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A Major 
Problem In 
Quantum 
Physics



The state of a
spin/qubit/etc is
a complex-valued

vector 
(the wave function)
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Probability of Observing a Given State

A quantum spin can be found 
in either up or down state 

with a given probability

P(! ) = |c! |2

P(! ) = |c! |2

The State of a Two-Level System



Many Spins

The wave function is a vector 
in a huge (2^N) 

Complex Vector Space
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Complex-Valued CoefÞcients

The State of a Many Body System

SchroedingerÕs Equation

H | ! ! = E |! ! Eigenvalue Problem
for given Hamiltonian 

(sparse matrix) 



Many SpinsQuantum Many-Body Problem
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Is this complexity ÒtrulyÓ 
exponential for physical systems?



Corners of 
Hilbert space



Many Spins

Hilbert Space



Many Spins

Hilbert Space

Physical 
States



Our Best Hope:      
Variational Formulation

E(W ) =
! ! (W )|H| ! (W )"
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Exact Ground-
State Energy

Rayleigh 
Quotient

Two ML-Inspired Approaches In This Talk

Classical Variational States Quantum Variational States 

Require a CPU/GPU/TPUÉ Require a QPUÉ



Classical 
Variational 

States



Can We Have A SufÞciently Flexible  And 
Computationally EfÞcient  Classical Ansatz?

Issue



Variational Parameters
Quantum 
Numbers

Many-Body Amplitudes

Nonlinear Activation 
Functions Applied 
Component-Wise
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Neural-Network Quantum States
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Carleo, and Troyer 
Science 355, 602 (2017)
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Some Properties

Levine, Sharir, Cohen, and Shashua 
Physical Review Letters 122, 065301 (2019)

Compact Representations of 
Almost all known efficient  

Variational States (Jastrow, 
Laughlin, MPS, etc)

Efficient Volume-Law States 
With Shallow or (better) Deep 

Convolutional Networks
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<latexit sha1_base64="56s56lVgg545MY3eVvNO4xx9ymg=">AAAB+HicbVBNS8NAFHypX7V+RT16WVqEeimJCOqt4MVjBWMLbS2b7aZdutmE3U2xhPwTLx5UvPpTvPlv3LQ5aOvAwjDzHm92/JgzpR3n2yqtrW9sbpW3Kzu7e/sH9uHRg4oSSahHIh7Jjo8V5UxQTzPNaSeWFIc+p21/cpP77SmVikXiXs9i2g/xSLCAEayNNLDtXoj12A/Sp+wxrbtn2cCuOQ1nDrRK3ILUoEBrYH/1hhFJQio04VipruvEup9iqRnhNKv0EkVjTCZ4RLuGChxS1U/nyTN0apQhCiJpntBorv7eSHGo1Cz0zWSeUy17ufif1010cNVPmYgTTQVZHAoSjnSE8hrQkElKNJ8ZgolkJisiYywx0aasiinBXf7yKvHOG9cN9+6i1qwWbZThBKpQBxcuoQm30AIPCEzhGV7hzUqtF+vd+liMlqxi5xj+wPr8AZu+kxU=</latexit><latexit sha1_base64="56s56lVgg545MY3eVvNO4xx9ymg=">AAAB+HicbVBNS8NAFHypX7V+RT16WVqEeimJCOqt4MVjBWMLbS2b7aZdutmE3U2xhPwTLx5UvPpTvPlv3LQ5aOvAwjDzHm92/JgzpR3n2yqtrW9sbpW3Kzu7e/sH9uHRg4oSSahHIh7Jjo8V5UxQTzPNaSeWFIc+p21/cpP77SmVikXiXs9i2g/xSLCAEayNNLDtXoj12A/Sp+wxrbtn2cCuOQ1nDrRK3ILUoEBrYH/1hhFJQio04VipruvEup9iqRnhNKv0EkVjTCZ4RLuGChxS1U/nyTN0apQhCiJpntBorv7eSHGo1Cz0zWSeUy17ufif1010cNVPmYgTTQVZHAoSjnSE8hrQkElKNJ8ZgolkJisiYywx0aasiinBXf7yKvHOG9cN9+6i1qwWbZThBKpQBxcuoQm30AIPCEzhGV7hzUqtF+vd+liMlqxi5xj+wPr8AZu+kxU=</latexit><latexit sha1_base64="56s56lVgg545MY3eVvNO4xx9ymg=">AAAB+HicbVBNS8NAFHypX7V+RT16WVqEeimJCOqt4MVjBWMLbS2b7aZdutmE3U2xhPwTLx5UvPpTvPlv3LQ5aOvAwjDzHm92/JgzpR3n2yqtrW9sbpW3Kzu7e/sH9uHRg4oSSahHIh7Jjo8V5UxQTzPNaSeWFIc+p21/cpP77SmVikXiXs9i2g/xSLCAEayNNLDtXoj12A/Sp+wxrbtn2cCuOQ1nDrRK3ILUoEBrYH/1hhFJQio04VipruvEup9iqRnhNKv0EkVjTCZ4RLuGChxS1U/nyTN0apQhCiJpntBorv7eSHGo1Cz0zWSeUy17ufif1010cNVPmYgTTQVZHAoSjnSE8hrQkElKNJ8ZgolkJisiYywx0aasiinBXf7yKvHOG9cN9+6i1qwWbZThBKpQBxcuoQm30AIPCEzhGV7hzUqtF+vd+liMlqxi5xj+wPr8AZu+kxU=</latexit><latexit sha1_base64="56s56lVgg545MY3eVvNO4xx9ymg=">AAAB+HicbVBNS8NAFHypX7V+RT16WVqEeimJCOqt4MVjBWMLbS2b7aZdutmE3U2xhPwTLx5UvPpTvPlv3LQ5aOvAwjDzHm92/JgzpR3n2yqtrW9sbpW3Kzu7e/sH9uHRg4oSSahHIh7Jjo8V5UxQTzPNaSeWFIc+p21/cpP77SmVikXiXs9i2g/xSLCAEayNNLDtXoj12A/Sp+wxrbtn2cCuOQ1nDrRK3ILUoEBrYH/1hhFJQio04VipruvEup9iqRnhNKv0EkVjTCZ4RLuGChxS1U/nyTN0apQhCiJpntBorv7eSHGo1Cz0zWSeUy17ufif1010cNVPmYgTTQVZHAoSjnSE8hrQkElKNJ8ZgolkJisiYywx0aasiinBXf7yKvHOG9cN9+6i1qwWbZThBKpQBxcuoQm30AIPCEzhGV7hzUqtF+vd+liMlqxi5xj+wPr8AZu+kxU=</latexit>

K

K

x (1)
<latexit sha1_base64="5rdiKmfKZq83pjbIkeqQcBeRKv8=">AAACDHicbVDLSsNAFJ3UV62vqEs3warUTUlEUHcFNy4rGFtoYplMJ+3QyYOZGzGE/IAbf8WNCxW3foA7/8ZJm4W2HpjhcM693HuPF3MmwTS/tcrC4tLySnW1tra+sbmlb+/cyigRhNok4pHoelhSzkJqAwNOu7GgOPA47Xjjy8Lv3FMhWRTeQBpTN8DDkPmMYFBSXz9wAgwjz88e8rvMkUSwGMofUk6zhnWc5329bjbNCYx5YpWkjkq0+/qXM4hIEtAQCMdS9iwzBjfDAhjhNK85iaQxJmM8pD1FQxxQ6WaTa3LjUCkDw4+EeiEYE/V3R4YDKdPAU5XF7nLWK8T/vF4C/rmbsTBOgIZkOshPuAGRUURjDJigBHiqCFYRqF0NMsICE1AB1lQI1uzJ88Q+aV40revTeuuoTKOK9tA+aiALnaEWukJtZCOCHtEzekVv2pP2or1rH9PSilb27KI/0D5/AH6unJA=</latexit><latexit sha1_base64="5rdiKmfKZq83pjbIkeqQcBeRKv8=">AAACDHicbVDLSsNAFJ3UV62vqEs3warUTUlEUHcFNy4rGFtoYplMJ+3QyYOZGzGE/IAbf8WNCxW3foA7/8ZJm4W2HpjhcM693HuPF3MmwTS/tcrC4tLySnW1tra+sbmlb+/cyigRhNok4pHoelhSzkJqAwNOu7GgOPA47Xjjy8Lv3FMhWRTeQBpTN8DDkPmMYFBSXz9wAgwjz88e8rvMkUSwGMofUk6zhnWc5329bjbNCYx5YpWkjkq0+/qXM4hIEtAQCMdS9iwzBjfDAhjhNK85iaQxJmM8pD1FQxxQ6WaTa3LjUCkDw4+EeiEYE/V3R4YDKdPAU5XF7nLWK8T/vF4C/rmbsTBOgIZkOshPuAGRUURjDJigBHiqCFYRqF0NMsICE1AB1lQI1uzJ88Q+aV40revTeuuoTKOK9tA+aiALnaEWukJtZCOCHtEzekVv2pP2or1rH9PSilb27KI/0D5/AH6unJA=</latexit><latexit sha1_base64="5rdiKmfKZq83pjbIkeqQcBeRKv8=">AAACDHicbVDLSsNAFJ3UV62vqEs3warUTUlEUHcFNy4rGFtoYplMJ+3QyYOZGzGE/IAbf8WNCxW3foA7/8ZJm4W2HpjhcM693HuPF3MmwTS/tcrC4tLySnW1tra+sbmlb+/cyigRhNok4pHoelhSzkJqAwNOu7GgOPA47Xjjy8Lv3FMhWRTeQBpTN8DDkPmMYFBSXz9wAgwjz88e8rvMkUSwGMofUk6zhnWc5329bjbNCYx5YpWkjkq0+/qXM4hIEtAQCMdS9iwzBjfDAhjhNK85iaQxJmM8pD1FQxxQ6WaTa3LjUCkDw4+EeiEYE/V3R4YDKdPAU5XF7nLWK8T/vF4C/rmbsTBOgIZkOshPuAGRUURjDJigBHiqCFYRqF0NMsICE1AB1lQI1uzJ88Q+aV40revTeuuoTKOK9tA+aiALnaEWukJtZCOCHtEzekVv2pP2or1rH9PSilb27KI/0D5/AH6unJA=</latexit><latexit sha1_base64="5rdiKmfKZq83pjbIkeqQcBeRKv8=">AAACDHicbVDLSsNAFJ3UV62vqEs3warUTUlEUHcFNy4rGFtoYplMJ+3QyYOZGzGE/IAbf8WNCxW3foA7/8ZJm4W2HpjhcM693HuPF3MmwTS/tcrC4tLySnW1tra+sbmlb+/cyigRhNok4pHoelhSzkJqAwNOu7GgOPA47Xjjy8Lv3FMhWRTeQBpTN8DDkPmMYFBSXz9wAgwjz88e8rvMkUSwGMofUk6zhnWc5329bjbNCYx5YpWkjkq0+/qXM4hIEtAQCMdS9iwzBjfDAhjhNK85iaQxJmM8pD1FQxxQ6WaTa3LjUCkDw4+EeiEYE/V3R4YDKdPAU5XF7nLWK8T/vF4C/rmbsTBOgIZkOshPuAGRUURjDJigBHiqCFYRqF0NMsICE1AB1lQI1uzJ88Q+aV40revTeuuoTKOK9tA+aiALnaEWukJtZCOCHtEzekVv2pP2or1rH9PSilb27KI/0D5/AH6unJA=</latexit>

x (K 2)

x (K )

