51kHGZpAYlWyzqp4KYmMy+Jz2ukBkxsYQyxe2thA2poszYjEo2BG/55VXSvKh6btW7v6zUbvI4inACp3AOHlxBDe6gDg1gEMEzvMKbo5wX5935WLQWnHzmGP7A+fwBLJaQow==</latexit>

p(~⇠, s)
<latexit sha1_base64="EUmXDwF5UTg+OS2gHhRd0nG887c=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMevEYwTwgWcPspDcZMvtgZjYalvyHFw+KePVfvPk3TpI9aGJBQ1HVTXeXFwuutG1/W7mV1bX1jfxmYWt7Z3evuH/QUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hzdRvjlAqHoX3ehyjG9B+yH3OqDbSQ1zujJClnSc+OVOn3WLJrtgzkGXiZKQEGWrd4lenF7EkwFAzQZVqO3as3ZRKzZnASaGTKIwpG9I+tg0NaYDKTWdXT8iJUXrEj6SpUJOZ+nsipYFS48AznQHVA7XoTcX/vHai/Ss35WGcaAzZfJGfCKIjMo2A9LhEpsXYEMokN7cSNqCSMm2CKpgQnMWXl0njvOLYFefuolS9zuLIwxEcQxkcuIQq3EIN6sBAwjO8wpv1aL1Y79bHvDVnZTOH8AfW5w8O45I1</latexit><latexit sha1_base64="EUmXDwF5UTg+OS2gHhRd0nG887c=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMevEYwTwgWcPspDcZMvtgZjYalvyHFw+KePVfvPk3TpI9aGJBQ1HVTXeXFwuutG1/W7mV1bX1jfxmYWt7Z3evuH/QUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hzdRvjlAqHoX3ehyjG9B+yH3OqDbSQ1zujJClnSc+OVOn3WLJrtgzkGXiZKQEGWrd4lenF7EkwFAzQZVqO3as3ZRKzZnASaGTKIwpG9I+tg0NaYDKTWdXT8iJUXrEj6SpUJOZ+nsipYFS48AznQHVA7XoTcX/vHai/Ss35WGcaAzZfJGfCKIjMo2A9LhEpsXYEMokN7cSNqCSMm2CKpgQnMWXl0njvOLYFefuolS9zuLIwxEcQxkcuIQq3EIN6sBAwjO8wpv1aL1Y79bHvDVnZTOH8AfW5w8O45I1</latexit><latexit sha1_base64="EUmXDwF5UTg+OS2gHhRd0nG887c=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMevEYwTwgWcPspDcZMvtgZjYalvyHFw+KePVfvPk3TpI9aGJBQ1HVTXeXFwuutG1/W7mV1bX1jfxmYWt7Z3evuH/QUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hzdRvjlAqHoX3ehyjG9B+yH3OqDbSQ1zujJClnSc+OVOn3WLJrtgzkGXiZKQEGWrd4lenF7EkwFAzQZVqO3as3ZRKzZnASaGTKIwpG9I+tg0NaYDKTWdXT8iJUXrEj6SpUJOZ+nsipYFS48AznQHVA7XoTcX/vHai/Ss35WGcaAzZfJGfCKIjMo2A9LhEpsXYEMokN7cSNqCSMm2CKpgQnMWXl0njvOLYFefuolS9zuLIwxEcQxkcuIQq3EIN6sBAwjO8wpv1aL1Y79bHvDVnZTOH8AfW5w8O45I1</latexit><latexit sha1_base64="EUmXDwF5UTg+OS2gHhRd0nG887c=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQQcKuCHoMevEYwTwgWcPspDcZMvtgZjYalvyHFw+KePVfvPk3TpI9aGJBQ1HVTXeXFwuutG1/W7mV1bX1jfxmYWt7Z3evuH/QUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hzdRvjlAqHoX3ehyjG9B+yH3OqDbSQ1zujJClnSc+OVOn3WLJrtgzkGXiZKQEGWrd4lenF7EkwFAzQZVqO3as3ZRKzZnASaGTKIwpG9I+tg0NaYDKTWdXT8iJUXrEj6SpUJOZ+nsipYFS48AznQHVA7XoTcX/vHai/Ss35WGcaAzZfJGfCKIjMo2A9LhEpsXYEMokN7cSNqCSMm2CKpgQnMWXl0njvOLYFefuolS9zuLIwxEcQxkcuIQq3EIN6sBAwjO8wpv1aL1Y79bHvDVnZTOH8AfW5w8O45I1</latexit>

F (~⇠, k) =

Z

D
p(~⇠, s)eiks ds

<latexit sha1_base64="e4shD9is5EIdyjAF2EoMdTUlb4k=">AAACHXicbVDLSgNBEJyNrxhfUY9eBoOQQAi7EtCLEFTEYwTzgGwMs5NOMmR2dpmZDYYlP+LFX/HiQREPXsS/cfI4xMSChqKqm+4uL+RMadv+sRIrq2vrG8nN1Nb2zu5eev+gqoJIUqjQgAey7hEFnAmoaKY51EMJxPc41Lz+1divDUAqFoh7PQyh6ZOuYB1GiTZSK128yboDoLH7yEb5fg5fYJcJ3brG4ZyuchgeYtZXI+zmcVu10hm7YE+Al4kzIxk0Q7mV/nLbAY18EJpyolTDsUPdjInUjHIYpdxIQUhon3ShYaggPqhmPPluhE+M0sadQJoSGk/U+YmY+EoNfc90+kT31KI3Fv/zGpHunDdjJsJIg6DTRZ2IYx3gcVS4zSRQzYeGECqZuRXTHpGEahNoyoTgLL68TKqnBccuOHfFTOlyFkcSHaFjlEUOOkMldIvKqIIoekIv6A29W8/Wq/VhfU5bE9Zs5hD9gfX9C91coIc=</latexit><latexit sha1_base64="e4shD9is5EIdyjAF2EoMdTUlb4k=">AAACHXicbVDLSgNBEJyNrxhfUY9eBoOQQAi7EtCLEFTEYwTzgGwMs5NOMmR2dpmZDYYlP+LFX/HiQREPXsS/cfI4xMSChqKqm+4uL+RMadv+sRIrq2vrG8nN1Nb2zu5eev+gqoJIUqjQgAey7hEFnAmoaKY51EMJxPc41Lz+1divDUAqFoh7PQyh6ZOuYB1GiTZSK128yboDoLH7yEb5fg5fYJcJ3brG4ZyuchgeYtZXI+zmcVu10hm7YE+Al4kzIxk0Q7mV/nLbAY18EJpyolTDsUPdjInUjHIYpdxIQUhon3ShYaggPqhmPPluhE+M0sadQJoSGk/U+YmY+EoNfc90+kT31KI3Fv/zGpHunDdjJsJIg6DTRZ2IYx3gcVS4zSRQzYeGECqZuRXTHpGEahNoyoTgLL68TKqnBccuOHfFTOlyFkcSHaFjlEUOOkMldIvKqIIoekIv6A29W8/Wq/VhfU5bE9Zs5hD9gfX9C91coIc=</latexit><latexit sha1_base64="e4shD9is5EIdyjAF2EoMdTUlb4k=">AAACHXicbVDLSgNBEJyNrxhfUY9eBoOQQAi7EtCLEFTEYwTzgGwMs5NOMmR2dpmZDYYlP+LFX/HiQREPXsS/cfI4xMSChqKqm+4uL+RMadv+sRIrq2vrG8nN1Nb2zu5eev+gqoJIUqjQgAey7hEFnAmoaKY51EMJxPc41Lz+1divDUAqFoh7PQyh6ZOuYB1GiTZSK128yboDoLH7yEb5fg5fYJcJ3brG4ZyuchgeYtZXI+zmcVu10hm7YE+Al4kzIxk0Q7mV/nLbAY18EJpyolTDsUPdjInUjHIYpdxIQUhon3ShYaggPqhmPPluhE+M0sadQJoSGk/U+YmY+EoNfc90+kT31KI3Fv/zGpHunDdjJsJIg6DTRZ2IYx3gcVS4zSRQzYeGECqZuRXTHpGEahNoyoTgLL68TKqnBccuOHfFTOlyFkcSHaFjlEUOOkMldIvKqIIoekIv6A29W8/Wq/VhfU5bE9Zs5hD9gfX9C91coIc=</latexit><latexit sha1_base64="e4shD9is5EIdyjAF2EoMdTUlb4k=">AAACHXicbVDLSgNBEJyNrxhfUY9eBoOQQAi7EtCLEFTEYwTzgGwMs5NOMmR2dpmZDYYlP+LFX/HiQREPXsS/cfI4xMSChqKqm+4uL+RMadv+sRIrq2vrG8nN1Nb2zu5eev+gqoJIUqjQgAey7hEFnAmoaKY51EMJxPc41Lz+1divDUAqFoh7PQyh6ZOuYB1GiTZSK128yboDoLH7yEb5fg5fYJcJ3brG4ZyuchgeYtZXI+zmcVu10hm7YE+Al4kzIxk0Q7mV/nLbAY18EJpyolTDsUPdjInUjHIYpdxIQUhon3ShYaggPqhmPPluhE+M0sadQJoSGk/U+YmY+EoNfc90+kT31KI3Fv/zGpHunDdjJsJIg6DTRZ2IYx3gcVS4zSRQzYeGECqZuRXTHpGEahNoyoTgLL68TKqnBccuOHfFTOlyFkcSHaFjlEUOOkMldIvKqIIoekIv6A29W8/Wq/VhfU5bE9Zs5hD9gfX9C91coIc=</latexit>