y= W (L ) x
<latexit sha1_base64="T5gE/gF4sMsgkqYbsr9DFidikxs=">AAACAHicbVBNS8NAEN3Ur1q/ol4EL4tFqCAlEUE9CAUvHjxUMLbQxrLZbtqlm03Y3YghxIt/xYsHFa/+DG/+GzdtDtr6YODx3gwz87yIUaks69sozc0vLC6Vlysrq2vrG+bm1q0MY4GJg0MWiraHJGGUE0dRxUg7EgQFHiMtb3SR+617IiQN+Y1KIuIGaMCpTzFSWuqZOwlMzzPYuktrVwcZ7AZIDT0/fch6ZtWqW2PAWWIXpAoKNHvmV7cf4jggXGGGpOzYVqTcFAlFMSNZpRtLEiE8QgPS0ZSjgEg3HX+QwX2t9KEfCl1cwbH6eyJFgZRJ4OnO/EI57eXif14nVv6pm1IexYpwPFnkxwyqEOZxwD4VBCuWaIKwoPpWiIdIIKx0aBUdgj398ixxjupndfv6uNo4LNIog12wB2rABiegAS5BEzgAg0fwDF7Bm/FkvBjvxsektWQUM9vgD4zPH7r+le8=</latexit><latexit sha1_base64="T5gE/gF4sMsgkqYbsr9DFidikxs=">AAACAHicbVBNS8NAEN3Ur1q/ol4EL4tFqCAlEUE9CAUvHjxUMLbQxrLZbtqlm03Y3YghxIt/xYsHFa/+DG/+GzdtDtr6YODx3gwz87yIUaks69sozc0vLC6Vlysrq2vrG+bm1q0MY4GJg0MWiraHJGGUE0dRxUg7EgQFHiMtb3SR+617IiQN+Y1KIuIGaMCpTzFSWuqZOwlMzzPYuktrVwcZ7AZIDT0/fch6ZtWqW2PAWWIXpAoKNHvmV7cf4jggXGGGpOzYVqTcFAlFMSNZpRtLEiE8QgPS0ZSjgEg3HX+QwX2t9KEfCl1cwbH6eyJFgZRJ4OnO/EI57eXif14nVv6pm1IexYpwPFnkxwyqEOZxwD4VBCuWaIKwoPpWiIdIIKx0aBUdgj398ixxjupndfv6uNo4LNIog12wB2rABiegAS5BEzgAg0fwDF7Bm/FkvBjvxsektWQUM9vgD4zPH7r+le8=</latexit><latexit sha1_base64="T5gE/gF4sMsgkqYbsr9DFidikxs=">AAACAHicbVBNS8NAEN3Ur1q/ol4EL4tFqCAlEUE9CAUvHjxUMLbQxrLZbtqlm03Y3YghxIt/xYsHFa/+DG/+GzdtDtr6YODx3gwz87yIUaks69sozc0vLC6Vlysrq2vrG+bm1q0MY4GJg0MWiraHJGGUE0dRxUg7EgQFHiMtb3SR+617IiQN+Y1KIuIGaMCpTzFSWuqZOwlMzzPYuktrVwcZ7AZIDT0/fch6ZtWqW2PAWWIXpAoKNHvmV7cf4jggXGGGpOzYVqTcFAlFMSNZpRtLEiE8QgPS0ZSjgEg3HX+QwX2t9KEfCl1cwbH6eyJFgZRJ4OnO/EI57eXif14nVv6pm1IexYpwPFnkxwyqEOZxwD4VBCuWaIKwoPpWiIdIIKx0aBUdgj398ixxjupndfv6uNo4LNIog12wB2rABiegAS5BEzgAg0fwDF7Bm/FkvBjvxsektWQUM9vgD4zPH7r+le8=</latexit><latexit sha1_base64="T5gE/gF4sMsgkqYbsr9DFidikxs=">AAACAHicbVBNS8NAEN3Ur1q/ol4EL4tFqCAlEUE9CAUvHjxUMLbQxrLZbtqlm03Y3YghxIt/xYsHFa/+DG/+GzdtDtr6YODx3gwz87yIUaks69sozc0vLC6Vlysrq2vrG+bm1q0MY4GJg0MWiraHJGGUE0dRxUg7EgQFHiMtb3SR+617IiQN+Y1KIuIGaMCpTzFSWuqZOwlMzzPYuktrVwcZ7AZIDT0/fch6ZtWqW2PAWWIXpAoKNHvmV7cf4jggXGGGpOzYVqTcFAlFMSNZpRtLEiE8QgPS0ZSjgEg3HX+QwX2t9KEfCl1cwbH6eyJFgZRJ4OnO/EI57eXif14nVv6pm1IexYpwPFnkxwyqEOZxwD4VBCuWaIKwoPpWiIdIIKx0aBUdgj398ixxjupndfv6uNo4LNIog12wB2rABiegAS5BEzgAg0fwDF7Bm/FkvBjvxsektWQUM9vgD4zPH7r+le8=</latexit>

rL-1

5)%61)#
(%%)*&+

x(P 2)
<latexit sha1_base64="mokmnQ9YqCP/ICJeXxTZpbER5IQ=">AAACFXicbVDLSsNAFJ3UV62vqEs3aYtQQUpSBF0W3LisYB/QpGUynbRDJw9mbsQS8hNu/BU3LhRxK7jzb5y0WWjrgRkO59zLzDluxJkE0/zWCmvrG5tbxe3Szu7e/oF+eNSRYSwIbZOQh6LnYkk5C2gbGHDaiwTFvstp151eZ373ngrJwuAOZhF1fDwOmMcIBiUN9XPbxzBxveQhHSQ1u5zYkggWQX7DjNOkNWikqV0+S4d61aybcxirxMpJFeVoDfUvexSS2KcBEI6l7FtmBE6CBTDCaVqyY0kjTKZ4TPuKBtin0knmqVLjVCkjwwuFOgEYc/X3RoJ9KWe+qyazDHLZy8T/vH4M3pWTsCCKgQZk8ZAXcwNCI6vIGDFBCfCZIljVoP5qkAkWmIAqsqRKsJYjr5JOo26Zdev2otqs5HUU0QmqoBqy0CVqohvUQm1E0CN6Rq/oTXvSXrR37WMxWtDynWP0B9rnD7jyn6k=</latexit><latexit sha1_base64="mokmnQ9YqCP/ICJeXxTZpbER5IQ=">AAACFXicbVDLSsNAFJ3UV62vqEs3aYtQQUpSBF0W3LisYB/QpGUynbRDJw9mbsQS8hNu/BU3LhRxK7jzb5y0WWjrgRkO59zLzDluxJkE0/zWCmvrG5tbxe3Szu7e/oF+eNSRYSwIbZOQh6LnYkk5C2gbGHDaiwTFvstp151eZ373ngrJwuAOZhF1fDwOmMcIBiUN9XPbxzBxveQhHSQ1u5zYkggWQX7DjNOkNWikqV0+S4d61aybcxirxMpJFeVoDfUvexSS2KcBEI6l7FtmBE6CBTDCaVqyY0kjTKZ4TPuKBtin0knmqVLjVCkjwwuFOgEYc/X3RoJ9KWe+qyazDHLZy8T/vH4M3pWTsCCKgQZk8ZAXcwNCI6vIGDFBCfCZIljVoP5qkAkWmIAqsqRKsJYjr5JOo26Zdev2otqs5HUU0QmqoBqy0CVqohvUQm1E0CN6Rq/oTXvSXrR37WMxWtDynWP0B9rnD7jyn6k=</latexit><latexit sha1_base64="mokmnQ9YqCP/ICJeXxTZpbER5IQ=">AAACFXicbVDLSsNAFJ3UV62vqEs3aYtQQUpSBF0W3LisYB/QpGUynbRDJw9mbsQS8hNu/BU3LhRxK7jzb5y0WWjrgRkO59zLzDluxJkE0/zWCmvrG5tbxe3Szu7e/oF+eNSRYSwIbZOQh6LnYkk5C2gbGHDaiwTFvstp151eZ373ngrJwuAOZhF1fDwOmMcIBiUN9XPbxzBxveQhHSQ1u5zYkggWQX7DjNOkNWikqV0+S4d61aybcxirxMpJFeVoDfUvexSS2KcBEI6l7FtmBE6CBTDCaVqyY0kjTKZ4TPuKBtin0knmqVLjVCkjwwuFOgEYc/X3RoJ9KWe+qyazDHLZy8T/vH4M3pWTsCCKgQZk8ZAXcwNCI6vIGDFBCfCZIljVoP5qkAkWmIAqsqRKsJYjr5JOo26Zdev2otqs5HUU0QmqoBqy0CVqohvUQm1E0CN6Rq/oTXvSXrR37WMxWtDynWP0B9rnD7jyn6k=</latexit><latexit sha1_base64="mokmnQ9YqCP/ICJeXxTZpbER5IQ=">AAACFXicbVDLSsNAFJ3UV62vqEs3aYtQQUpSBF0W3LisYB/QpGUynbRDJw9mbsQS8hNu/BU3LhRxK7jzb5y0WWjrgRkO59zLzDluxJkE0/zWCmvrG5tbxe3Szu7e/oF+eNSRYSwIbZOQh6LnYkk5C2gbGHDaiwTFvstp151eZ373ngrJwuAOZhF1fDwOmMcIBiUN9XPbxzBxveQhHSQ1u5zYkggWQX7DjNOkNWikqV0+S4d61aybcxirxMpJFeVoDfUvexSS2KcBEI6l7FtmBE6CBTDCaVqyY0kjTKZ4TPuKBtin0knmqVLjVCkjwwuFOgEYc/X3RoJ9KWe+qyazDHLZy8T/vH4M3pWTsCCKgQZk8ZAXcwNCI6vIGDFBCfCZIljVoP5qkAkWmIAqsqRKsJYjr5JOo26Zdev2otqs5HUU0QmqoBqy0CVqohvUQm1E0CN6Rq/oTXvSXrR37WMxWtDynWP0B9rnD7jyn6k=</latexit>x (ááá)

<latexit sha1_base64="DTZhCLXeKBlNN2IsihUsswsvLVc=">AAACAnicbVDLSsNAFJ3UV62vqCtxk7YIdVMSEXRZcOOygn1AE8tkMmmHTmbCzEQsIbjxV9y4UMStX+HOv3HSZqGtBy4czrmXe+/xY0qksu1vo7Syura+Ud6sbG3v7O6Z+wddyROBcAdxykXfhxJTwnBHEUVxPxYYRj7FPX9ylfu9eywk4exWTWPsRXDESEgQVFoamkduBNXYD9OH7C5tuFUXBVxJt3qaDc263bRnsJaJU5A6KNAeml9uwFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzRlMMLSS2cvZNaJVgIr5EIXU9ZM/T2RwkjKaeTrzvxguejl4n/eIFHhpZcSFicKMzRfFCbUUtzK87ACIjBSdKoJRILoWy00hgIipVOr6BCcxZeXSfes6dhN5+a83qoVcZTBMaiBBnDABWiBa9AGHYDAI3gGr+DNeDJejHfjY95aMoqZQ/AHxucPtymW3Q==</latexit><latexit sha1_base64="DTZhCLXeKBlNN2IsihUsswsvLVc=">AAACAnicbVDLSsNAFJ3UV62vqCtxk7YIdVMSEXRZcOOygn1AE8tkMmmHTmbCzEQsIbjxV9y4UMStX+HOv3HSZqGtBy4czrmXe+/xY0qksu1vo7Syura+Ud6sbG3v7O6Z+wddyROBcAdxykXfhxJTwnBHEUVxPxYYRj7FPX9ylfu9eywk4exWTWPsRXDESEgQVFoamkduBNXYD9OH7C5tuFUXBVxJt3qaDc263bRnsJaJU5A6KNAeml9uwFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzRlMMLSS2cvZNaJVgIr5EIXU9ZM/T2RwkjKaeTrzvxguejl4n/eIFHhpZcSFicKMzRfFCbUUtzK87ACIjBSdKoJRILoWy00hgIipVOr6BCcxZeXSfes6dhN5+a83qoVcZTBMaiBBnDABWiBa9AGHYDAI3gGr+DNeDJejHfjY95aMoqZQ/AHxucPtymW3Q==</latexit><latexit sha1_base64="DTZhCLXeKBlNN2IsihUsswsvLVc=">AAACAnicbVDLSsNAFJ3UV62vqCtxk7YIdVMSEXRZcOOygn1AE8tkMmmHTmbCzEQsIbjxV9y4UMStX+HOv3HSZqGtBy4czrmXe+/xY0qksu1vo7Syura+Ud6sbG3v7O6Z+wddyROBcAdxykXfhxJTwnBHEUVxPxYYRj7FPX9ylfu9eywk4exWTWPsRXDESEgQVFoamkduBNXYD9OH7C5tuFUXBVxJt3qaDc263bRnsJaJU5A6KNAeml9uwFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzRlMMLSS2cvZNaJVgIr5EIXU9ZM/T2RwkjKaeTrzvxguejl4n/eIFHhpZcSFicKMzRfFCbUUtzK87ACIjBSdKoJRILoWy00hgIipVOr6BCcxZeXSfes6dhN5+a83qoVcZTBMaiBBnDABWiBa9AGHYDAI3gGr+DNeDJejHfjY95aMoqZQ/AHxucPtymW3Q==</latexit><latexit sha1_base64="DTZhCLXeKBlNN2IsihUsswsvLVc=">AAACAnicbVDLSsNAFJ3UV62vqCtxk7YIdVMSEXRZcOOygn1AE8tkMmmHTmbCzEQsIbjxV9y4UMStX+HOv3HSZqGtBy4czrmXe+/xY0qksu1vo7Syura+Ud6sbG3v7O6Z+wddyROBcAdxykXfhxJTwnBHEUVxPxYYRj7FPX9ylfu9eywk4exWTWPsRXDESEgQVFoamkduBNXYD9OH7C5tuFUXBVxJt3qaDc263bRnsJaJU5A6KNAeml9uwFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzRlMMLSS2cvZNaJVgIr5EIXU9ZM/T2RwkjKaeTrzvxguejl4n/eIFHhpZcSFicKMzRfFCbUUtzK87ACIjBSdKoJRILoWy00hgIipVOr6BCcxZeXSfes6dhN5+a83qoVcZTBMaiBBnDABWiBa9AGHYDAI3gGr+DNeDJejHfjY95aMoqZQ/AHxucPtymW3Q==</latexit>

x (ááá)
<latexit sha1_base64="DTZhCLXeKBlNN2IsihUsswsvLVc=">AAACAnicbVDLSsNAFJ3UV62vqCtxk7YIdVMSEXRZcOOygn1AE8tkMmmHTmbCzEQsIbjxV9y4UMStX+HOv3HSZqGtBy4czrmXe+/xY0qksu1vo7Syura+Ud6sbG3v7O6Z+wddyROBcAdxykXfhxJTwnBHEUVxPxYYRj7FPX9ylfu9eywk4exWTWPsRXDESEgQVFoamkduBNXYD9OH7C5tuFUXBVxJt3qaDc263bRnsJaJU5A6KNAeml9uwFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzRlMMLSS2cvZNaJVgIr5EIXU9ZM/T2RwkjKaeTrzvxguejl4n/eIFHhpZcSFicKMzRfFCbUUtzK87ACIjBSdKoJRILoWy00hgIipVOr6BCcxZeXSfes6dhN5+a83qoVcZTBMaiBBnDABWiBa9AGHYDAI3gGr+DNeDJejHfjY95aMoqZQ/AHxucPtymW3Q==</latexit><latexit sha1_base64="DTZhCLXeKBlNN2IsihUsswsvLVc=">AAACAnicbVDLSsNAFJ3UV62vqCtxk7YIdVMSEXRZcOOygn1AE8tkMmmHTmbCzEQsIbjxV9y4UMStX+HOv3HSZqGtBy4czrmXe+/xY0qksu1vo7Syura+Ud6sbG3v7O6Z+wddyROBcAdxykXfhxJTwnBHEUVxPxYYRj7FPX9ylfu9eywk4exWTWPsRXDESEgQVFoamkduBNXYD9OH7C5tuFUXBVxJt3qaDc263bRnsJaJU5A6KNAeml9uwFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzRlMMLSS2cvZNaJVgIr5EIXU9ZM/T2RwkjKaeTrzvxguejl4n/eIFHhpZcSFicKMzRfFCbUUtzK87ACIjBSdKoJRILoWy00hgIipVOr6BCcxZeXSfes6dhN5+a83qoVcZTBMaiBBnDABWiBa9AGHYDAI3gGr+DNeDJejHfjY95aMoqZQ/AHxucPtymW3Q==</latexit><latexit sha1_base64="DTZhCLXeKBlNN2IsihUsswsvLVc=">AAACAnicbVDLSsNAFJ3UV62vqCtxk7YIdVMSEXRZcOOygn1AE8tkMmmHTmbCzEQsIbjxV9y4UMStX+HOv3HSZqGtBy4czrmXe+/xY0qksu1vo7Syura+Ud6sbG3v7O6Z+wddyROBcAdxykXfhxJTwnBHEUVxPxYYRj7FPX9ylfu9eywk4exWTWPsRXDESEgQVFoamkduBNXYD9OH7C5tuFUXBVxJt3qaDc263bRnsJaJU5A6KNAeml9uwFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzRlMMLSS2cvZNaJVgIr5EIXU9ZM/T2RwkjKaeTrzvxguejl4n/eIFHhpZcSFicKMzRfFCbUUtzK87ACIjBSdKoJRILoWy00hgIipVOr6BCcxZeXSfes6dhN5+a83qoVcZTBMaiBBnDABWiBa9AGHYDAI3gGr+DNeDJejHfjY95aMoqZQ/AHxucPtymW3Q==</latexit><latexit sha1_base64="DTZhCLXeKBlNN2IsihUsswsvLVc=">AAACAnicbVDLSsNAFJ3UV62vqCtxk7YIdVMSEXRZcOOygn1AE8tkMmmHTmbCzEQsIbjxV9y4UMStX+HOv3HSZqGtBy4czrmXe+/xY0qksu1vo7Syura+Ud6sbG3v7O6Z+wddyROBcAdxykXfhxJTwnBHEUVxPxYYRj7FPX9ylfu9eywk4exWTWPsRXDESEgQVFoamkduBNXYD9OH7C5tuFUXBVxJt3qaDc263bRnsJaJU5A6KNAeml9uwFESYaYQhVIOHDtWXgqFIojirOImEscQTeAIDzRlMMLSS2cvZNaJVgIr5EIXU9ZM/T2RwkjKaeTrzvxguejl4n/eIFHhpZcSFicKMzRfFCbUUtzK87ACIjBSdKoJRILoWy00hgIipVOr6BCcxZeXSfes6dhN5+a83qoVcZTBMaiBBnDABWiBa9AGHYDAI3gGr+DNeDJejHfjY95aMoqZQ/AHxucPtymW3Q==</latexit>

y= g(W conv ,l, 1x (1) , . . . , W conv ,l,K 2
x (K 2) ) y= g(W pool ,l, 1x (1) , . . . , W pool ,l,P 2

x (P 2 ) )
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FIG. 4. A general overlapping convolutional network in 2D.

window slices extending beyond the boundaries have zero
value. Let y ! Rr ( out )

be a vector representing the chan-
nels at some location of the output, and similarly, let
x (1) , . . . , x (R 2 ) ! Rr (in)

be the set of vectors representing
the slice, where each vector represents the channels at its
respective location inside theR " R window, then the
operation of a GC layer is deÞned as follows:

y = g(W (1) x (1) , . . . , W (R 2 ) x (R 2 ) ),

where W (1) , . . . , W (R 2 ) ! Rr ( out ) ! r ( in )
are referred to as

the weights of the layer, andg : Rr ( out )
" á á á" Rr ( out )

#
Rr ( out )

is some point-wise pooling function. Additionally,
we call a GC layer that is limited to unit-stride and has
K " K receptive Þeld aK " K Conv layer, and similarly,
a P" P Pooling layer is a GC layer with both stride and
receptive Þelds equal toP" P. With the above deÞni-
tions, a convolutional network is simply a sequence ofL
blocks of Conv and Pooling layers that follows the repre-
sentation layer, and ends with a global pooling layer, i.e.
a pooling layer with P equals the entire spatial extent of
its input. The entire network is illustrated in Fig. 4.

Given a non-linear point-wise activation function
! (á) (e.g. ReLU), then setting all pooling functions
to average pooling followed by the activation, i.e.
g(x (1) , . . . , x (R 2 ) )c = !

! " R 2

i =1 x( i )
c

#
for c ! [D (out) ], give

rise to the common all-convolutional network with ! (á)
activations, which served as the initial motivation for this
formulation. Alternatively, choosing instead a product
pooling function, i.e. g(x (1) , . . . , x (R 2 ) )c =

$ R 2

i =1 x( i )
c for

c ! [D (out) ], results in an Arithmetic Circuit, i.e. a circuit
containing just product and sum operations, hence it is
referred to as an Overlapping Convolutional Arithmetic
Circuit, or Overlapping ConvAC in short, where Ôover-
lappingÕ refers to having receptive Þelds which overlap
when K > 1. The non-overlapping case, whereK = 1, is
equivalent to ConvACs as originally introduced by Cohen
et al. [31].

In the body of the paper we have discussed the entan-
glement entropy of overlapping convolutional networks
with no spatial decimation, which essentially amount to
having pooling layers with P = 1, which was summarized
in Theorem 1 of the main text. The following theorem

quantiÞes the e! ect of pooling layers with P = 2 in over-
lapping convolutional networks:

Theorem 3 For an overlapping ConvAC with 2d pool-
ing operations in between convolution layers (Fig.4 with
P = 2 ), the maximal entanglement entropy w.r.t. (A, B )
modeled by the network obeys:

"
%
min

&
" d, K " d" 1'(

,

where" is the linear dimension of the d-dimensional sys-
tem for d = 1 , 2.

Thus, the introduction of such pooling layers results
in a diminished ability of the overlapping-convolutional
network to represent volume-law entanglement scaling,
since theKL factor from Theorem 1 of the main text is
diminished to a factor of K . In the following, we prove
the results in Theorem 1 of the main text and Theo-
rem 3 in this appendix regarding entanglement scaling
supported by overlapping ConvACs:

Proof (of Theorem 1 of the main text and Theorem3
above). We begin by providing a succinct summary of
the theoretical analysis of overlapping ConvACs that was
shown by [40], including the necessary technical back-
ground on ConvACs required to understand their results.
[40] shows lower bounds on the rank of the dup-tensor for
various architectures whenA is left half of the input and
B the right half, in d = 2, when the convolutional ker-
nel is anchored at the corner instead of at the center like
presented in this letter.

Total
Receptive

Field

Total
Stride

Layer L

Layer L-1

Input Layer

FIG. 5. Illustration of the total receptive Þeld and the total
stride.

For any layer l ! [L ] in a convolutional network, the
local receptive Þeld (or kernel size)K (l ) is deÞned as the
linear size of the window on which each convolutional ker-
nel acts upon, and the strideS(l ) is deÞned as the step
size in each dimension between two neighboring windows
(assumed to be 1 in this letter). The main result of [40]
relies on two architecture dependent attributes that they
referred to as the total receptive Þeld and and the to-
tal stride of the lÕth layer, deÞned as the projections on
the input layer of the local receptive Þelds and strides
from the perspective of the lÕth layer, as illustrated in

For a review: see Carleo et al. 
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FIG. 2: The 2D Kitaev toric code Hamiltonian and a neural-
network representation of the corresponding ground state
with intrinsic topological order. (a) An illustration of H Kitaev

(see Eq. (9)). The shaded green (red) region depicts a proto-
typic vertex (face) operator at vertex V (face F ). The Hamil-
tonian is deÞned as a summation of these four-body operators
with an extra minus sign in front. The four non-contractible
loops (labeled by X 1, X 2, Z1 and Z2, respectively) correspond
to four nontrivial string operators that deÞne the commuta-
tion relations of the two logic qubits living in the topologically
protected ground subspace [37, 56]. (b) A neural-network rep-
resentation of one of the ground state of H Kitaev . The yellow
balls stand for the visible artiÞcial neurons corresponding to
the physical spins. The green (red) cubes denotes the hidden
neurons corresponding to the vertices (faces).

the more involved construction details in the Supplemen-
tal Material [ 70]. As illustrated in Fig. 2, the artiÞcial
neural network representation of the toric code ground
state, |Gtoric ! =

!
! ! M (" )|" ! , is given by

! M (" ) =
!

{ hV ,h F } e
i !
2

!
V hV

!
j ! V ! z

j + i !
4

!
F hF

!
k ! F ! z

k .

To verify the the exact nature of our solution, as done
in the 1D example, we can factor out the hidden neurons,
! M (" ; # ) =

"
V cos["2 (

!
j ! V ! z

j )]
"

F cos["4 (
!

j ! F ! z
j )].

Noting that cos[ "
4

!
j ! F ! z

j ]
"

k ! F ! z
k = cos["

4

!
j ! F ! z

j ],
the equation BF |Gtoric ! = |Gtoric ! can be easily veri-
Þed. In order to verify AV |Gtoric ! = |Gtoric ! , we need
to show ! M (" ) = ! M (" , ! z

j " # ! z
j , $j %V). This actu-

ally follows from two observations about the consequence
of ßipping spins belonging to a vertexV, which are the
sign-change of all four cosine factors for the neighboring
vertices Vs and the sign-preservation of the product of
the four cosine factors for the neighboring facesF s.

Conclusion and discussion.ÑIn summary, we have
demonstrated by using two concrete examples that quan-
tum topological states (both symmetry protected and in-
trinsic) can be e$ ciently represented by classical artiÞcial
neural networks. We have constructed exact represen-
tations for an SPT state (the 1D cluster state) and an
intrinsic topologically ordered state (the 2D toric code),
by using a restricted RBM neural networks method. For
both cases, the number of neurons in the hidden layer
of the RBM is equal to the number of physical spins,
and the number of nonzero weight variables scales lin-
early with system size. We expect that our construction
carries over to the 3D torric code model [71] and the 3D
time-reversal SPT phase of bosons with intrinsic surface
topological order [72]. In the future, it would be par-
ticularly interesting to Þnd exact and e$ cient examples
of neural-network representation of quantum many-body
states with volume-law entanglement, which cannot be
described in terms of matrix product states or tensor-
network states with a computationally tractable bond
dimension.

Our results manifest the remarkable power of neu-
ral networks in describing exotic quantum states and
thus would have far-reaching implications in the applica-
tions of machine learning techniques in condensed mat-
ter physics. The fact that we obtain an e$ cient solu-
tion is perhaps not as surprising as the fact that our
highly-restricted neural network solution turns out to be
exact. Our exact results should provide valuable data
resources to supervise classical machine learning of topo-
logical phases of quantum matter in other models with no
known exact solutions, which may be particularly useful
considering the potential NP complexity of the numer-
ical training of the RBM for exotic quantum systems.
In turn, this may also help the study of machine learn-
ing itself, especially in the e%orts toward understanding
why machine learning techniques are surprisingly power-
ful [44, 73], from a physical perspective.
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ÒComputationally TractableÓ 
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state |! n ! " |! ! with the silent assumption that this actually denotes a family. We now consider
the following deÞnition.