ρ(x1, x2)

F(k1, k2)

F( ⃗ξ , k) = ∫D
p( ⃗ξ , s)e−2πiks ds

2D Fourier transform



f(x, y)
<latexit sha1_base64="e4A4siSf9jFbRcF3Bz2t4/HqlVE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJuEPQY9OIxgnlAsoTZyWwyZnZmmZkVlyX/4MWDIl79H2/+jZMHookFDUVVN91dQcyZNq775eRWVtfWN/Kbha3tnd294v5BU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsYXU/81gNVmklxZ9KY+hEeCBYygo2VmmH58Sw97RVLbsWdAv0Qb5GUYI56r/jZ7UuSRFQYwrHWHc+NjZ9hZRjhdFzoJprGmIzwgHYsFTii2s+m147RiVX6KJTKljBoqv6eyHCkdRoFtjPCZqgXvYn4n9dJTHjpZ0zEiaGCzBaFCUdGosnrqM8UJYanlmCimL0VkSFWmBgbUMGGsPTyMmlWK55b8W7PS7WreRx5OIJjKIMHF1CDG6hDAwjcwxO8wKsjnWfnzXmfteac+cwh/IHz8Q20o46L</latexit><latexit sha1_base64="e4A4siSf9jFbRcF3Bz2t4/HqlVE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJuEPQY9OIxgnlAsoTZyWwyZnZmmZkVlyX/4MWDIl79H2/+jZMHookFDUVVN91dQcyZNq775eRWVtfWN/Kbha3tnd294v5BU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsYXU/81gNVmklxZ9KY+hEeCBYygo2VmmH58Sw97RVLbsWdAv0Qb5GUYI56r/jZ7UuSRFQYwrHWHc+NjZ9hZRjhdFzoJprGmIzwgHYsFTii2s+m147RiVX6KJTKljBoqv6eyHCkdRoFtjPCZqgXvYn4n9dJTHjpZ0zEiaGCzBaFCUdGosnrqM8UJYanlmCimL0VkSFWmBgbUMGGsPTyMmlWK55b8W7PS7WreRx5OIJjKIMHF1CDG6hDAwjcwxO8wKsjnWfnzXmfteac+cwh/IHz8Q20o46L</latexit><latexit sha1_base64="e4A4siSf9jFbRcF3Bz2t4/HqlVE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJuEPQY9OIxgnlAsoTZyWwyZnZmmZkVlyX/4MWDIl79H2/+jZMHookFDUVVN91dQcyZNq775eRWVtfWN/Kbha3tnd294v5BU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsYXU/81gNVmklxZ9KY+hEeCBYygo2VmmH58Sw97RVLbsWdAv0Qb5GUYI56r/jZ7UuSRFQYwrHWHc+NjZ9hZRjhdFzoJprGmIzwgHYsFTii2s+m147RiVX6KJTKljBoqv6eyHCkdRoFtjPCZqgXvYn4n9dJTHjpZ0zEiaGCzBaFCUdGosnrqM8UJYanlmCimL0VkSFWmBgbUMGGsPTyMmlWK55b8W7PS7WreRx5OIJjKIMHF1CDG6hDAwjcwxO8wKsjnWfnzXmfteac+cwh/IHz8Q20o46L</latexit><latexit sha1_base64="e4A4siSf9jFbRcF3Bz2t4/HqlVE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQQcJuEPQY9OIxgnlAsoTZyWwyZnZmmZkVlyX/4MWDIl79H2/+jZMHookFDUVVN91dQcyZNq775eRWVtfWN/Kbha3tnd294v5BU8tEEdogkkvVDrCmnAnaMMxw2o4VxVHAaSsYXU/81gNVmklxZ9KY+hEeCBYygo2VmmH58Sw97RVLbsWdAv0Qb5GUYI56r/jZ7UuSRFQYwrHWHc+NjZ9hZRjhdFzoJprGmIzwgHYsFTii2s+m147RiVX6KJTKljBoqv6eyHCkdRoFtjPCZqgXvYn4n9dJTHjpZ0zEiaGCzBaFCUdGosnrqM8UJYanlmCimL0VkSFWmBgbUMGGsPTyMmlWK55b8W7PS7WreRx5OIJjKIMHF1CDG6hDAwjcwxO8wKsjnWfnzXmfteac+cwh/IHz8Q20o46L</latexit>

f̂(kx, ky)
<latexit sha1_base64="VKxxrlrlGRkUxjfZP6DVkHvv740=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgVpCQi6LLoxmUF+4A2hMl00g6ZTMLMTTGE/okbF4q49U/c+TdOH4i2HrhwOOde7r0nSAXX4Dhf1srq2vrGZmmrvL2zu7dvHxy2dJIpypo0EYnqBEQzwSVrAgfBOqliJA4EawfR7cRvj5jSPJEPkKfMi8lA8pBTAkbybbs3JFCE42rkP55Hfn7m2xWn5kyBf4i7SCpojoZvf/b6Cc1iJoEKonXXdVLwCqKAU8HG5V6mWUpoRAasa6gkMdNeMb18jE+N0sdhokxJwFP190RBYq3zODCdMYGhXvQm4n9eN4Pw2iu4TDNgks4WhZnAkOBJDLjPFaMgckMIVdzciumQKELBhFU2ISy9vExaFzXXqbn3l5X6zTyOEjpGJ6iKXHSF6ugONVATUTRCT+gFvVqF9Wy9We+z1hVrPnOE/sD6+AYQ45NF</latexit><latexit sha1_base64="VKxxrlrlGRkUxjfZP6DVkHvv740=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgVpCQi6LLoxmUF+4A2hMl00g6ZTMLMTTGE/okbF4q49U/c+TdOH4i2HrhwOOde7r0nSAXX4Dhf1srq2vrGZmmrvL2zu7dvHxy2dJIpypo0EYnqBEQzwSVrAgfBOqliJA4EawfR7cRvj5jSPJEPkKfMi8lA8pBTAkbybbs3JFCE42rkP55Hfn7m2xWn5kyBf4i7SCpojoZvf/b6Cc1iJoEKonXXdVLwCqKAU8HG5V6mWUpoRAasa6gkMdNeMb18jE+N0sdhokxJwFP190RBYq3zODCdMYGhXvQm4n9eN4Pw2iu4TDNgks4WhZnAkOBJDLjPFaMgckMIVdzciumQKELBhFU2ISy9vExaFzXXqbn3l5X6zTyOEjpGJ6iKXHSF6ugONVATUTRCT+gFvVqF9Wy9We+z1hVrPnOE/sD6+AYQ45NF</latexit><latexit sha1_base64="VKxxrlrlGRkUxjfZP6DVkHvv740=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgVpCQi6LLoxmUF+4A2hMl00g6ZTMLMTTGE/okbF4q49U/c+TdOH4i2HrhwOOde7r0nSAXX4Dhf1srq2vrGZmmrvL2zu7dvHxy2dJIpypo0EYnqBEQzwSVrAgfBOqliJA4EawfR7cRvj5jSPJEPkKfMi8lA8pBTAkbybbs3JFCE42rkP55Hfn7m2xWn5kyBf4i7SCpojoZvf/b6Cc1iJoEKonXXdVLwCqKAU8HG5V6mWUpoRAasa6gkMdNeMb18jE+N0sdhokxJwFP190RBYq3zODCdMYGhXvQm4n9eN4Pw2iu4TDNgks4WhZnAkOBJDLjPFaMgckMIVdzciumQKELBhFU2ISy9vExaFzXXqbn3l5X6zTyOEjpGJ6iKXHSF6ugONVATUTRCT+gFvVqF9Wy9We+z1hVrPnOE/sD6+AYQ45NF</latexit><latexit sha1_base64="VKxxrlrlGRkUxjfZP6DVkHvv740=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAgVpCQi6LLoxmUF+4A2hMl00g6ZTMLMTTGE/okbF4q49U/c+TdOH4i2HrhwOOde7r0nSAXX4Dhf1srq2vrGZmmrvL2zu7dvHxy2dJIpypo0EYnqBEQzwSVrAgfBOqliJA4EawfR7cRvj5jSPJEPkKfMi8lA8pBTAkbybbs3JFCE42rkP55Hfn7m2xWn5kyBf4i7SCpojoZvf/b6Cc1iJoEKonXXdVLwCqKAU8HG5V6mWUpoRAasa6gkMdNeMb18jE+N0sdhokxJwFP190RBYq3zODCdMYGhXvQm4n9eN4Pw2iu4TDNgks4WhZnAkOBJDLjPFaMgckMIVdzciumQKELBhFU2ISy9vExaFzXXqbn3l5X6zTyOEjpGJ6iKXHSF6ugONVATUTRCT+gFvVqF9Wy9We+z1hVrPnOE/sD6+AYQ45NF</latexit>