DeÞnition 1 An n-qubit state |! ! is called Ôcomputationally tractableÕ (CT) if the following con-
ditions hold:

(a) it is possible to sample in poly(n) time with classical means from the probability distribution
Prob(x) = |#x|! ! |2 on the set ofn-bit strings x, and

(b) upon input of any bit string x, the coe! cient #x|! ! can be computed in poly(n) time on a
classical computer.

For convenience, in (b) we require the coe! cients #x|! ! to be computable with perfect precision, a
notion which may lead to rather pathological situations when e.g. irrational numbers are involved.
The results in this paper can however straightforwardly be generalized to the case where#x|! !
can be computed e! ciently with exponential precision, i.e. up to m signiÞcant bits in poly(n, m)
time. As in the present work the distinction between these two types of accuracies is not essential
(in contrast to the distinction between polynomial and exponential precision, whichis crucial), for
clarity we state all results w.r.t. the notion of perfect accuracy. Also in other places in the text
where we refer to Ôperfect accuracyÕ, the results in question immediately generalize to the case of
exponential precision.

Note that (a) and (b) are highly dependent on the classical description of the state|! ! that is
provided. Therefore, strictly speaking it would be more precise to call a state|! ! CT relative to
this classical description. In this paper we will only encounter situations where each state has a
natural (e! cient) description that will be obvious from the context. It will always be assumed that
this particular description is provided. For example, the classical description of a state generated
by a poly-size quantum circuit acting on, say, the all-zeroes input, will always be assumed to
be the circuit that generates the state. As another example, for every complete product state
|! ! = |! 1! $ . . . $ |! n ! we will assume|! ! to be speciÞed in terms of the ÔobviousÕ description of
|! ! consisting if the 2n complex coe! cients #0|! i ! and #1|! i ! .

Even though conditions (a) and (b) are similar in nature, we provide evidence that these
conditions are incomparable. In particular, the following complexity theoretic argument implies
that it is highly likely that there exists states satisfying (b) but not (a). Consider any e ! ciently
computable function f : { 0, 1} n % { 0, 1} for which it is promised that there exists a unique x0

such that f (x0) = 1, and deÞne the n-qubit state |! ! =
!

x f (x)|x! = |x0! . Note that the state
|! ! satisÞes condition (b). Assuming that (b) implies (a), it follows that it is possible to e! ciently
sample from the distribution {| #x|! ! |2} . But this distribution assigns a zero probability to each bit
string x except x0, which has unit probability. Hence, the possibility of e! ciently sampling from
this distribution implies that x0 can be determined e! ciently. Regarding f as a veriÞer circuit for
an NP problem, it would immediately follow that every problem in NP with a unique witness is in
P. This last property is not likely to be true [21].

Next we state a useful su! cient (but not necessary) criterion to assess whether condition (a)
holds for a given state. To state this result, we need the following notation. For ann-qubit state
|! ! , let pS,y (|! ! ) " pS,y denote the probability of obtaining the bit string y = ( yi : i & S) as an
outcome when measuring the qubits in the setS ' { 1, . . . , n} . We can then state the following
lemma; a proof can be found in e.g. [11].

Lemma 1 Let |! ! be an n-qubit state. Suppose that, on input of an arbitrary S and y, the
probability pS,y can be computed in poly(n) time. Then it is possible to sample in poly(n) time from
the probability distribution {| #x|! ! |2} .

Several important state families turn out to be computationally tractable, as illustrated next.
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indexed by x together with the row indices associated with each of these non-zero entries, all in
poly(n) time. Equivalently, A is e! ciently column-computable if it is possible to compute the
2s quantities ! i (x) and r i (x) ( i = 1 , . . . , s) in poly-time. The operation A is called e! ciently
row-computable if AT is e! ciently column-computable. Finally, A is called e! ciently computable
if it is both e ! ciently row- and column-computable. All e! ciently computable sparse unitary
operations can be implemented e! ciently on a quantum computer [29]. In this paper we will only
consider sparse operations that are e! ciently computable.

The following are some examples of e! ciently computable sparse operations.

¥ Examples of e ! ciently computable sparse (ECS) operations:

Ð Every e! ciently computable basis-preserving operation is ECS.

Ð Every d-qubit gate G acting within an n-qubit circuit, represented by the matrix G ! I
where I denotes the identity acting on n " d qubits, is 2d-sparse. If d = O(log n) then such
an operation is ECS.

Ð Every operation that is a linear combination of poly(n) ECS operations, is ECS. It follows that
every operator H =

! m
i =1 H i which is a sum of m = poly( n) d-local observablesOi (with

d = O(log n)) is ECS. This means that observables such as Hamiltonians and correlation
operators are typically ECS.

Ð LetU represent ann-qubit poly-size circuit of basis-preserving elementary gates (e.g. To" oli,
CNOT, PHASE, CPHASE, etc.), interspersed with k gatesV1, . . . , Vk at arbitrary places in
the circuit, each of which acts on at most d qubits. It is required that kd = O(log n);
otherwise the Vi are arbitrary. Then U is ECS. To see this, expand each gateVi as a linear
combination of 4d Pauli products and note that every Pauli product is e! ciently computable
basis-preserving. Consequently,U can be written as a linear combination of 4dk = poly( n)
e! ciently computable basis-preserving operations, showing thatU is ECS.

Ð ECS operations often arise in the context of quantum algorithms, related e.g. to unitary
group representations; see e.g. [29] and references within.

We are now in a position to state the following result, which constitutes the main technical
ingredient in this work regarding the use of sampling techniques in classical simulation.

Theorem 3 Let |" # and |## be CT n-qubit states and letA be an e! ciently computable sparse
(not necessarily unitary) n-qubit operation with $A$ % 1. Then there exists an e! cient classical
algorithm to approximate &#|A|" # with polynomial accuracy.

Note that theorem 1 immediately follows from theorem 3. Before proving this result in its most
general form, as a warm-up we prove a special instance, takingA to be the identity. Hence, we
are concerned with the estimation of overlaps between CT states. This special case is proved
beforehand to illustrate the sampling methods used in this work, without the more technically
involved arguments required in the proof of theorem 3. Thus, we set out to prove the following
property, formulated in terms of a lemma.

Lemma 3 Let |" # and |## be two CT n-qubit states. Then there exists an e! cient classical
algorithm to approximate &#|" # with polynomial accuracy.

Proof: Denote px := |&x|" #|2 and qx := |&x|##|2. Since |" # and |## are CT states, it is possible
to sample e! ciently from the probability distributions { px } and { qx } . DeÞne the function $ :
{ 0, 1} n ' { 0, 1} by $(x) = 1 if px ( qx and $(x) = 0 otherwise, for every n-bit string x, and deÞne
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with the additional convention that Gi (y) is zero if there are nox such that r i (x) = y and ! i (x) != 0.
With this deÞnition, the second term in the r.h.s. of (6) is equal to "Gi # =

!
y qy Gi (y). We now

make the following claims. Claim 1: the function Gi is e! ciently computable; and Claim 2:
|Gi (y)| $ s for every y. A proof of claims 1 and 2 implies that "Gi # can be estimated in poly-time
with polynomial accuracy due to the Cherno" -Hoe" ding bound. But then also " i can be estimated
e! ciently, thus completing the proof.

We now prove Claim 1. SinceA is s-sparse, every rowy has at most s non-zero entries.
Equivalently, the following set contains at most s strings x:

{ x : %j & { 1, . . . , s} s.t. y = r j (x) and ! j (x) != 0 } . (9)

Hence, a fortiori, for every Þxedi there are at most s di" erent x such that r i (x) = y and ! i (x) !=
0. Moreover, given an arbitrary y it is possible to e! ciently determine all these xÕs and the
corresponding coe! cients ! i (x). This is done in two steps: Þrst, sinceA is e! ciently (row-
)computable, given a row indexy it is possible to compute all (at most s) strings x in the set (9) in
poly-time; second, for all thosex one computesr i (x) and ! i (x)Ñthis is possible in poly-time since
A is e! ciently column-computableÑand veriÞes whether r i (x) is equal to y; those x for which
r i (x) = y are kept, the others discarded.

It follows that Gi (y) is a sum of at most s = poly( n) terms, each of which is e! ciently com-
putable. Thus, Claim 1 is proved. Moreover, Claim 2 now immediately follows as well, since the
modulus of every term in the sum (8) is smaller than one and there are at mosts terms in the
sum. This proves theorem 3. !

Remark: poly-ECS operations.Ñ In the deÞnition of ECS operations and in the subsequent
statement of theorem 3, we have required that the non-zero entries ofA can be computed e! ciently
with perfect precision. Theorem 3 also holds for sparse operations where, instead, these coe! cients
can be estimated e! ciently with polynomial accuracy, which is a signiÞcant relaxation. Call an
n-qubit operation A (' A' $ 1) poly-ECS if it is sparse, and if (i) on input of an arbitrary column
index x, it is possible to determine in poly-time all those row indicesy such that "y|A|x# != 0 and if
the corresponding nonzero entries"y|A|x#can be estimated in poly-time with polynomial accuracy,
and (ii) similarly for the row indices y. Theorem 3 then also holds for poly-ECS operations. The
proof is completely analogous to the above proof of theorem 3. The only di" erence is that now the
functions Fi (x) and Gi (x) can no longer be computed exactly, but only with polynomial accuracy.
However, this su! ces to invoke the Cherno" -Hoe" ding bound (cf. the Appendix). This remark
will play an important role in the discussion of SimonÕs algorithm i.e. in the proof of theorem 2.(

We conclude this section with two corollaries of theorem 3. Corollary 1 shows that expectation
values of local observables can be estimated e! ciently classically for every CT state. This result
may potentially be of use in e.g. variational Monte Carlo studies of strongly correlated systems
(this is work in progress). Corollary 2 will be of use when we discuss the Deutsch-Jozsa algorithm
in section 6.2.

Corollary 1 Let |##be ann-qubit CT state and letO be ad-local observable withd = O(log n) and
' O' $ 1. Then there exists an e! cient classical algorithm to estimate"# |O|## with polynomial
accuracy.

Proof: this result follows immediately from theorem 3 since everyd-local O with d = O(log n)
is ECS. Here we provide a short alternative proof that does not require the formalism used in
the proof of theorem 3. Every observableO of the form considered can be written as a linear
combination of N = poly( n) Pauli operators: O =

! N
i =1 ai Pi , with |ai | $ 1. Consequently,

"O#:= "# |O|##=
"

ai "# |Pi |##. (10)
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inputs si , . . . , sN for the iÕth output vector, i.e. ensur-
ing that the contributions of higher-ordered spins to the
output of the network vanish. PixelCNN [ 17] is such an
architecture, and is built as a sequence ofmaskedconvo-
lutional layers, whose Þlters are restricted to having zeros
at positions ÒaheadÓ. For example, in a one dimensional
system, a Þlter of width R, whereR is odd, would be con-
strained to have (w1, . . . , w( R ! 1) / 2 , 0, . . . , 0), and thus the
i th output of each layer depends uniquely on the indices
at s1, . . . , si ! 1.

A chief advantage of networks with the autoregressive
property, is that directly drawing samples according to
P(s) is conceptually straightforward. One can sample
each si in sequence, according to its given conditional
probability that depends just on the previously sampled
(s1, . . . , si ! 1). At a Þrst glance it might seem that this
sampling procedure would requiresN sequential forward
passes to compute each conditional probability. How-
ever, when using the PixelCNN architecture it is possi-
ble to cache most of the computations in each forward
pass, exploiting the intrinsic sparseness of the network
weights [18]. Thus, the complexity of sampling a full
string s1 . . . sN can be reduced to the complexity of just
a single forward pass.

Our NAQS model for representing wave-function is
based on the same NADE principles so-far described.
SpeciÞcally, just as probability functions can be factor-
ized into a product of conditional probabilities, we repre-
sent a normalized wave-function as a product of normal-
ized conditional wave-functions, such that

! (s1, . . . , sN ) =
N!

i =1

! i (si |si ! 1, . . . , s1), (2)

where ! i (si |si ! 1, . . . , s1) are such that, for any Þxed
(s1, . . . , si ! 1) ! { 1, . . . , M } i ! 1, they satisfy the normal-
ization condition

"
s" |! i (s"|si ! 1, . . . , s1)|2 = 1. If this

condition holds, then a strong normalization condition
for the full wave-function follows (see app.A for proof):

Claim 1 Let ! : [M ]N " C such that ! (s1, . . . , sN ) =
# N

i =1 ! i (si |si ! 1, . . . , s1), where { ! i } N
i =1 are normalized

conditional wave-functions. Then, ! is normalized, i.e.,"
s1 ,...,s N

|! (s1, . . . , sN )|2 = 1 .

As in the NADE case, we represent condi-
tional wave-function with an ANN accepting
(s1, . . . , si ! 1) and outputting a complex vector
v i # (vi (s1), vi (s2) . . . vi (sM )) ! CM for each of
the M possible values taken by the local quantum
numbers si . To ensure that each complex output
vector represents a normalized conditional wave-
function, we normalize it according to the l2-norm,

i.e., ! i (si |si ! 1, . . . , s1) = vi (si )/
$ "

s" |vi (s$)|2. Given
this parametrization, the full wave-function amplitude
! (s1 . . . sN ) is easily obtained, once all the vectors
v1, . . . , vN have been computed. As in the probabilistic

autoregressive model, we can represent the entire NAQS
by a single neural network outputting N complex
vectors, as illustrated in Fig. 1a.

Moreover, there is a special relationship between
a NAQS and its induced Born probability, since
|! (s1, . . . , sN )|2 =

# N
i =1 |! i (si |si ! 1, . . . , s1)|2, implying

that |! i (s)|2 is a valid conditional probability. Thus,
the induced Born probability of a NAQS has the exact
same structure of a NADE model. SpeciÞcally, taking the
squared magnitude of its output vectors, i.e., øvi = |övi |

2,
transform NAQS into a standard NADE representation
of this distribution, which importantly includes its ef-
Þcient and exact sampling method. In rem contrast to
standard MCMC sampling employed for correlated wave-
functions, NAQS allows for direct, e" cient sampling with
the computational complexity of a single forward pass, as
depicted in Fig. 1b.

Optimization.Ð The NAQS representation of many-
body wave functions can be used in practice for sev-
eral applications. These include for example ground-
state search [7], quantum-state tomography [19], dynam-
ics [7], and quantum circuits simulation [20]. Here we
more speciÞcally focus on the task of Þnding the ground
state of a given Hamiltonian H. In this context, we de-
note by ! W the wave-function represented by a NAQS
of a Þxed architecture that is parameterized byW, and
we wish to ÞndW values that minimize the energy, i.e.,
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(4)

W $ = argmin
W

E(W), (5)

where H is usually a highly sparse matrix, and so com-
puting Eloc for a given sample takes at mostO(N ) for-
ward passes.

The common approach for solving the optimization
problem above with an NQS is to estimate the gradient
of E (W) with respect to W, and use variants of gradient
descent to Þnd the minimizer ofE (W). Estimating the
gradient can be done by Þrst employing a variant of the
log-derivative trick, i.e.,
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ing that the contributions of higher-ordered spins to the
output of the network vanish. PixelCNN [ 17] is such an
architecture, and is built as a sequence ofmaskedconvo-
lutional layers, whose Þlters are restricted to having zeros
at positions ÒaheadÓ. For example, in a one dimensional
system, a Þlter of width R, whereR is odd, would be con-
strained to have (w1, . . . , w( R ! 1) / 2 , 0, . . . , 0), and thus the
i th output of each layer depends uniquely on the indices
at s1, . . . , si ! 1.

A chief advantage of networks with the autoregressive
property, is that directly drawing samples according to
P(s) is conceptually straightforward. One can sample
each si in sequence, according to its given conditional
probability that depends just on the previously sampled
(s1, . . . , si ! 1). At a Þrst glance it might seem that this
sampling procedure would requiresN sequential forward
passes to compute each conditional probability. How-
ever, when using the PixelCNN architecture it is possi-
ble to cache most of the computations in each forward
pass, exploiting the intrinsic sparseness of the network
weights [18]. Thus, the complexity of sampling a full
string s1 . . . sN can be reduced to the complexity of just
a single forward pass.

Our NAQS model for representing wave-function is
based on the same NADE principles so-far described.
SpeciÞcally, just as probability functions can be factor-
ized into a product of conditional probabilities, we repre-
sent a normalized wave-function as a product of normal-
ized conditional wave-functions, such that

! (s1, . . . , sN ) =
N!

i =1

! i (si |si ! 1, . . . , s1), (2)

where ! i (si |si ! 1, . . . , s1) are such that, for any Þxed
(s1, . . . , si ! 1) ! { 1, . . . , M } i ! 1, they satisfy the normal-
ization condition

"
s" |! i (s"|si ! 1, . . . , s1)|2 = 1. If this

condition holds, then a strong normalization condition
for the full wave-function follows (see app.A for proof):

Claim 1 Let ! : [M ]N " C such that ! (s1, . . . , sN ) =
# N

i =1 ! i (si |si ! 1, . . . , s1), where { ! i } N
i =1 are normalized

conditional wave-functions. Then, ! is normalized, i.e.,"
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the induced Born probability of a NAQS has the exact
same structure of a NADE model. SpeciÞcally, taking the
squared magnitude of its output vectors, i.e., øvi = |övi |
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transform NAQS into a standard NADE representation
of this distribution, which importantly includes its ef-
Þcient and exact sampling method. In rem contrast to
standard MCMC sampling employed for correlated wave-
functions, NAQS allows for direct, e" cient sampling with
the computational complexity of a single forward pass, as
depicted in Fig. 1b.

Optimization.Ð The NAQS representation of many-
body wave functions can be used in practice for sev-
eral applications. These include for example ground-
state search [7], quantum-state tomography [19], dynam-
ics [7], and quantum circuits simulation [20]. Here we
more speciÞcally focus on the task of Þnding the ground
state of a given Hamiltonian H. In this context, we de-
note by ! W the wave-function represented by a NAQS
of a Þxed architecture that is parameterized byW, and
we wish to ÞndW values that minimize the energy, i.e.,
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where H is usually a highly sparse matrix, and so com-
puting Eloc for a given sample takes at mostO(N ) for-
ward passes.

The common approach for solving the optimization
problem above with an NQS is to estimate the gradient
of E (W) with respect to W, and use variants of gradient
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FIG. 1. A Neural Autoregressive Quantum State is a neural network that represents a normalized wave-function,  (s1, . . . , sN ),
by factoring it to a sequence of normalized conditional wave-functions, denoted by  i(si|si�1, . . . , s1) for the i’th particle (see
eq. 2). The network represents these conditional wave-functions as vector outputs that depend just on previous particles, which
are then normalized according to the l2-norm. This method is inspired by how autoregressive neural networks represent a
normalized probability via the chain rule, i.e., P (x1, . . . , xN ) =

!
i P (xi|xi�1, . . . , x1). In practice, the network represents the

conditional wave-functions in log-space for numerical stability, i.e. the conditional wave-functions are represented as ln i, the
l2-normalization is realized by the operation vi ! 0.5 ln

"
k |exp(vk)|

2, and the product is replaced by a sum. (a) Illustration of
a deep 1D-convolutional NAQS model following the PixelCNN [17] architecture. Each column of nodes represent a layer in the
network, starting with the input layer representing the N -particle configuration (s1, . . . , sN ). Each internal node in the graph
is a complex vector computed according to its layer type. Namely, masked convolutions are limited to having local connectivity,
where a node at the j’th row is only connected to nodes with connections to si where i < j. All inputs to a node at the l’th layer
are multiplied by a matrix W (l), shared across all rows in the same layer, and followed by applying a non-linear element-wise
function ! : C " C. (b) Depicts the exact sampling algorithm for NAQS, where empty nodes represent unused nodes, and filled
but faded nodes represent cached results from previous steps. The quantum number of each particle is generated sequentially,
by computing its respective conditional wave-function, and sampling according to the squared magnitude. Notice that only a
single row is processed at each step, and so sampling a complete configuration has the same runtime as a single forward pass.

The quality of the above approximation depends on the
batch size, B , but also on the degree of correlations be-
tween the individual samples. The advantages of our di-
rect sampling method supported by NAQS over MCMC
are twofold in this context: (i) Faster sampling: each
individual sample can be generated with fewer network
passes, and generating a batch of samples is embarrass-
ingly parallel, as opposed to the sequential nature of
MCMC; (ii) Faster convergence: because the generated
samples are exact and i.i.d., and so result in more accu-
rate estimates of the gradient at each step.

It is also worth remarking that NAQS allow to e! ec-
tively move the scope and potentialities of variational
quantum states significantly closer to the state-of-the-art
in ML. This is mostly because the inherent complexity
of sampling from deep networks with MCMC has limited
early NQS applications to rather shallow neural-network
architectures. Below, we empirically demonstrate that
NAQS coupled with these advanced optimization proce-
dure can find ground states of very large systems in a
significantly shorter amount of time.

Experiments.ÐAs a first benchmark for our approach,
we consider a case where MCMC sampling can be
strongly biased. A paradigmatic quantum system ex-
hibiting this issue is found in the ferromagnetic phase of
the transverse field Ising model. The Hamiltonian for

h NAQS Energy QMC Energy NAQS #|! z|$ QMC #|! z|$
2 -2.4096022(2) -2.40960(3) 0.78326(2) 0.78277(38)
2.5 -2.7476550(5) -2.74760(3) 0.57572(3) 0.57566(63)
3 -3.1739005(5) -3.17388(4) 0.16179(4) 0.16207(54)
3.5 -3.6424799(3) -3.64243(4) 0.11094(3) 0.11011(30)
4 -4.1217979(2) -4.12178(4) 0.09725(2) 0.09728(24)

TABLE I. Shows estimating ground states observables using
NAQS is very accurate. for each h we optimize NAQS using
two stages. In the first noisy stage we use small batch of 100
samples, then after the NAQS became closer to the ground
state we increase the batch size to reduce the noise in the
gradient. Afterward the observables estimation done with
{x}1200000n=1 % |" (x)|2

this model is given by:

H = ! J
!

<i,j>

! i
z ! j

z ! "
!

i

! i
x , (8)

where the summation runs over pairs of lattice edges.
Here we study the case of a 2D square lattice with open
boundary conditions, and for varying strenghts of the
transverse field. The system is in a ferromagnetic phase
when the transverse magnetic field " is weak with respect
to the coupling constant, and specifically in 2D when
" < " c " 3.044J [21].

In order to verify the correctness of the model pro-
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FIG. 1. A Neural Autoregressive Quantum State is a neural network that represents a normalized wave-function, ! (s1, . . . , sN ),
by factoring it to a sequence of normalized conditional wave-functions, denoted by ! i (si |si ! 1 , . . . , s1) for the iÕth particle (see
eq. 2). The network represents these conditional wave-functions as vector outputs that depend just on previous particles, which
are then normalized according to the l2-norm. This method is inspired by how autoregressive neural networks represent a
normalized probability via the chain rule, i.e., P (x1, . . . , x N ) =
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conditional wave-functions in log-space for numerical stability, i.e. the conditional wave-functions are represented as ln ! i , the
l2-normalization is realized by the operation vi ! 0.5 ln

"
k |exp(vk )|2, and the product is replaced by a sum. (a) Illustration of

a deep 1D-convolutional NAQS model following the PixelCNN [ 17] architecture. Each column of nodes represent a layer in the
network, starting with the input layer representing the N -particle conÞguration ( s1, . . . , sN ). Each internal node in the graph
is a complex vector computed according to its layer type. Namely, masked convolutions are limited to having local connectivity,
where a node at the j Õth row is only connected to nodes with connections tosi where i < j . All inputs to a node at the lÕth layer
are multiplied by a matrix W ( l ) , shared across all rows in the same layer, and followed by applying a non-linear element-wise
function ! : C " C. (b) Depicts the exact sampling algorithm for NAQS, where empty nodes represent unused nodes, and Þlled
but faded nodes represent cached results from previous steps. The quantum number of each particle is generated sequentially,
by computing its respective conditional wave-function, and sampling according to the squared magnitude. Notice that only a
single row is processed at each step, and so sampling a complete conÞguration has the same runtime as a single forward pass.

The quality of the above approximation depends on the
batch size, B , but also on the degree of correlations be-
tween the individual samples. The advantages of our di-
rect sampling method supported by NAQS over MCMC
are twofold in this context: (i) Faster sampling: each
individual sample can be generated with fewer network
passes, and generating a batch of samples is embarrass-
ingly parallel, as opposed to the sequential nature of
MCMC; (ii) Faster convergence: because the generated
samples are exact and i.i.d., and so result in more accu-
rate estimates of the gradient at each step.

It is also worth remarking that NAQS allow to e ! ec-
tively move the scope and potentialities of variational
quantum states signiÞcantly closer to the state-of-the-art
in ML. This is mostly because the inherent complexity
of sampling from deep networks with MCMC has limited
early NQS applications to rather shallow neural-network
architectures. Below, we empirically demonstrate that
NAQS coupled with these advanced optimization proce-
dure can Þnd ground states of very large systems in a
signiÞcantly shorter amount of time.