✓
<latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit><latexit sha1_base64="JqEnYvV6PtsKBJYmBVwEpjIMANw=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4NhwbXUpt2xCxIoaCBAiW0EwMsjiS0ovHtzG89gbFCqwecJBDGbKjEQHCGTmp2cQTIeuWKX/XnoKskyEmF5Kj3yl/dvuZpDAq5ZNZ2Aj/BMGMGBZcwLXVTCwnjYzaEjqOKxWDDbH7tlJ45pU8H2rhSSOfq74mMxdZO4sh1xgxHdtmbif95nRQH12EmVJIiKL5YNEglRU1nr9O+MMBRThxh3Ah3K+UjZhhHF1DJhRAsv7xKmhfVwK8G95eV2k0eR5GckFNyTgJyRWrkjtRJg3DySJ7JK3nztPfivXsfi9aCl88ckz/wPn8Ao/ePKA==</latexit>

1D Fourier !ansform

p(~⇠0, s)
<latexit sha1_base64="HToGQj5SD3O+0Ud/cGCm1DU0gmQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuix6MVjBfsBTSib7aZdutmE3U2xhv4SLx4U8epP8ea/cdvmoNUHA4/3ZpiZFyScKe04X1ZhZXVtfaO4Wdra3tkt23v7LRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho5uZ3x5TqVgs7vUkoX6EB4KFjGBtpJ5dTqremJLMe2DTkzN12rMrTs2ZA/0lbk4qkKPRsz+9fkzSiApNOFaq6zqJ9jMsNSOcTkteqmiCyQgPaNdQgSOq/Gx++BQdG6WPwliaEhrN1Z8TGY6UmkSB6YywHqplbyb+53VTHV75GRNJqqkgi0VhypGO0SwF1GeSEs0nhmAimbkVkSGWmGiTVcmE4C6//Je0zmuuU3PvLir16zyOIhzCEVTBhUuowy00oAkEUniCF3i1Hq1n6816X7QWrHzmAH7B+vgG646Slw==</latexit><latexit sha1_base64="HToGQj5SD3O+0Ud/cGCm1DU0gmQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuix6MVjBfsBTSib7aZdutmE3U2xhv4SLx4U8epP8ea/cdvmoNUHA4/3ZpiZFyScKe04X1ZhZXVtfaO4Wdra3tkt23v7LRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho5uZ3x5TqVgs7vUkoX6EB4KFjGBtpJ5dTqremJLMe2DTkzN12rMrTs2ZA/0lbk4qkKPRsz+9fkzSiApNOFaq6zqJ9jMsNSOcTkteqmiCyQgPaNdQgSOq/Gx++BQdG6WPwliaEhrN1Z8TGY6UmkSB6YywHqplbyb+53VTHV75GRNJqqkgi0VhypGO0SwF1GeSEs0nhmAimbkVkSGWmGiTVcmE4C6//Je0zmuuU3PvLir16zyOIhzCEVTBhUuowy00oAkEUniCF3i1Hq1n6816X7QWrHzmAH7B+vgG646Slw==</latexit><latexit sha1_base64="HToGQj5SD3O+0Ud/cGCm1DU0gmQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuix6MVjBfsBTSib7aZdutmE3U2xhv4SLx4U8epP8ea/cdvmoNUHA4/3ZpiZFyScKe04X1ZhZXVtfaO4Wdra3tkt23v7LRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho5uZ3x5TqVgs7vUkoX6EB4KFjGBtpJ5dTqremJLMe2DTkzN12rMrTs2ZA/0lbk4qkKPRsz+9fkzSiApNOFaq6zqJ9jMsNSOcTkteqmiCyQgPaNdQgSOq/Gx++BQdG6WPwliaEhrN1Z8TGY6UmkSB6YywHqplbyb+53VTHV75GRNJqqkgi0VhypGO0SwF1GeSEs0nhmAimbkVkSGWmGiTVcmE4C6//Je0zmuuU3PvLir16zyOIhzCEVTBhUuowy00oAkEUniCF3i1Hq1n6816X7QWrHzmAH7B+vgG646Slw==</latexit><latexit sha1_base64="HToGQj5SD3O+0Ud/cGCm1DU0gmQ=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbGIFaQkIuix6MVjBfsBTSib7aZdutmE3U2xhv4SLx4U8epP8ea/cdvmoNUHA4/3ZpiZFyScKe04X1ZhZXVtfaO4Wdra3tkt23v7LRWnktAmiXksOwFWlDNBm5ppTjuJpDgKOG0Ho5uZ3x5TqVgs7vUkoX6EB4KFjGBtpJ5dTqremJLMe2DTkzN12rMrTs2ZA/0lbk4qkKPRsz+9fkzSiApNOFaq6zqJ9jMsNSOcTkteqmiCyQgPaNdQgSOq/Gx++BQdG6WPwliaEhrN1Z8TGY6UmkSB6YywHqplbyb+53VTHV75GRNJqqkgi0VhypGO0SwF1GeSEs0nhmAimbkVkSGWmGiTVcmE4C6//Je0zmuuU3PvLir16zyOIhzCEVTBhUuowy00oAkEUniCF3i1Hq1n6816X7QWrHzmAH7B+vgG646Slw==</latexit>

Sou
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cto

rs

F (~⇠0, k) =

Z

D0
p(~⇠0, s)eiks ds

<latexit sha1_base64="bsqvWY4obqeUGCQgRcEp938F1Gs=">AAACInicbVDLSgNBEJyNrxhfUY9eBoMkgoRdEdSDEFTEYwTzgGwMs5OOGTI7u8zMBsOy3+LFX/HiQVFPgh/j5HGI0YKGoqqb7i4v5Exp2/6yUnPzC4tL6eXMyura+kZ2c6uqgkhSqNCAB7LuEQWcCahopjnUQwnE9zjUvN7F0K/1QSoWiFs9CKHpk3vBOowSbaRW9vSq4PaBxu4DS/IHvX18hl0mdCu+zCc4nPbUPoa7mPVUgt0D3FatbM4u2iPgv8SZkByaoNzKfrjtgEY+CE05Uarh2KFuxkRqRjkkGTdSEBLaI/fQMFQQH1QzHr2Y4D2jtHEnkKaExiN1eiImvlID3zOdPtFdNesNxf+8RqQ7J82YiTDSIOh4USfiWAd4mBduMwlU84EhhEpmbsW0SySh2qSaMSE4sy//JdXDomMXnZujXOl8Ekca7aBdVEAOOkYldI3KqIIoekTP6BW9WU/Wi/VufY5bU9ZkZhv9gvX9AxYpoiY=</latexit><latexit sha1_base64="bsqvWY4obqeUGCQgRcEp938F1Gs=">AAACInicbVDLSgNBEJyNrxhfUY9eBoMkgoRdEdSDEFTEYwTzgGwMs5OOGTI7u8zMBsOy3+LFX/HiQVFPgh/j5HGI0YKGoqqb7i4v5Exp2/6yUnPzC4tL6eXMyura+kZ2c6uqgkhSqNCAB7LuEQWcCahopjnUQwnE9zjUvN7F0K/1QSoWiFs9CKHpk3vBOowSbaRW9vSq4PaBxu4DS/IHvX18hl0mdCu+zCc4nPbUPoa7mPVUgt0D3FatbM4u2iPgv8SZkByaoNzKfrjtgEY+CE05Uarh2KFuxkRqRjkkGTdSEBLaI/fQMFQQH1QzHr2Y4D2jtHEnkKaExiN1eiImvlID3zOdPtFdNesNxf+8RqQ7J82YiTDSIOh4USfiWAd4mBduMwlU84EhhEpmbsW0SySh2qSaMSE4sy//JdXDomMXnZujXOl8Ekca7aBdVEAOOkYldI3KqIIoekTP6BW9WU/Wi/VufY5bU9ZkZhv9gvX9AxYpoiY=</latexit><latexit sha1_base64="bsqvWY4obqeUGCQgRcEp938F1Gs=">AAACInicbVDLSgNBEJyNrxhfUY9eBoMkgoRdEdSDEFTEYwTzgGwMs5OOGTI7u8zMBsOy3+LFX/HiQVFPgh/j5HGI0YKGoqqb7i4v5Exp2/6yUnPzC4tL6eXMyura+kZ2c6uqgkhSqNCAB7LuEQWcCahopjnUQwnE9zjUvN7F0K/1QSoWiFs9CKHpk3vBOowSbaRW9vSq4PaBxu4DS/IHvX18hl0mdCu+zCc4nPbUPoa7mPVUgt0D3FatbM4u2iPgv8SZkByaoNzKfrjtgEY+CE05Uarh2KFuxkRqRjkkGTdSEBLaI/fQMFQQH1QzHr2Y4D2jtHEnkKaExiN1eiImvlID3zOdPtFdNesNxf+8RqQ7J82YiTDSIOh4USfiWAd4mBduMwlU84EhhEpmbsW0SySh2qSaMSE4sy//JdXDomMXnZujXOl8Ekca7aBdVEAOOkYldI3KqIIoekTP6BW9WU/Wi/VufY5bU9ZkZhv9gvX9AxYpoiY=</latexit><latexit sha1_base64="bsqvWY4obqeUGCQgRcEp938F1Gs=">AAACInicbVDLSgNBEJyNrxhfUY9eBoMkgoRdEdSDEFTEYwTzgGwMs5OOGTI7u8zMBsOy3+LFX/HiQVFPgh/j5HGI0YKGoqqb7i4v5Exp2/6yUnPzC4tL6eXMyura+kZ2c6uqgkhSqNCAB7LuEQWcCahopjnUQwnE9zjUvN7F0K/1QSoWiFs9CKHpk3vBOowSbaRW9vSq4PaBxu4DS/IHvX18hl0mdCu+zCc4nPbUPoa7mPVUgt0D3FatbM4u2iPgv8SZkByaoNzKfrjtgEY+CE05Uarh2KFuxkRqRjkkGTdSEBLaI/fQMFQQH1QzHr2Y4D2jtHEnkKaExiN1eiImvlID3zOdPtFdNesNxf+8RqQ7J82YiTDSIOh4USfiWAd4mBduMwlU84EhhEpmbsW0SySh2qSaMSE4sy//JdXDomMXnZujXOl8Ekca7aBdVEAOOkYldI3KqIIoekTP6BW9WU/Wi/VufY5bU9ZkZhv9gvX9AxYpoiY=</latexit>