Experiments.ÐAs a Þrst benchmark for our approach,
we consider a case where MCMC sampling can be
strongly biased. A paradigmatic quantum system ex-
hibiting this issue is found in the ferromagnetic phase of
the transverse Þeld Ising model. The Hamiltonian for

h NAQS Energy QMC Energy NAQS #|! z |$ QMC #|! z |$
2 -2.4096022(2) -2.40960(3) 0.78326(2) 0.78277(38)

2.5 -2.7476550(5) -2.74760(3) 0.57572(3) 0.57566(63)
3 -3.1739005(5) -3.17388(4) 0.16179(4) 0.16207(54)

3.5 -3.6424799(3) -3.64243(4) 0.11094(3) 0.11011(30)
4 -4.1217979(2) -4.12178(4) 0.09725(2) 0.09728(24)

TABLE I. Shows estimating ground states observables using
NAQS is very accurate. for each h we optimize NAQS using
two stages. In the Þrst noisy stage we use small batch of 100
samples, then after the NAQS became closer to the ground
state we increase the batch size to reduce the noise in the
gradient. Afterward the observables estimation done with
{ x} 1200000

n =1 % |" (x)|2

this model is given by:

H = ! J
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<i,j>

! i
z ! j

z ! "
!

i

! i
x , (8)

where the summation runs over pairs of lattice edges.
Here we study the case of a 2D square lattice with open
boundary conditions, and for varying strenghts of the
transverse Þeld. The system is in a ferromagnetic phase
when the transverse magnetic Þeld" is weak with respect
to the coupling constant, and speciÞcally in 2D when
" < " c " 3.044J [21].

In order to verify the correctness of the model pro-
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FIG. 4. Comparing the e ! ects of the sampling method, ei-
ther MCMC or direct sampling, on the training procedure
for the transverse-Þeld Ising model with " = 3 J , close to the
critical value, on a large (21 ! 21) lattice. We use the same
network architecture and optimization method in all experi-
ments, namely, we use ADAM [? ] for a maximum of 20K
iterations and a batch size of 100 samples per iteration. When
using MCMC, samples are taken every k " { 10, 50, 100, 300}
steps in the chain, where increasingk decreases the correlation
between samples at the expense of increased computational
cost. The top panel shows the relative error to the minimal
energy found for this system in our experiments. The bot-
tom panel shows the energy variance. Since MCMC takes a
considerable time to complete just a single iteration, we have
restricted the training to maximum of 100 hours. Notice that
our direct sampling method performs as well or better than
the MCMC method with k = 300, but can perform many
more iterations at the same time. On the other hand, by us-
ing smaller k values MCMC can perform more iterations, but
the increased correlation causes the optimization to get stuck
at higher energy error and variance.

Discussion.Ð In this work, we have shown a scheme
to facilitate the practical employment of contemporary
deep learning architectures to the modeling of many-
body quantum systems. This constitutes a striking im-
provement over currently used RBM methods that are
limited to only hundreds of parameters, and very shallow

networks. A further practical advantage we gain is the
ability to make use of the substantial body of knowledge
regarding optimization of these architectures that is accu-
mulating in the deep learning literature. We empirically
demonstrate that by employing common deep learning
optimization methods such as stochastic gradient descent
(SGD), our direct sampling approach allows us to train
very large convolutional networks (depth 20, input size
21! 21 , " 1 million parameters), and to represent many
body systems which MCMC-based techniques, following
the standard VMC philosophy would not be able to op-
timize in any reasonable amount of time. Our presented
experiments demonstrate that even for relatively simple
systems MCMC sampling can fail, and the i.i.d. sampling
enabled by our model succeeds. Relying on the theoreti-
cally promising results regarding convolutional networksÕ
capabilities in representing highly entangled systems [14],
we view the enabling of their optimization as an integral
step in reaching currently unattainable insight on a vast
variety of quantum many body phenomena.
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Appendix A: Proof of Claim 1

The proof follows an induction argument. For N = 1,
it holds that ! (s1) # ! 1(s1), and so ! is normalized
because! 1 is normalized with respect tos1. Assume the
claim holds for N = k, then for N = k + 1 we Þrst deÞne
÷! (s1, . . . , sk ) #

! k
i =1 ! i (si |si ! 1, . . . , s1), and so

"

s1 ,...,s k +1

|! (s1, . . . , sk+1 )|2

=
"

s1 ,...,s k +1

k+1#

i =1

|! i (si |si ! 1, . . . , s1)|2

=
"

s1 ,...,s k

$
k#

i =1

|! i (si |si ! 1, . . . , s1)|2
% " =1

& '( )"

sk +1

|! i (sk+1 |sk , . . . , s1)|2

=
"

s1 ,...,s k

÷! (s1, . . . , sk ) ""= 1 ,

where ($) is because! k+1 is a normalized conditional
wave function, and ($$) because of the induction assump-
tion. !
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Generalization of amplitudes. In our discussion up to this point,
we concentrated entirely on the quality of generalization of the
wave function sign structure. One may wonder whether it is
indeed the signs rather than amplitudes, which are responsible for
the dif! culty of learning the wave function as a whole (this
possibility has been discussed in the context of state tomography
in ref. 2). To prove this statement, we conduct the following
analysis. In the context of learning, overlap between a trial wave
function and the target state can be used to characterize the
effectiveness of NNs in two different ways. First, one can! x the
amplitudes of the wave function and use a NN to learn the signs.
This produces a trial wave function! sign. Alternatively, one can
! x the sign structure, and encode the amplitudes in a NN to get a
trial wave function! amp. Clearly, the accuracy of! amp and ! sign
will depend on the relative complexity of learning amplitudes and
signs of the wave function coef! cients. We illustrate statement
(iv) with Fig.4, where we use overlap to compare the quality of
generalization of signs and amplitudes (using, again, 1% of the
basis for training). Upon increase ofJ2, one moves from a simple

ordered phase to frustrated regime where overlap drops sharply.
Although the generalization of both signs and amplitudes
becomes harder at the point of phase transitionJ2/J1 = 0.51, drop
in the sign curve is much larger, and at even higherJ2 the quality
of the learned states becomes too poor to approximate the target
wave function. At the same time, even deeply in the frustrated
regime generalization of amplitudes, given the exact sign struc-
ture, leads to a decent result. Moreover, generalization quality of
amplitudes does not drop abruptly when"train is decreased,
remaining non-zero on very small datasets (see Supplementary
Fig. 3). These observations suggest that it is indeed the sign part
of the wave function that becomes problematic for generalization
in frustrated region. One should keep in mind that dif! cult to
learn sign structure is not directly related to the famous Quantum
Monte Carlo sign problem. For example, Fig.2 shows that in
J2 ! 0 limit of J1! J2 model, networks have no trouble learning
the sign structure even though in̂#z basis, there is sign problem
since we are not applying MarshallÕs Sign Rule.

Larger clusters. So far we have been exemplifying our results on
24-spin clusters, and it is interesting to see whether the main
observations hold for larger Hilbert spaces as well. Most of the
computations that we performed can be repeated for lattices of
30 spins. Even bigger systems become too resource demanding
and require a more involved algorithm implementation. Never-
theless, for the square lattice of 36 spins (6-by-6), we managed to
compute dependency of generalization on the training dataset size
for several values ofJ2 !J1. For the detailed analysis of 30-spin
clusters we refer the reader to Supplementary Note 2. One can see
that all the conclusions remain validÑ behavior of the general-
ization quality as function ofJ2 !J1 is very similar to that for 24-
spin clusters, and the dependence on"train exhibits a sharp
transition.

What is especially interesting is that the critical size of the
training dataset required for non-zero generalization seems to
scale relatively slowly with the system size. In Fig.5, for the case
of the square lattice, we show the critical size of the training
dataset as a function of the Hilbert space dimensionK. It turns
out, that when one goes from 24 spins (K ! 2.7! 106) to 36 spins
(K ! 9 ! 109), it is suf! cient to increase the training dataset just by
a factor of 10. This gives us hope that reasonable generalization
quality can be achieved for even larger systems.

Discussion
In this paper, we have analyzed the ability of NNs to generalize
many-body quantum states from a small number of basis vectors
to the whole Hilbert space. The main observation we made is that
for all models we have considered, quality of generalization of the
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implementation of CNNs accounts for translational symmetry
(see Supplementary Note 1 for an in-depth explanation of used
NN architectures).

We believe that experiments of this kind would help to choose
proper architectures to be used in vMC methods such as SR. In
SR scheme, parameter updates are calculated using a small
(compared to the Hilbert space dimension) set of vectors sampled
from the probability distribution proportional to!! !2. This closely
resembles the way we choose our training dataset. Moreover, SR
does not optimize energy directly, rather at each iteration it tries
to maximize the overlap between the NQS!j i and the result of its
imaginary time evolution!1 " " tĤ#!j i . Hence, even though our
supervised learning scheme and SR differ drastically, their
ef! ciencies are strongly related. To make this correlation more
apparent, we have performed several vMC experiments for 24-
spin clusters. In the second row of Fig.2, we provide results of SR
simulations for different values ofJ2 !J1. One can see that the two
learning schemes follow very similar patterns.

Let us now turn to observation (iii). As we have already
mentioned, it is very important to distinguish the ability to
represent the data from generalization. In the context of NQS,
the former means that a NN is able to express complex
quantum states well if training was conducted in a perfect way.
For clusters of 24 spins we have trained the networks on the

entire ground state and found that expressibility of the ansŠtze
is not an issueÑ we could achieve overlaps above 0.94 for all
values ofJ2/J1 (dashed lines in the upper row of Fig.2). We
believe that this result holds true for larger clusters though we
could not verify this: for 30 spins (Hilbert space dimension
~1.5! 108) training the network on the entire set of basis
vectors is too resource demanding. However, high expressibility
does not automatically make a neural network useful if it
cannot generalize well. To makethe boundary more clear, we
study how generalization quality changes when size of the
training dataset is increased. Results for Kagome lattice are
shown in Fig.3. Interestingly, even in the frustrated regime
(J2 = 0.6) it is possible to generalize reasonably well from a
relatively small subset of the basis states, but the required#train
becomes substantially larger than in the magnetically ordered
phase. Most importantly, the ability of the NN to generalize
establishes in an abrupt manner contrary to more typical
smooth behavior observed in statistical models of learning47Ð49.
Another interesting feature is saturation of the overlap at large
#train which can be observed in larger systems (see Supplemen-
tary Figs. 5 and 7). In the system of 24 spins, it is hard to see
this plateau as it requires too large#train, such that all relevant
basis vectors end up in the training dataset, and overlap
computed on the rest of the basis is meaningless.
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Fig. 2 Optimization results for 24-site clusters obtained with supervised learning and stochastic recon! guration. Sub! guresaÐc were obtained using
supervised learning of the sign structure. Overlap of the variational wave function with the exact ground state is shown as function ofJ2" J1 for squarea,
triangularb, and Kagomec lattices. Overlap was computed on the test dataset (not included into training and validation datasets). Note that generalization
is poor in the frustrated regions (which are shaded on the plots). 1-layer dense, 2-layer dense, and convolutional neural network (CNN) architectures are
described in Supplementary Note 1. Sub! guresdÐf show overlap between the variational wave function optimized using Stochastic Recon! guration and the
exact ground state for square, triangular, and Kagome lattices, respectively. Variational wave function was represented by two two-layer dense networks. A
correlation between generalization quality and accuracy of the SR method is evident. On this! gure, as well as on all the subsequent ones (both in the main
text and Supplementary Notes 1 and 2), error bars represent standard error (SE) obtained by repeating simulations multiple times.
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implementation of CNNs accounts for translational symmetry
(see Supplementary Note 1 for an in-depth explanation of used
NN architectures).

We believe that experiments of this kind would help to choose
proper architectures to be used in vMC methods such as SR. In
SR scheme, parameter updates are calculated using a small
(compared to the Hilbert space dimension) set of vectors sampled
from the probability distribution proportional to!! !2. This closely
resembles the way we choose our training dataset. Moreover, SR
does not optimize energy directly, rather at each iteration it tries
to maximize the overlap between the NQS!j i and the result of its
imaginary time evolution!1 " " tĤ#!j i . Hence, even though our
supervised learning scheme and SR differ drastically, their
ef! ciencies are strongly related. To make this correlation more
apparent, we have performed several vMC experiments for 24-
spin clusters. In the second row of Fig.2, we provide results of SR
simulations for different values ofJ2 !J1. One can see that the two
learning schemes follow very similar patterns.