✓0
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F(k1, k2)
ρ(x1, x2)

F( ⃗ξ , k) = ∫D
p( ⃗ξ , s)e−2πiks ds
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2D Fourier !ansform

f(x, y) =
1

4⇡2
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f̂(kx, ky)e

�i(kxx+kyy dkxdky
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Repeat for multiple angles until 
desired resolution is achieved

Shepp Logan sinogram

Shepp Logan phantom

F(k1, k2) = ∫ ∫ ρ(x1, x2)e−2πi(k1x1+k2x2) dx1dx2

ρ(x1, x2) = ∫ ∫ F(k1, k2)e2πi(k1x1+k2x2) dk1dk2

F(k1, k2)

Continue process to “fill in k-space”
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It is interesting to see how non-rigorous mathematical thinking has played the major role in 
comparing different algorithms. The most widely used technique for comparing algorithms has been 
to compare the reconstructions when applied to data taken from real human subjects. Another 
technique is to use what physicians call "phantoms": this means taking data from a physical object of 
known structure instead of a human subject. This is useful because we know what the true object is. 
Errors in the reconstruction, however, may be due to errors in the data or to errors in the algorithm. 
To separate these, Shepp introduced a "mathematical phantom." As described more fully in [20], this 
involves simulating a body section by a mathematically describable function. It has been convenient 
to use piecewise constant functions where the pieces are made from circles or ellipses (since for these 
the projection data is easily obtained). In a mathematical phantom there is no measurement error, so 
any errors in the reconstruction are due to the algorithm. Furthermore, any desired type of 
measurement error can be simulated to study its effects, which has been very useful [21] in the design 
of the newer high speed scanning machines. 

FIG. 1. Simulation of human head using 11 ellipses. The density of the skull is 2.0 and of the ventricles, tumors, 
etc. is 1.0-1.05 (see [20] for more details). 

Figure 1 shows a mathematical phantom which is a reasonable imitation of a slice through the 
human head, subject to the limitations mentioned above. The skull has density 2.0 while the diagonal 
ellipses represent ventricles of the brain which are filled with fluid of density 1.0. The surrounding 
gray matter has density 1.02; the various tumors, and the blood clot just inside the skull, have 
densities ranging between 1.03 and 1.05. Thus all interior head tissue has a very narrow range of 
variation. See [20] for further details. 
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FIG. 2. Reconstruction using the algorithm embodied in the first commercial machine (EMI Ltd.) from 180>( 160 
strip projection data obtained by exact calculation from Fig. 1. 

Figures 2,3,4 show reconstructions of this phantom. by three different algorithms in chronological 
order. Figure 2 shows a reconstruction using the algorithm embodied in the first commercial machine, 
which was constructed and sold by EMI Ltd. We shall call this the Hounsfield iterative algorithm 
(Hounsfield 1971) since it was based on an iterative relaxation method. Figure 3 shows the 
reconstruction from the same data by the Fourier-based convolution algorithm due to Shepp (1974). 
Figure 4 shows the reconstruction by the algorithm now used in EMI machines and due to C. Lemay 
(1974) of EMI. It is evident that Figs. 3 and 4 are great improvements over Fig. 2 which has artifacts 
which make it difficult to detect the small tumors. It also has a ring around the inside of the skull, 
which was also observed in human reconstructions and was believed to be a genuine aspect of human 
anatomy. Through the use of mathematical phantoms it was first learned that this ring is an artifact 
due to the algorithm. Figure 4 also shows this artifact, much decreased, and some tomographers argue 
that such "overshoot" is desirable because it enhances some otherwise less notable features of 
importance, such as edges of tumors. Other tomographers feel otherwise, pointing out that the 
overshoot can conceal a feature immediately adjacent to the skull such as a blood clot. We feel that at 
this stage of tomography the goal should be to 'Make the tomographs as accurate as possible. 
Enhancement may have value, but it also has dangers which are better deferred until the field has 
matured further. 

The comparison shown in the figures is not quite fair for various reasons, most notably because 
Fig. 4 is based on a finer grid of simulated X-ray beams than Fig. 2. (However, Fig. 3 is based on the 
same data as Fig. 2.) Nevertheless, there is little question that the conclusions are correct, because 
they are supported by a wealth of other experiments, using various algorithms and all three methods 
of comparison described above. 

Some experimental details may be worth mentioning. The reconstructions in Figs. 2 and 4 were 
made by placing the simulated projection data from the mathematical phantom in the appropriate 
memory area of an EMI machine (at Columbia-Presbyterian Hospital, NYC) so that the miachine 
could process the data through its algorithm and display the reconstruction in its normal manner. The 
reconstruction in Fig. 3 was made at Bell Laboratories using a computer program due to Shepp [20]. 
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FIG. 3. Reconstruction from the same data using the Fourier based algorithm of Shepp [20] (see [20] for more 
details). 

_ 0 - -------- .... ....l..... 

FIG. 4. Reconstruction using the algorithm now embodied in the EMI machine from 180x239 strip projection 
data obtained by exact calculation from Fig. 1. 

L. Shepp and J. B. Kruskal, 
Computerized Tomography: The New 
Medical X-Ray Technology, 

The American Math. Monthly, 1978  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2D Fourier !ansform
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Repeat for multiple angles until 
desired resolution is achieved

Shepp Logan sinogram

Shepp Logan phantom

F(k1, k2) = ∫ ∫ ρ(x1, x2)e−2πi(k1x1+k2x2) dx1dx2

ρ(x1, x2) = ∫ ∫ F(k1, k2)e2πi(k1x1+k2x2) dk1dk2

F(k1, k2)

Points are sampled on radial grid  
and the FFT does not apply
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Description: The main goal of this course is to expose students to the mathematical theory of Fourier
analysis, and at the same time, to some of its many applications in the sciences and engineering. In
particular, the Fourier transform arises naturally in a number of imaging problems as in the theory of
diffraction, magnetic resonance imaging (MRI), computed tomography (CT) and we shall explain how this
happens. This course covers a broad range of topics and might be of interest to mathematicians and
engineers alike.

Prerequisite: This is an upper-division undergraduate and/or lower-division graduate course. Some
prerequisites include linear algebra (Math 104), real analysis (Math 115) and probability theory (Stats
217). Assignments would typically involve a fair amount of scientific programming in any language you
like (e.g. Matlab) together with more classical exercises.

Syllabus:

Math 262 / CME 372: Applied Fourier Analysis<br> and Eleme... https://statweb.stanford.edu/~candes/teaching/math262/
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Magnetic Resonance Imaging
F(k1, k2)

F(k1, k2) = ∫ ∫ ρ(x1, x2)e−2πi(k1x1+k2x2) dx1dx2

s(t) = ∫ ∫ ρ(x, y)e−2πi(k1(t)x1+k2(t)x2) dx1dx2

ℱ

s(t) = ∫ ∫ ρ(x, y)e−2πi(k1(t)x1+k2(t)x2)e−iϕ(x1,x2)t dx1dx2

Signal Equation

Field Inhomogeneity



Next: Imaging Operators

Previous: Parallel Imaging
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Home

Getting Started

Acquisition Data

File Handling

Images

Offresonance

Parallel Imaging

TTrraajjeeccttoorryy

Imaging Operators

Simulation

Reconstruction

Trajectory · Julia MRI Package https://magneticresonanceimaging.github.io/MRIReco.jl/v0.1/tr...

2 of 2 10/5/20, 11:57 AM

From MRiReco.jl, Julia MRI package

Many Possible Trajectories 



Magnetic Resonance Imaging

MRI – signal equation

What are optimal quadrature weights?