Let us now turn to observation (iii). As we have already
mentioned, it is very important to distinguish the ability to
represent the data from generalization. In the context of NQS,
the former means that a NN is able to express complex
quantum states well if training was conducted in a perfect way.
For clusters of 24 spins we have trained the networks on the

entire ground state and found that expressibility of the ansŠtze
is not an issueÑ we could achieve overlaps above 0.94 for all
values ofJ2/J1 (dashed lines in the upper row of Fig.2). We
believe that this result holds true for larger clusters though we
could not verify this: for 30 spins (Hilbert space dimension
~1.5! 108) training the network on the entire set of basis
vectors is too resource demanding. However, high expressibility
does not automatically make a neural network useful if it
cannot generalize well. To makethe boundary more clear, we
study how generalization quality changes when size of the
training dataset is increased. Results for Kagome lattice are
shown in Fig.3. Interestingly, even in the frustrated regime
(J2 = 0.6) it is possible to generalize reasonably well from a
relatively small subset of the basis states, but the required#train
becomes substantially larger than in the magnetically ordered
phase. Most importantly, the ability of the NN to generalize
establishes in an abrupt manner contrary to more typical
smooth behavior observed in statistical models of learning47Ð49.
Another interesting feature is saturation of the overlap at large
#train which can be observed in larger systems (see Supplemen-
tary Figs. 5 and 7). In the system of 24 spins, it is hard to see
this plateau as it requires too large#train, such that all relevant
basis vectors end up in the training dataset, and overlap
computed on the rest of the basis is meaningless.
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Fig. 2 Optimization results for 24-site clusters obtained with supervised learning and stochastic recon! guration. Sub! guresaÐc were obtained using
supervised learning of the sign structure. Overlap of the variational wave function with the exact ground state is shown as function ofJ2" J1 for squarea,
triangularb, and Kagomec lattices. Overlap was computed on the test dataset (not included into training and validation datasets). Note that generalization
is poor in the frustrated regions (which are shaded on the plots). 1-layer dense, 2-layer dense, and convolutional neural network (CNN) architectures are
described in Supplementary Note 1. Sub! guresdÐf show overlap between the variational wave function optimized using Stochastic Recon! guration and the
exact ground state for square, triangular, and Kagome lattices, respectively. Variational wave function was represented by two two-layer dense networks. A
correlation between generalization quality and accuracy of the SR method is evident. On this! gure, as well as on all the subsequent ones (both in the main
text and Supplementary Notes 1 and 2), error bars represent standard error (SE) obtained by repeating simulations multiple times.
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Generalization of amplitudes. In our discussion up to this point,
we concentrated entirely on the quality of generalization of the
wave function sign structure. One may wonder whether it is
indeed the signs rather than amplitudes, which are responsible for
the dif! culty of learning the wave function as a whole (this
possibility has been discussed in the context of state tomography
in ref. 2). To prove this statement, we conduct the following
analysis. In the context of learning, overlap between a trial wave
function and the target state can be used to characterize the
effectiveness of NNs in two different ways. First, one can! x the
amplitudes of the wave function and use a NN to learn the signs.
This produces a trial wave function! sign. Alternatively, one can
! x the sign structure, and encode the amplitudes in a NN to get a
trial wave function! amp. Clearly, the accuracy of! amp and ! sign
will depend on the relative complexity of learning amplitudes and
signs of the wave function coef! cients. We illustrate statement
(iv) with Fig.4, where we use overlap to compare the quality of
generalization of signs and amplitudes (using, again, 1% of the
basis for training). Upon increase ofJ2, one moves from a simple

ordered phase to frustrated regime where overlap drops sharply.
Although the generalization of both signs and amplitudes
becomes harder at the point of phase transitionJ2/J1 = 0.51, drop
in the sign curve is much larger, and at even higherJ2 the quality
of the learned states becomes too poor to approximate the target
wave function. At the same time, even deeply in the frustrated
regime generalization of amplitudes, given the exact sign struc-
ture, leads to a decent result. Moreover, generalization quality of
amplitudes does not drop abruptly when"train is decreased,
remaining non-zero on very small datasets (see Supplementary
Fig. 3). These observations suggest that it is indeed the sign part
of the wave function that becomes problematic for generalization
in frustrated region. One should keep in mind that dif! cult to
learn sign structure is not directly related to the famous Quantum
Monte Carlo sign problem. For example, Fig.2 shows that in
J2 ! 0 limit of J1! J2 model, networks have no trouble learning
the sign structure even though in̂#z basis, there is sign problem
since we are not applying MarshallÕs Sign Rule.

Larger clusters. So far we have been exemplifying our results on
24-spin clusters, and it is interesting to see whether the main
observations hold for larger Hilbert spaces as well. Most of the
computations that we performed can be repeated for lattices of
30 spins. Even bigger systems become too resource demanding
and require a more involved algorithm implementation. Never-
theless, for the square lattice of 36 spins (6-by-6), we managed to
compute dependency of generalization on the training dataset size
for several values ofJ2 !J1. For the detailed analysis of 30-spin
clusters we refer the reader to Supplementary Note 2. One can see
that all the conclusions remain validÑ behavior of the general-
ization quality as function ofJ2 !J1 is very similar to that for 24-
spin clusters, and the dependence on"train exhibits a sharp
transition.

What is especially interesting is that the critical size of the
training dataset required for non-zero generalization seems to
scale relatively slowly with the system size. In Fig.5, for the case
of the square lattice, we show the critical size of the training
dataset as a function of the Hilbert space dimensionK. It turns
out, that when one goes from 24 spins (K ! 2.7! 106) to 36 spins
(K ! 9 ! 109), it is suf! cient to increase the training dataset just by
a factor of 10. This gives us hope that reasonable generalization
quality can be achieved for even larger systems.

Discussion
In this paper, we have analyzed the ability of NNs to generalize
many-body quantum states from a small number of basis vectors
to the whole Hilbert space. The main observation we made is that
for all models we have considered, quality of generalization of the
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Fig. 4 Generalization of signs and amplitudes.We compare generalization
quality as measured by overlap for learning the sign structure (red circles)
and amplitude structure (green squares) for 24-site Kagome lattice for
two-layer dense architecture. Note that both curves decrease in the
frustrated region, but the sign structure is much harder to learn.
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Figure 1: The cost function value forn = 7 , 9, 11 qubits
and l = 5 layers as a function of training iteration for
four di! erent optimization dynamics. 8192 shots (sam-
ples) are used per required expectation value during op-
timization.

Figure 2: The cost function value forn = 9 qubits and
l = 3 , 4, 5, 6 layers as a function of training iteration for
four di! erent optimization dynamics. 8192 shots (sam-
ples) are used per required expectation value during op-
timization.

Furthermore, since every operator in Sl com-
mutes, this implies that the number of state
preparations is reduced from the naive counting
|Sl | = n(n + 1) / 2 to just a single measurement.

3 Numerical Experiments

In order to assess the performance of the Quan-
tum Natural Gradient optimizer, we present in
this section numerical experiments comparing the
analytical complexity of QNG, assuming ora-
cle access to local data including gradient and
Fubini-Study tensor information. These numer-
ical experiments suggest improved oracle com-
plexity compared to existing optimization tech-
niques such as vanilla gradient and Adam op-
timization. Although the oracle model of com-
plexity is unrealistic because it ignores the added
per-iteration complexity of querying the oracle,
we provide additional experiments in Sec.A.5 of
the supplementary material which demonstrate
that the advantage persists when optimizers are
compared in terms of both wall time and num-
ber of required quantum evaluations. These ex-
periments were performed with the open-source
quantum machine learning software library Pen-

nyLane [2, 31]. New functionality was added for
e! ciently computing the block-diagonal g(l )

ij and
diagonal gii approximations of the Fubini-Study
metric tensor for arbitrary n-qubit parametrized
quantum circuits on quantum hardware.

This process involves the following steps:

1. Represent the circuit as a directed
acyclic graph (DAG) . This allows the
parametrized layer structure to be program-
matically extracted. Gates which have no
dependence on each other (e.g., because they
act on di" erent wires) can be grouped to-
gether into the same layer.

2. Determine observables . For each layer
l consisting of m parameters, the genera-
tors K i for each parametrized gate are de-
termined, and a subcircuit preparing! l con-
structed.

3. Calculate the lth block of the Fubini-
Study metric tensor.

(a) Entire block : The unitary operation
which rotates ! l into the shared eigen-
basis of { K i |1 ! i ! m} " { K i K j |1 !
i, j ! m} is calculated and applied
to the subcircuit, and all qubits mea-
sured in the Pauli-Z basis. Classi-
cal post-processing is performed to de-
termine #! l |K i K j |! l $, #! l |K i |! l $, and
#! l |K j |! l $ for all 1 ! i, j ! m, and

subsequentlyg(l )
ij .

(b) Diagonal approximation : The vari-
ance #K 2

i $ % #K i $2 is computed for all
1 ! i ! m, and subsequently the
diagonal approximation to the block-
diagonal, g(l )

ii .

Thus, to evaluate the block-diagonal approx-
imation of the Fubini-Study metric tensor on
quantum hardware, a single quantum evaluation
is performed for each layer in the parametrized
quantum circuit. Finally, a Quantum Natural
Gradient optimizer was implemented in Penny-
Lane (see [35] for full source code). This opti-
mizer computes the block-diagonal metric tensor
g(" ) at each optimization step (L quantum eval-
uations), as well as the analytic gradient of the
objective function & L(" ) via the parameter shift
rule [25] (2d quantum evaluations), and updates
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Quantum Evaluations

Figure 3: The cost function value forn = 9 qubits and l = 3 , 4, 5, 6 layers as a function of training iteration
(top), wall time (middle), and number of quantum evaluations (bottom) for various optimization techniques; vanilla
gradient descent (blue), Adam (green), Adam modiÞed to use the natural gradient (orange), Nelder-Mead (purple),
COBYLA (cyan), the Quantum Natural Gradient (block-diagonal approximation) (red), and the Quantum Natural
Gradient (diagonal approximation) (black, dashed). 8192 shots (samples) are used per required expectation value
during optimization, with a learning rate of 0.01 where applicable.
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We introduce NetKet, a comprehensive open source framework for the study of many-body quan-
tum systems using machine learning techniques. The framework is built around a general and ßexible
implementation of neural-network quantum states, which are used as a variational ansatz for quan-
tum wavefunctions. NetKet provides algorithms for several key tasks in quantum many-body physics
and quantum technology, namely quantum state tomography, supervised learning from wavefunc-
tion data, and ground state searches for a wide range of customizable lattice models. Our aim is
to provide a common platform for open research and to stimulate the collaborative development of
computational methods at the interface of machine learning and many-body physics.

I. MOTIVATION AND SIGNIFICANCE

Recent years have seen a tremendous activity around
the development of physics-oriented numerical techniques
based on machine learning (ML) tools [1]. In the context
of many-body quantum physics, one of the main goals
of these approaches is to tackle complex quantum prob-
lems using compact representations of many-body states
based on artiÞcial neural networks. These representa-
tions, dubbed neural-network quantum states (NQS) [2],
can be used for several applications. In the supervised
learning setting, they can be used, e.g., to learn existing
quantum states for which a non-NQS representation is
available [3]. In the unsupervised setting, they can be
used to reconstruct complex quantum states from exper-
imental measurements, a task known as quantum state
tomography [4]. Finally, in the context of purely varia-
tional applications, NQS can be used to Þnd approximate
ground- and excited-state solutions of the Schr¬odinger
equation [2, 5Ð9], as well as to describe unitary [2, 10, 11]
and dissipative [12Ð15] many-body dynamics. Despite
the increasing methodological and theoretical interest in
NQS and their applications, a set of comprehensive, easy-
to-use tools for research applications is still lacking. This
is particularly pressing as the complexity of NQS-related

approaches and algorithms is expected to grow rapidly
given these Þrst successes, steepening the learning curve.

The goal of NetKet is to provide a set of primitives
and ßexible tools to ease the development of cutting-
edge ML applications for quantum many-body physics.
NetKet also wants to help bridge the gap between the lat-
est and technically demanding developments in the Þeld
and those scholars and students who approach the sub-
ject for the Þrst time. Pedagogical tutorials are provided
to this aim. Serving as a common platform for future re-
search, the NetKet project is meant to stimulate the open
and easy-to-certify development of new methods and to
provide a common set of tools to reproduce published
results.

A central philosophy of the NetKet framework is to
provide tools that are as simple as possible to use for
the end user. Given the huge popularity of the Python
programming language and of the many accompanying
tools gravitating around the Python ecosystem, we have
built NetKet as a full-ßedged Python library. This sim-
plicity of use however does not come at the expense of
performance. With this e! ciency requirement in mind,
all critical routines and components of NetKet have been
written in C++11.
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measurement apparatus of a quantum simulator to re-
duce the impact of intrinsic quantum noise (Fig. 1). Un-
supervised learning of single-qubit measurements is used
to train a generative neural network to capture the quan-
tum correlations of the state underlying the experimental
hardware. This could be an intermediate trial state for
variational quantum eigensolvers or a state generated by
quantum dynamics, for example. Once trained, the neu-
ral network can be used to perform direct measurements
of specialized observables, free of any quantum noise.

Despite overcoming the e! ect of intrinsic noise, our
neural-network quantum estimator is a! ected by a sys-
tematic uncertainty introduced by an imperfect neural-
network reconstruction. We investigate the tradeo! be-
tween these two sources of uncertainty for measurements
of quantum chemistry Hamiltonians, which notoriously
require large amount of statistics with standard tech-
niques [3]. For synthetic measurement data, we Þnd
a drastic reduction of several orders of magnitudes in
the amount of data required to reach chemical accuracy,
compared to standard Hamiltonian averaging techniques.
Furthermore, we show that our approach works on an ex-
perimental dataset measured on superconducting quan-
tum hardware, using an extremely low number of data
points. It is important to stress that the technique pre-
sented here does not required additional quantum re-
sources, opening new opportunities for hybrid classical-
quantum simulation on near-term hardware [21].