Image reconstruction 

s(t) = ∫ ∫ ρ(x, y)e−2πi(k1(t)x1+k2(t)x2) dx1dx2

⇒ s(t) = F(k1(t), k2(t))

ρ(x1, x2) = ∫ ∫ F(k1, k2)e2πi(k1x1+k2x2) dk1dk2

ρ(x1, x2) ≈ ∑
q

F(kq
1 , kq

2 )e2πi(kq
1 x1+kq

2 x2)wq

1) Collect N samples : F(kq
1 , kq

2 ) = s(tq)

2) Compute ρ(x1, x2)

⇒ ρ(x1, x2) can be recovered from



Fourier Transform/Reconstruction 

ρ(x) = ∫ ∫ F(k)e2πik⋅x dk

ρ(xl) ≈
N

∑
j=1

F(kj)e2πixl⋅kjwj

There are three distinct issues involved 
• Acquisition of data  at  points  

• Selection of quadrature weights  
• A fast algorithm for computing the discrete approximation  

at a collection of  points .

F(k) N kj

wj

N xl



The Nonuniform FFT 

allows such sums to be computed in  time with 
complete control of precision. Dutt and Rokhlin (1993) provided 
the first complete analysis and introduced what are now called 
transforms of types 1,2 and 3.

O(N log N)

      (Type 1)

      (Type 2)               

          (Type 3)

Fn =
N

∑
j=1

ρj e−inxj n = − N/2,…, N/2

ρj =
N/2−1

∑
n=−N/2

Fn einxj, j = 1,…, N

Fn =
N

∑
j=1

ρj e−iknxj, n = 1,…, N



Brief & Incomplete History 
Fast Fourier Transforms for Nonequispaced data. A. Dutt and V. Rokhlin. 
SIAM J. Sci. Comput. 14, 1368 (1993).  (Dutt, Yale Tech. Rpt 841, 1991).

On the Fast Fourier Transform of Functions with Singularities, G. Beylkin, 
Applied and Comput. Harmonic Analysis 2 (4) (1995) 363–381.

Fast Fourier transforms for nonequispaced data: A tutorial, D. Potts, G. 
Steidl, and M. Tasche,, in Modern Sampling Theory, Birkhauser, Boston 
2001, ch. 12, pp. 249–274.   (C, Matlab, Julia)

Nonuniform fast Fourier transforms using min- max interpolation, J. A. 
Fessler and B. P. Sutton, IEEE Trans. Signal Process., 51 (2003), pp. 560–
574.   (Matlab, Julia)

Non-equispaced fast Fourier transforms with applications to tomography. 
K. Fourmont. J. Fourier Anal. Appl. 9(5) 431-450 (2003). 

Accelerating the nonuniform fast Fourier transform, L. Greengard, J.-Y. 
Lee,, SIAM Rev. 46 (2004) 443–454.  (Fortran, Matlab)

A parallel non-uniform fast Fourier transform library based on an 
``exponential of semicircle” kernel. A. H. Barnett, J. F. Magland, and L. af 
Klinteberg. SIAM J. Sci. Comput. 41(5), C479-C504 (2019).  
(C++, C, Fortran, MATLAB, Octave, Python, Julia)

→ USFFT

→ NFFT

→ NUFFT

→ NUFFT

→ fiNUFFT



Earlier/Concurrent work 

Interpolation and Fourier transformation of fringe visibilities, A. R. 
Thompson and R. N. Bracewell,, Astronom. J., 79 (1974), pp. 11–24. 

A fast sinc function gridding algorithm for Fourier inversion in computer 
tomography, J. D. O’Sullivan,, IEEE Trans. Med. Imag., MI-4 (1985), 
200–207.  

Fast algorithm for spectral analysis of unevenly sampled data. W. H. 
Press and G. B. Rybicki, Astrophys. J. 338 (1989), 227-280. 

Selection of a convolution function for Fourier inversion using 
gridding, J. I. Jackson, C. H. Meyer, D. G. Nishimura, and A. Macovski,, 
IEEE Trans. Med. Imag., 10 (1991), 473–478. 

Multilevel computations of integral transforms and particle interactions 
with oscillatory kernels,  A. Brandt, Comput. Phys. Commun. 65 (1991), 
24–38.

A Fast Algorithm for Chebyshev, Fourier, and Sine Interpolation onto an 
Irregular Grid, J. P. Boyd, J. Comput. Phys 103 (1992), 243-257. 

(1)

(1)

(1)

(3)

(2)

(1)



The type 1 transform 

Exact Fourier transform of the function 

                  ρ(x) =
N

∑
j=1

ρjδ(x − xj)

 ,     Fn =
N

∑
j=1

ρj e−inxj n = − N/2,…, N/2 xj ∈ [0,2π] .

xj

ρj

0 2π



image

0 2/

xk

image

xj

ρj

0 2π

Step 1:      Convolve 

                   

with a localized spreading function: 

ρ(x) =
N

∑
j=1

ρjδ(x − xj)

ρsm(x) = ρ(x) * gsm(x)

Sample on a grid with 2N points (2x oversampling)



image

0 2/

xk

image

xj

ρj

0 2π

Step 2:     Compute FFT of size 2N for function 

                  

sampled on 

ρsm(x) = [ρ * gsm](x)
[0,2π]

to obtain   Fsm(n) = ∫ ρsm(x) e−2πinx dx

Theorem:    is computed with spectral 

accuracy for    

Fsm(n)

n = − N/2,…, N/2



Step 3:     Correct for the spreading step by 

deconvolution: 

                Fn = Fsm(n)/Gsm(n)

where  Gsm(n) = ∫ gsm(x) e−2πinx dx

This follows immediately from the convolution theorem

Using a Gaussian kernel for spreading, the variance can be 
chosen so that spreading to 24 points yields 12 digits of 
accuracy for arbitrarily located points . (12 point spreading 
yields 6 digits.)                                                        (D&R, 1993)

xj

Using KB or ES (fiNUFFT) kernel (Barnett et al.): 13 points -> 12 digits



The type 2 transform 

Evaluation of  Fourier series at arbitrary points              

−N/2 N/2

Same algorithm, but in reverse!

ρj =
N/2−1

∑
n=−N/2

Fn einxj, j = 1,…, N

Fn → Fn /Gsm(n)

n = 0

Gsm(n)
1

cf. Boyd,…



Step 3:     Compute   at target points by 

convolving  with  :  

ρ(xj)

ρamp gsm ρ(xj) = [ρamp * gsm](xj)

Step 1:     Amplify the Fourier coefficients                 

Famp = Fn/Gsm(n)

where    (again)Gsm(n) = ∫ gsm(x) e−2πinx dx

Step 2:     Zero-pad  to size 2N and Compute FFT 

to yield  

Famp

ρamp

Cost: using contributions from nearest 24 points yields 12 digits of accuracy.  (D&R, 1993)
Using KB or ES (fiNUFFT) kernel (Barnett et al.): 13 points -> 12 digits
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Fig. 6.2. 1D comparisons. Execution time versus accuracy is shown for various NUFFT
libraries, for random data in 1D. Precomputations (needed for codes labeled “pre”) were not included.
The left shows single-threaded codes, the right multithreaded. The top pair are type 1, the bottom
pair type 2. See section 6.1.

computation, FINUFFT is 2–5⇥ faster than CMCL (when single-threaded), and 4–8⇥
faster than NFFT. When NFFT is allowed precomputation, its type 2 multithreaded
speed is similar to FINUFFT, but for type 1 FINUFFT is 2⇥ faster at high accuracy.

3D comparisons. Figure 6.4 compares single-threaded codes (now including
BART). The left pair of plots shows random points: FINUFFT is at least 2⇥ faster
than any other code, apart from MIRT at 1-digit accuracy. CMCL is a factor 4–50⇥
slower than single-threaded FINUFFT, we believe in part due to its lack of sorting
nonuniform points. (The evidence is that for the right pair, where points have an
ordered access pattern, CMCL is only 2–10⇥ slower). NFFT without precomputation
is 3–5⇥ slower than FINUFFT; precomputation brings this down to 2–4⇥. As for
d = 1, 2, we observe that “NFFT full pre” is no faster than “NFFT pre,” despite its
longer precomputation and larger RAM overhead.

Figure 6.5 shows larger multithreaded comparisons against NFFT; now we cannot
include “NFFT full pre” due to its large RAM usage. At low accuracies with random
points, FINUFFT and “NFFT pre” have similar speeds. However, for type 1 “sph
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Fig. 6.3. 2D comparisons. Execution time versus accuracy is shown for the tested libraries, for
2D polar “disc quad” nodes (see section 6) illustrated in the insets at smaller M . Precomputations
(needed for codes labeled “pre”) were not included. The left figures show single-threaded codes, the
right figures show multithreaded. The top pair are type 1, the bottom pair type 2. See section 6.1.

quad” (panel (b)), for ✏ < 10�6, FINUFFT is 8–10⇥ faster than NFFT even with
precomputation. FINUFFT is at least 10⇥ faster than BART in all cases.

In Table 6.2 we compare FINUFFT and NFFT in terms of both speed and memory
overhead, for the same large, medium-accuracy, multithreaded task. We emphasize
that, since Ni = 256, i = 1, 2, 3, is a power of two, the fine grids chosen by the
two libraries are an identical ni = 512. This means that the memory use, and the
FFTW calls, are identical. Furthermore, the kernel widths are both w = 7 so the
numbers of fine grid points written to are identical. If precomputations are excluded,
FINUFFT is 16⇥ faster than NFFT, and 8.6⇥ faster than “NFFT pre.” For a single
use (i.e., including initialization and precomputation), these ratios become 17⇥ and
13⇥, respectively.

Remark 12. We believe that the following explains the large type 1 performance
gain of FINUFFT over NFFT for the 3D clustered “sph quad” nodes, shown by Figure
6.5(b) and Table 6.2. NFFT assigns threads to equal slices of the fine grid (in the
x-direction), whereas FINUFFT uses subproblems which load balance regardless of
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Fig. 6.4. 3D single-threaded comparisons. Execution time versus accuracy is shown for the
tested libraries, for uniform random (left pair) and spherical quadrature (right pair) nodes (see
section 6). Node patterns are shown in the insets at a smaller M . Precomputations (needed for
codes labeled “pre”) were not included. The top pair are type 1, the bottom pair type 2. See section
6.1.

Table 6.2
Performance of FINUFFT and NFFT for a large 3D type 1 transform with roughly 6-digit

accuracy, using 24 threads. N = 2563 modes are requested with M = 3⇥108 “sph quad” nonuniform
points. The spreading time dominates over the FFT. For NFFT, tplan+pre counts both planning and
kernel precomputation. RAM is measured using top, relative to the baseline (around 12 GB) needed
to store the input data in MATLAB. See section 6 for machine and NFFT parameters.

Code and parameters ✏ (rel. `2 error) tplan+pre trun RAM overhead
FINUFFT (tol. 10�6) 1.4e-06 N/A 14.6 s 8.8 GB
NFFT (m = 3) 4.7e-06 10.4 s 238 s 20.9 GB
NFFT (m = 3) PRE_PSI 4.7e-06 67.3 s 125 s 67.1 GB

the clustering of nodes. We find that only a couple of threads are active for the entire
run time of NFFT; most complete their jobs quickly, giving low parallel e�ciency.

Finally, Table 6.2 shows that if NFFT precomputation is used, its RAM over-
head is around 8⇥ that of FINUFFT. The “NFFT pre” RAM overhead of around 28
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https://github.com/flatironinstitute/finufft

• multi-threaded, for multi-core shared-memory machines
• one, two, or three dimensional transforms
• typically achieves  points/second/core
• written in C++, simple interfaces to (C, Fortran, MATLAB, 

octave, python, and Julia)
• OpenMP, uses FFTW
• released under Apache v. 2.

106 − 108

http://www.fftw.org/


Back to MRI

F(kj) = ∫ ∫ ρ(x, y)e−2πi(kj
1x1+kj

2x2) dx1dx2

(Discrete) 
Signal Equation Sample points kj = (kj

1, kj
2)

Magnetic Resonance Imaging

MRI – signal equation

What are optimal quadrature weights?

= ℋρ (Continuous to discrete map)

ρ ≈ ℋ+F = ℋ†(ℋℋ†)+F Pseudoinverse



Pseudoinverse (minimum 
 norm solution)L2ρ ≈ ℋ+F = ℋ†(ℋℋ†)+F

It is well-known that    so, (ℋℋ†)m,n = sinc(km − kn)

 letting  : a = (a1, …, aN) = (ℋℋ†)+F

ρ(xl) ≈
N

∑
j=1

e2πixl⋅kj aj  (Type 1 or Type 3) NUFFT

 (Solve time?)



ρ ≈ ℋ+F = ℋ†(ℋℋ†)+F

It is well-known that    so, (ℋℋ†)m,n = sinc(km − kn)

 letting  : a = (a1, …, aN) = (ℋℋ†)+F

ρ(xl) ≈ ℋ†DF =
N

∑
j=1

e2πixl⋅kj wjF(kj)

Pseudoinverse (minimum 
 norm solution)L2

Computing the inverse Fourier 
transform by quadrature can be 
viewed as a diagonal 
approximation of the pseudo-
inverse. 

ρ(xl) ≈
N

∑
j=1

e2πixl⋅kj aj  (Type 1 or Type 3) NUFFT⏟
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ρ(xl) ≈ ℋ†DF =
N

∑
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e2πixl⋅kj wjF(kj)
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Computing the inverse Fourier 
transform by quadrature can be 
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approximation of the pseudo-
inverse. 

ρ(xl) ≈
N

∑
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e2πixl⋅kj aj  (Type 1 or Type 3) NUFFT⏟ ⏟



ρ ≈ ℋ+F = ℋ†(ℋℋ†)+F

It is well-known that    so, (ℋℋ†)m,n = sinc(km − kn)

 letting  : a = (a1, …, aN) = (ℋℋ†)+F

ρ(xl) ≈ ℋ†DF =
N

∑
j=1

e2πixl⋅kj wjF(kj)

Pseudoinverse (minimum 
 norm solution)L2

ρ(xl) ≈
N

∑
j=1

e2πixl⋅kj aj  (Type 1 or Type 3) NUFFT⏟ ⏟
“Optimal” weights can be 
determined by finding best 
diagonal approximation of   
pseudo-inverse  in 
Frobenius norm:

(ℋℋ†)+

minW∥I − ℋℋ†W∥F

wm =
1

∑n sinc2(km − kn)
Theorem:     G-, Lee, Inati 
(2005),   Choi, Munson (1998) 



Fast Sinc Transform

Gl =
N

∑
n=1

qnsinc(kn − kl)

Hl =
N

∑
n=1

qnsinc2(kn − kl)

Naive summation 
requires  workO(N2)

Note that the weight formula    wm =
1

∑n sinc2(km − kn)
=

1
Hl

assuming all qn = 1



Fast Sinc Transform (G, Lee, Inati, 2005)

G(v) = ∫ℝ2

sinc(v − k)P(k) dk, P(k) =
N

∑
n=1

qnδ(k − kn)

 , where Gl =
N

∑
n=1

qnsinc(kn − kl) = G(kl)

From convolution theorem,  

 , whereG(v) = ∫ℝ2

Ĝ(x)e−2πix⋅v dx

Ĝ(x) = ℋ−1sinc(k) ⋅ ℋ−1P(k)



Fast Sinc Transform (G, Lee, Inati, 2005)

G(v) = ∫ℝ2

sinc(v − k)P(k) dk, P(k) =
N

∑
n=1

qnδ(k − kn)

 , where Gl =
N

∑
n=1

qnsinc(kn − kl) = G(kl)

From convolution theorem,  

 , whereG(v) = ∫ℝ2

Ĝ(x)e−2πix⋅v dx

Ĝ(x) = ℋ−1sinc(k) ⋅ ℋ−1P(k)⏟⏟
̂P(x) = ℋ−1P(k) =

N

∑
n=1

qne2πix⋅kn



 G(kn) = ∫
1/2

−1/2 ∫
1/2

−1/2

̂P(x)e−2πix⋅kn dx

Computed  using the type 3 NUFFT after quadrature  Examples

Optimal weights
(Sedarat/Nishimura)

Optimal weights
(analytic)

Examples

Optimal weights
(Sedarat/Nishimura)

Optimal weights
(analytic)

Examples

Optimal weights
(Sedarat/Nishimura)

Optimal weights
(analytic)

Analytic weights + Fast Sinc Transform

Accurate, “on the fly” image reconstruction for many data 
acquisition schemes
O(N log N)  work –

approx. 1 sec reconstruction for 256 x 256 data
Can be reduced by more careful software/hardware implementation

How far is this from optimal?
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approx. 1 sec reconstruction for 256 x 256 data
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Examples

Optimal weights
(Sedarat/Nishimura)

Optimal weights
(analytic)

Analytic weights + Fast Sinc Transform

Accurate, “on the fly” image reconstruction for many data 
acquisition schemes
O(N log N)  work –

approx. 1 sec reconstruction for 256 x 256 data
Can be reduced by more careful software/hardware implementation

How far is this from optimal?

Fast Pseudoinverse Reconstruction
(Inati, Lee, Fleysher, Fleysher, G-)

Reconstruction by Fourier inversion/quadrature is not optimal.

withRecall

Solve iteratively, using fast sinc transform 

original Fast pseudoinverseFast weights Weights+NUFFT Fast Pseudo-inverseOriginal band-limited

ρ ≈ ℋ+F = ℋ†(ℋℋ†)+F

Fast Pseudo-inverse construction:  
(Inati, Lee, Fleysher, Fleysher, G—, 2006)


1) Solve  iteratively, using Fast Sinc 
Transform, with optimal weights as preconditioner 

 2)  work and without need for further  
     regularization

(ℋℋ†)+F

O(N log N )

 (ℋℋ†)m,n = sinc(km − kn)



Fresnel Diffraction/Starshades (Barnett, 2020)

Fig 1 Geometry and notation for Fresnel diffraction, in the case of Ω an aperture with boundary ∂Ω. A plane wave is

incident from behind, along the z axis. For the target (ξ, η), the real part of the integrand in (1) is imaged in color (red

positive, blue negative, and green around zero; each red or blue annular region is a Fresnel zone).

constant z-coordinates from now on: the problem is in essence 2D. In the case of a unit amplitude
plane wave with wavevector (0, 0, 2π/λ) incident on a planar aperture Ω ⊂ R2, the mathematical
task is to evaluate the Fresnel integral for the scalar potential

uap(ξ, η) =
1

iλz

∫∫

Ω

e
iπ
λz [(ξ−x)2+(η−y)2] dxdy . (1)

This takes the form of a 2D convolution of the aperture’s characteristic function χΩ with a radially-
symmetric kernel (complex Gaussian), whose half-wave oscillation regions are commonly called
“zones” (Fig. 1). If R is an effective (or maximum) radius of Ω, then the in-plane separation
r :=

√

(ξ − x)2 + (η − y)2 is typically bounded by R times a small constant. Thus the number of
zones inside Ω is of order

f :=
R2

λz
(Fresnel number) , (2)

and the finest oscillation scale of the integrand is O(1/f). In (1) the prefactor 1/iλz insures that u
tends to unity in the limit of large aperture, ie, the unimpeded wave.

It is worth reviewing the origin of (1). It arises from the Kirchhoff diffraction approximation to
the full Maxwell equations; this is good when aperture features are much larger than λ [6, Ch. 3].
Only the zeroth and first term in the Taylor expansion of the exponent in the free-space Green’s
function e2πiρ/λ/ρ are then kept, ρ =

√
r2 + z2 being the source-target distance (dotted line in

Fig. 1). The Fresnel approximation is thus valid to the extent that the next term is small, implying
the condition r4 $ λz3. The denominator of the Green’s function is approximated by z. We refer
the reader to [1, §8.3.3] [6, Ch. 4] for details. Note that the zeroth term gave the plane propagation
phase e2πiz/λ, which is usually included as a prefactor in (1). We drop it for simplicity; it is trivial
to insert. By replacing z−1 by z−1 +D−1, (1) also applies when a source at distance D produces a
spherical incident wave.1, 17, 19 In the plane wave case, by Babinet’s principle [1, §8.3.2] [14, §2.2],
the potential when Ω defines an occulter rather than an aperture is simply given by

uoc(ξ, η) = 1− uap(ξ, η) . (3)

Analytical forms for the integral (1) are known only for the straight edge, infinite slit, and
rectangles (all involving the same 1D special function) [1, §8.7] [6, §4.5.1], and even the disc gives

2

uap(ξ, η) =
1

iλz ∫ ∫Ω
e

iπ
λz[(ξ − x)2 + (η − y)2] dxdy

Kirchhoff diffraction approximation to Maxwell equations

uoc(ξ, η) = 1 − uap(ξ, η)

Design problem: Create starshade to 
block direct light from a star, allowing 
much dimmer exoplanets to be imaged.

 

 3 

before the instrument, vs. the 20 or more typical of internal coronagraphs.  This allows for high 

throughput (near 50% at 500 nm), making it possible to observe at UV wavelengths (down to at 

least 120 nm for Al plus MgF2 coatings on the primary and secondary mirrors).  

 

Finally, because the stellar systems of greatest interest are distributed over the whole sky, a 

significant fraction of a starshade mission must be spent waiting for the starshade to move large 

distances to acquire each target.  Target scheduling simulations show that, on average, starshade 

target acquisition will take ~11 days (Glassman et al. 2011).  These extended windows of 

primary science “down time” allow opportunities for other astrophysical observations.  Though 

designed to study habitable planets, a starshade mission could expand the discovery space 

throughout astrophysics, from the nearby stars to the very distant universe. 

 
Figure 1.  A starshade throws a deep stellar shadow over the telescope, but allows 

light from planetary companions to pass. 

 

 

1.2 The New Worlds Observer Baseline Design 

 

In 2008, NASA commissioned an Astrophysics Strategic Mission Concept Study
2
 for the New 

Worlds Observer (NWO), a telescope plus starshade observatory designed to provide (1) 

efficient detection and characterization of Earth-like and larger exoplanets in the habitable zones 

of nearby stars and (2) a revolutionary program of general astrophysics.  In this paper, we build 

on the results of that study and ask:  What are the starshade and telescope parameters required 

for NWO to achieve its scientific objectives, given the inevitable and (sometimes unknown) 

constraints?  To answer this question we must translate science objectives into performance 

requirements, and these requirements must be expressed in terms of feasible telescope and 

starshade engineering parameters.  

 

Table 1 lists the NWO science objectives and major constraints used in this paper to define the 

baseline mission and engineering parameters.  The primary science objective of NWO is to 

achieve a 95% probability of detecting and spectrally characterizing at least one Earth-like planet 

(where “Earth-like” is defined in terms of albedo and size), assuming that the prevalence of such 

planets in the solar neighborhood is 10% or greater (η⊕ ≥ 0.1) and that the typical exozodiacal 

                                                
2
 http://newworlds.colorado.edu/documents/ASMCS/asmcs_documents.htm 

From: The Search For Habitable Worlds: 1. The Viability of a Starshade Mission                                            
M. C. Turnbull , T. Glassman , A. Roberge , W. Cash , C. Noecker , A. Lo , B. Mason , P. Oakley , & J.  Bally  
(arXiv:1204.6063, 2012)



Efficient high-order accurate Fresnel diffraction via areal quadrature and the 
nonuniform FFT   (Barnett, arXiv:2010.05978, 2020)

uap(ξ, η) =
1

iλz ∫ ∫Ω
e

iπ
λz[(ξ − x)2 + (η − y)2] dxdy

(a) uniform 2D grid sampling (b) line integral quadrature (c) high-order areal quadrature
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Fig 2 Sketch of three alternative methods for discretization in the source (aperture) plane, shown for a kite-shaped

aperture Ω with smooth boundary ∂Ω. (a) and (b) are established. Our method is (c): areal nodes (xj , yj) are shown

with their color indicating the weights wj according to the scale at the right.

analytical expressions only in the near-axis limit.20, 21 Semi-analytical Bessel expansions can be
useful for symmetric starshade design.10, 14 But for general shapes one is left with fully numerical
methods, which fall into two main categories (sketched in Fig. 2(a-b)):

(a) 2D Fast Fourier transform (FFT) methods. There are two flavors: (i) methods implementing
the convolution theorem (forward then backward FFTs), useful only for large f (near-field),
or (ii) methods exploiting the quadratic form in (1) via a single FFT,11, 13, 22 useful from zero
to moderate f. See23 for a review, where fractional FFTs are also considered. The FFT
of course requires only O(n2 log n) operations to transform a n × n source to target grid.
However, the aperture or occulter must be sampled (quantized) on the source grid, and if this
is done in a binary fashion11 (as in Fig. 2(a)), the error convergence rate is very low order,
no faster than O(1/n). This is inadequate for starshade shadow modeling.14, 15 Sub-pixel
averaging can improve accuracy,3, 17 but this can give at best24 O(1/n2), and for starshades
huge (n > 105) sized FFTs are still needed to reach the needed accuracy.17 The underlying
problem is that χΩ is not a bandlimited function, so is always poorly represented on regular
grids.

(b) Edge integral methods. Such methods discretize a target-dependent integral over the aper-
ture/occulter boundary ∂Ω. The literature splits into two formulae: (i) the “boundary diffrac-
tion wave” (BDW) of Miyamoto–Wolf,25 arising from the Kirchhoff approximation, vs (ii)
reduction of (1) to a 1D angular integral, due to Dauger19 and Dubra–Ferrari.21 To resolve
the Fresnel integrand, the number of discretization nodes must scale as n = O(f), so the cost
for (direct) evaluation on a resolved n× n target grid is O(n3) = O(f3). Both formulae are
applied to state of the art starshade modeling: Cady15, 26 uses (i), while Cash14 and Harness
et al.17 use (ii). Here 2nd-order, ie O(1/n2) accurate, midpoint quadrature rules are used,
with up to about 105 nodes, to reach the needed 6-digit accuracy.

Remark 1. Such edge integral methods should not be confused with the (more involved)

boundary integral equation (BIE) method, which solves the 3D Helmholtz or Maxwell equa-

tions using surface unknowns.27, 28

Our proposal combines the best features of the above two categories, namely the speed of the
FFT methods with the high (and potentially high-order) accuracy of edge integral methods for
binary apertures. The result is an acceleration over edge integral methods of between 2 and 5
orders of magnitude. In a nutshell the idea is, realizing that a 2D regular grid guarantees poor

3

uap(ξ, η) ≈
1

iλz

N

∑
j=1

e
iπ
λz[(ξ − xj)2 + (η − yj)2]wj

≈
e

iπ
λz (ξ2+η2)

iλz

N

∑
j=1

e
−2πi

λz (ξxj+ηyj) e
iπ
λz (x2

j +y2
j )wj⏟

Wj
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analytical expressions only in the near-axis limit.20, 21 Semi-analytical Bessel expansions can be
useful for symmetric starshade design.10, 14 But for general shapes one is left with fully numerical
methods, which fall into two main categories (sketched in Fig. 2(a-b)):

(a) 2D Fast Fourier transform (FFT) methods. There are two flavors: (i) methods implementing
the convolution theorem (forward then backward FFTs), useful only for large f (near-field),
or (ii) methods exploiting the quadratic form in (1) via a single FFT,11, 13, 22 useful from zero
to moderate f. See23 for a review, where fractional FFTs are also considered. The FFT
of course requires only O(n2 log n) operations to transform a n × n source to target grid.
However, the aperture or occulter must be sampled (quantized) on the source grid, and if this
is done in a binary fashion11 (as in Fig. 2(a)), the error convergence rate is very low order,
no faster than O(1/n). This is inadequate for starshade shadow modeling.14, 15 Sub-pixel
averaging can improve accuracy,3, 17 but this can give at best24 O(1/n2), and for starshades
huge (n > 105) sized FFTs are still needed to reach the needed accuracy.17 The underlying
problem is that χΩ is not a bandlimited function, so is always poorly represented on regular
grids.

(b) Edge integral methods. Such methods discretize a target-dependent integral over the aper-
ture/occulter boundary ∂Ω. The literature splits into two formulae: (i) the “boundary diffrac-
tion wave” (BDW) of Miyamoto–Wolf,25 arising from the Kirchhoff approximation, vs (ii)
reduction of (1) to a 1D angular integral, due to Dauger19 and Dubra–Ferrari.21 To resolve
the Fresnel integrand, the number of discretization nodes must scale as n = O(f), so the cost
for (direct) evaluation on a resolved n× n target grid is O(n3) = O(f3). Both formulae are
applied to state of the art starshade modeling: Cady15, 26 uses (i), while Cash14 and Harness
et al.17 use (ii). Here 2nd-order, ie O(1/n2) accurate, midpoint quadrature rules are used,
with up to about 105 nodes, to reach the needed 6-digit accuracy.

Remark 1. Such edge integral methods should not be confused with the (more involved)

boundary integral equation (BIE) method, which solves the 3D Helmholtz or Maxwell equa-

tions using surface unknowns.27, 28

Our proposal combines the best features of the above two categories, namely the speed of the
FFT methods with the high (and potentially high-order) accuracy of edge integral methods for
binary apertures. The result is an acceleration over edge integral methods of between 2 and 5
orders of magnitude. In a nutshell the idea is, realizing that a 2D regular grid guarantees poor
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design λ (m) z (m) f m (petal) total nodes M (targets) method CPU time

NI2 5e-7 3.72e7 9.1 6000 n=192000 106, grid BDWF 5361 s
400 N=499200 NUFFT t1 (ε=10−8) 0.076 s

HG 5e-7 8e7 24 60 n=2048 106, grid BDWF 80.5 s
60 N=37440 NUFFT t1 (ε=10−8) 0.042 s

Table 2 Parameters and CPU times for the proposed NUFFT t1 and the BDWF edge-integral to complete the same

diffraction tasks, for two starshades. See Fig. 5 for comparisons of their answers. The Fresnel number f uses the

maximum radius R in (2). N is the number of areal quadrature nodes, while n the number of boundary nodes.

study we found that m = 400, and np = 40 nodes across each petal, were sufficient for areal
quadrature to match this accuracy. For BDWF we used the n = 192000 boundary nodes as given
and used in SISTER. These have 6000 nodes per petal edge, but no nodes covering the inter-petal
gaps, or tips (each of which is 0.03 m wide). For NSLI we used an n-node vector line integral
quadrature matching the 2nd-order accurate midpoint rule in BDWF (this match was needed to ac-
curately handle the wide tips with a single segment). Fig. 5(a) shows that the proposed NUFFT
t1 method matches both of these edge integral methods to around 3 × 10−7 in uoc in the shadow
region where |uoc| ≤ 2 × 10−5. NSLI agrees with t1 to around 6-digits everywhere. However, at
ξ ≈ 13 m, the error of BDWF spikes to O(1) as (ξ, 0) approaches ∂Ω.
Remark 3. Since z/λ ∼ 1014, overall phase is meaningless, thus we fit the phase of BDWF to the

other two methods at a single target. We then quote absolute differences in complex uoc. This is a

more predictable metric than the error in intensity |uoc|2, which is affected by local intensity.

HG. Here the profile is analytically known14 : A(r) = e−[(r−a)/b]p in [a,R], where a = b =
12.5 m, the maximum radius is R = 31 m, and p = 6. A convergence study shows that only
m = 60 and np = 30 are needed, giving an areal quadrature of N = 37440 nodes. For NSLI
we used A(r) and A′(r) to generate a high-order line integral quadrature using the same m = 60
radii per petal, plus four Gauss nodes across each gap and tip, giving n = 2048 in total (see
starshadeliquad in our repository33). We also fed these boundary nodes (but of course not
their high-order weights) to BDWF. Fig. 5(b) shows that the three methods again agree to the
desired accuracy almost everywhere, apart from BDWF near ∂Ω where again its errors hit O(1).
Remark 4. For HG with m = 60 the errors of BDWF are summarized by 2-3 digits of relative
accuracy overall, giving 6-7 digits of absolute uoc accuracy in the deep shadow. Yet NSLI, if fed the

low-order midpoint rule used inside BDWF, gives only 4-digit absolute accuracy, thus is useless in

deep shadow. Fig. 5(b) thus also explores (dash-dot line) the errors of NSLI with this low-order

rule and the larger m = 600: the absolute error now bottoms out at a useful 10−6. This highlights

an advantage of BDWF over plain NSLI when deep shadows are modeled with poor quadrature, a

subtle point explained in Remark 5.

3.2.2 Solution speed

Table 2 presents CPU times for the above converged experiments on gridded targets (we omit NSLI
times since they are similar to BDWF.) We make the following observations:

• For NI2 our proposal is around 70000× faster, and for HG around 2000× faster, than a
state-of-the-art edge integral method.

12
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before the instrument, vs. the 20 or more typical of internal coronagraphs.  This allows for high 

throughput (near 50% at 500 nm), making it possible to observe at UV wavelengths (down to at 

least 120 nm for Al plus MgF2 coatings on the primary and secondary mirrors).  

 

Finally, because the stellar systems of greatest interest are distributed over the whole sky, a 

significant fraction of a starshade mission must be spent waiting for the starshade to move large 

distances to acquire each target.  Target scheduling simulations show that, on average, starshade 

target acquisition will take ~11 days (Glassman et al. 2011).  These extended windows of 

primary science “down time” allow opportunities for other astrophysical observations.  Though 

designed to study habitable planets, a starshade mission could expand the discovery space 

throughout astrophysics, from the nearby stars to the very distant universe. 

 
Figure 1.  A starshade throws a deep stellar shadow over the telescope, but allows 

light from planetary companions to pass. 

 

 

1.2 The New Worlds Observer Baseline Design 

 

In 2008, NASA commissioned an Astrophysics Strategic Mission Concept Study
2
 for the New 

Worlds Observer (NWO), a telescope plus starshade observatory designed to provide (1) 

efficient detection and characterization of Earth-like and larger exoplanets in the habitable zones 

of nearby stars and (2) a revolutionary program of general astrophysics.  In this paper, we build 

on the results of that study and ask:  What are the starshade and telescope parameters required 

for NWO to achieve its scientific objectives, given the inevitable and (sometimes unknown) 

constraints?  To answer this question we must translate science objectives into performance 

requirements, and these requirements must be expressed in terms of feasible telescope and 

starshade engineering parameters.  

 

Table 1 lists the NWO science objectives and major constraints used in this paper to define the 

baseline mission and engineering parameters.  The primary science objective of NWO is to 

achieve a 95% probability of detecting and spectrally characterizing at least one Earth-like planet 

(where “Earth-like” is defined in terms of albedo and size), assuming that the prevalence of such 

planets in the solar neighborhood is 10% or greater (η⊕ ≥ 0.1) and that the typical exozodiacal 

                                                
2
 http://newworlds.colorado.edu/documents/ASMCS/asmcs_documents.htm 

From: The Search For Habitable Worlds: 1. The Viability of a Starshade Mission                                            
M. C. Turnbull , T. Glassman , A. Roberge , W. Cash , C. Noecker , A. Lo , B. Mason , P. Oakley , & J.  Bally  
(arXiv:1204.6063, 2012)
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Summary 

• The NUFFT is a powerful extension of the FFT. It provides much greater 
flexibility in a variety of applications of Fourier analysis where uniform 
discretization in either the space/time or frequency domain is needed.

• There are several existing libraries which provide high performance 
implementations (fiNUFFT, NFFT, etc.)

• Inverse problems where the forward model involves the Fourier transform 
can be solved either via the inverse transform with suitable quadrature 
weights, or by inverting the (often ill-conditioned) forward problem. 

• Caveat: Fourier methods (as a general rule) cannot cope with spatial 
adaptivity which introduces high frequency content (Heisenberg).

• There is a some confusion in the literature where the issues of sampling, 
selection of a quadrature rule, and discrete fast algorithms are conflated.

• Out of date but accessible intro: Accelerating the nonuniform fast Fourier 
transform, L. Greengard, J.-Y. Lee,, SIAM Rev. 46 (2004) 443–454.

https://github.com/flatironinstitute/finufft