NEURAL-NETWORK ESTIMATORS

We examine the task of estimating the expectation
value of a generic observableO for a quantum state |! !
prepared by a quantum computer with N qubits. The op-
timal measurement scheme returns an average valueO "
#O! ! = #! |O|! ! and uncertainty ! =

!
VO /M , where

M is the number of data points and VO " # O2! ! $#O!2
!

is the sample variance.
Such direct measurement procedure requires data

points from the eigen-basis ofO, and it is typically not
feasible for specialized observable with the current hard-
ware design. In turn, by decomposing the observable as
the linear combination

O =
K"

k=1

ck Pk , Pk %{ ö1, ö" x , ö" y , ö" z } ! N , (1)

the expectation value can be reconstructed from indepen-
dent measurements of Pauli operatorsO =

#
k=1 ck Pk .

While this procedure allows measurement of generic ob-
servables from single-qubit data, it comes at the price

of a generally increased uncertainty! =
$ #

k c2
k VPk

/S ,

where S is now the number of measurement per Pauli
term. This intrinsic uncertainty, stemming from the sub-

BeH2
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M = 100k
<latexit sha1_base64="bw6VpPxfLiY1isvjqYn3AkKi12A=">AAACBHicbVC7SgNBFJ2Nr7i+Vi3TDIaAVdgJ8dEIARsbIYJJhGQJs5NJMmT2wcxdMSwpbPwVGwtFbP0IO//GSbKFJh64cDjnXu69x4+l0OC631ZuZXVtfSO/aW9t7+zuOfsHTR0livEGi2Sk7nyquRQhb4AAye9ixWngS97yR5dTv3XPlRZReAvjmHsBHYSiLxgFI3WdwvVFB/gDpMR1RxO7dFqdFz4hla5TdMvuDHiZkIwUUYZ61/nq9CKWBDwEJqnWbeLG4KVUgWCST+xOonlM2YgOeNvQkAZce+nsiQkuGaWH+5EyFQKeqb8nUhpoPQ580xlQGOpFbyr+57UT6J97qQjjBHjI5ov6icQQ4WkiuCcUZyDHhlCmhLkVsyFVlIHJzTYhkMWXl0mzUiZumdxUizWSxZFHBXSEjhFBZ6iGrlAdNRBDj+gZvaI368l6sd6tj3lrzspmDtEfWJ8//p2UYA==</latexit><latexit sha1_base64="bw6VpPxfLiY1isvjqYn3AkKi12A=">AAACBHicbVC7SgNBFJ2Nr7i+Vi3TDIaAVdgJ8dEIARsbIYJJhGQJs5NJMmT2wcxdMSwpbPwVGwtFbP0IO//GSbKFJh64cDjnXu69x4+l0OC631ZuZXVtfSO/aW9t7+zuOfsHTR0livEGi2Sk7nyquRQhb4AAye9ixWngS97yR5dTv3XPlRZReAvjmHsBHYSiLxgFI3WdwvVFB/gDpMR1RxO7dFqdFz4hla5TdMvuDHiZkIwUUYZ61/nq9CKWBDwEJqnWbeLG4KVUgWCST+xOonlM2YgOeNvQkAZce+nsiQkuGaWH+5EyFQKeqb8nUhpoPQ580xlQGOpFbyr+57UT6J97qQjjBHjI5ov6icQQ4WkiuCcUZyDHhlCmhLkVsyFVlIHJzTYhkMWXl0mzUiZumdxUizWSxZFHBXSEjhFBZ6iGrlAdNRBDj+gZvaI368l6sd6tj3lrzspmDtEfWJ8//p2UYA==</latexit><latexit sha1_base64="bw6VpPxfLiY1isvjqYn3AkKi12A=">AAACBHicbVC7SgNBFJ2Nr7i+Vi3TDIaAVdgJ8dEIARsbIYJJhGQJs5NJMmT2wcxdMSwpbPwVGwtFbP0IO//GSbKFJh64cDjnXu69x4+l0OC631ZuZXVtfSO/aW9t7+zuOfsHTR0livEGi2Sk7nyquRQhb4AAye9ixWngS97yR5dTv3XPlRZReAvjmHsBHYSiLxgFI3WdwvVFB/gDpMR1RxO7dFqdFz4hla5TdMvuDHiZkIwUUYZ61/nq9CKWBDwEJqnWbeLG4KVUgWCST+xOonlM2YgOeNvQkAZce+nsiQkuGaWH+5EyFQKeqb8nUhpoPQ580xlQGOpFbyr+57UT6J97qQjjBHjI5ov6icQQ4WkiuCcUZyDHhlCmhLkVsyFVlIHJzTYhkMWXl0mzUiZumdxUizWSxZFHBXSEjhFBZ6iGrlAdNRBDj+gZvaI368l6sd6tj3lrzspmDtEfWJ8//p2UYA==</latexit><latexit sha1_base64="bw6VpPxfLiY1isvjqYn3AkKi12A=">AAACBHicbVC7SgNBFJ2Nr7i+Vi3TDIaAVdgJ8dEIARsbIYJJhGQJs5NJMmT2wcxdMSwpbPwVGwtFbP0IO//GSbKFJh64cDjnXu69x4+l0OC631ZuZXVtfSO/aW9t7+zuOfsHTR0livEGi2Sk7nyquRQhb4AAye9ixWngS97yR5dTv3XPlRZReAvjmHsBHYSiLxgFI3WdwvVFB/gDpMR1RxO7dFqdFz4hla5TdMvuDHiZkIwUUYZ61/nq9CKWBDwEJqnWbeLG4KVUgWCST+xOonlM2YgOeNvQkAZce+nsiQkuGaWH+5EyFQKeqb8nUhpoPQ580xlQGOpFbyr+57UT6J97qQjjBHjI5ov6icQQ4WkiuCcUZyDHhlCmhLkVsyFVlIHJzTYhkMWXl0mzUiZumdxUizWSxZFHBXSEjhFBZ6iGrlAdNRBDj+gZvaI368l6sd6tj3lrzspmDtEfWJ8//p2UYA==</latexit>

R
<latexit sha1_base64="sUVLjIWlmisjLUllnGmzeb1OEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF4+t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeT8oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqGuMyA==</latexit><latexit sha1_base64="sUVLjIWlmisjLUllnGmzeb1OEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF4+t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeT8oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqGuMyA==</latexit><latexit sha1_base64="sUVLjIWlmisjLUllnGmzeb1OEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF4+t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeT8oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqGuMyA==</latexit><latexit sha1_base64="sUVLjIWlmisjLUllnGmzeb1OEQ8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoMeCF4+t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FipeT8oV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ3fsZlkhqUbLkoTAUxMZl/TYZcITNiagllittbCRtTRZmx2ZRsCN7qy+ukfVX13KrXrFXqtTyOIpzBOVyCB9dQhztoQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AqGuMyA==</latexit>

! E
<latexit sha1_base64="Vd2idiD8NmFd7TNfQux98A/A+NA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI9lgQwWMF+wFtKJvNpl262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7RT3t3bPzisHB23TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTjm5nfeeLaiEQ94CTlfkyHSkSCUbRStx9yiXRwO6hU3Zo7B1klXkGqUKA5qHz1w4RlMVfIJDWm57kp+jnVKJjk03I/MzylbEyHvGepojE3fj6/d0rOrRKSKNG2FJK5+nsip7ExkziwnTHFkVn2ZuJ/Xi/DqO7nQqUZcsUWi6JMEkzI7HkSCs0ZyokllGlhbyVsRDVlaCMq2xC85ZdXSfuy5rk17/6q2qgXcZTgFM7gAjy4hgbcQRNawEDCM7zCm/PovDjvzseidc0pZk7gD5zPH9Yyj8o=</latexit><latexit sha1_base64="Vd2idiD8NmFd7TNfQux98A/A+NA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI9lgQwWMF+wFtKJvNpl262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7RT3t3bPzisHB23TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTjm5nfeeLaiEQ94CTlfkyHSkSCUbRStx9yiXRwO6hU3Zo7B1klXkGqUKA5qHz1w4RlMVfIJDWm57kp+jnVKJjk03I/MzylbEyHvGepojE3fj6/d0rOrRKSKNG2FJK5+nsip7ExkziwnTHFkVn2ZuJ/Xi/DqO7nQqUZcsUWi6JMEkzI7HkSCs0ZyokllGlhbyVsRDVlaCMq2xC85ZdXSfuy5rk17/6q2qgXcZTgFM7gAjy4hgbcQRNawEDCM7zCm/PovDjvzseidc0pZk7gD5zPH9Yyj8o=</latexit><latexit sha1_base64="Vd2idiD8NmFd7TNfQux98A/A+NA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI9lgQwWMF+wFtKJvNpl262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7RT3t3bPzisHB23TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTjm5nfeeLaiEQ94CTlfkyHSkSCUbRStx9yiXRwO6hU3Zo7B1klXkGqUKA5qHz1w4RlMVfIJDWm57kp+jnVKJjk03I/MzylbEyHvGepojE3fj6/d0rOrRKSKNG2FJK5+nsip7ExkziwnTHFkVn2ZuJ/Xi/DqO7nQqUZcsUWi6JMEkzI7HkSCs0ZyokllGlhbyVsRDVlaCMq2xC85ZdXSfuy5rk17/6q2qgXcZTgFM7gAjy4hgbcQRNawEDCM7zCm/PovDjvzseidc0pZk7gD5zPH9Yyj8o=</latexit><latexit sha1_base64="Vd2idiD8NmFd7TNfQux98A/A+NA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI9lgQwWMF+wFtKJvNpl262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7RT3t3bPzisHB23TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTjm5nfeeLaiEQ94CTlfkyHSkSCUbRStx9yiXRwO6hU3Zo7B1klXkGqUKA5qHz1w4RlMVfIJDWm57kp+jnVKJjk03I/MzylbEyHvGepojE3fj6/d0rOrRKSKNG2FJK5+nsip7ExkziwnTHFkVn2ZuJ/Xi/DqO7nQqUZcsUWi6JMEkzI7HkSCs0ZyokllGlhbyVsRDVlaCMq2xC85ZdXSfuy5rk17/6q2qgXcZTgFM7gAjy4hgbcQRNawEDCM7zCm/PovDjvzseidc0pZk7gD5zPH9Yyj8o=</latexit>

! E
<latexit sha1_base64="Vd2idiD8NmFd7TNfQux98A/A+NA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI9lgQwWMF+wFtKJvNpl262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7RT3t3bPzisHB23TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTjm5nfeeLaiEQ94CTlfkyHSkSCUbRStx9yiXRwO6hU3Zo7B1klXkGqUKA5qHz1w4RlMVfIJDWm57kp+jnVKJjk03I/MzylbEyHvGepojE3fj6/d0rOrRKSKNG2FJK5+nsip7ExkziwnTHFkVn2ZuJ/Xi/DqO7nQqUZcsUWi6JMEkzI7HkSCs0ZyokllGlhbyVsRDVlaCMq2xC85ZdXSfuy5rk17/6q2qgXcZTgFM7gAjy4hgbcQRNawEDCM7zCm/PovDjvzseidc0pZk7gD5zPH9Yyj8o=</latexit><latexit sha1_base64="Vd2idiD8NmFd7TNfQux98A/A+NA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI9lgQwWMF+wFtKJvNpl262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7RT3t3bPzisHB23TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTjm5nfeeLaiEQ94CTlfkyHSkSCUbRStx9yiXRwO6hU3Zo7B1klXkGqUKA5qHz1w4RlMVfIJDWm57kp+jnVKJjk03I/MzylbEyHvGepojE3fj6/d0rOrRKSKNG2FJK5+nsip7ExkziwnTHFkVn2ZuJ/Xi/DqO7nQqUZcsUWi6JMEkzI7HkSCs0ZyokllGlhbyVsRDVlaCMq2xC85ZdXSfuy5rk17/6q2qgXcZTgFM7gAjy4hgbcQRNawEDCM7zCm/PovDjvzseidc0pZk7gD5zPH9Yyj8o=</latexit><latexit sha1_base64="Vd2idiD8NmFd7TNfQux98A/A+NA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI9lgQwWMF+wFtKJvNpl262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7RT3t3bPzisHB23TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTjm5nfeeLaiEQ94CTlfkyHSkSCUbRStx9yiXRwO6hU3Zo7B1klXkGqUKA5qHz1w4RlMVfIJDWm57kp+jnVKJjk03I/MzylbEyHvGepojE3fj6/d0rOrRKSKNG2FJK5+nsip7ExkziwnTHFkVn2ZuJ/Xi/DqO7nQqUZcsUWi6JMEkzI7HkSCs0ZyokllGlhbyVsRDVlaCMq2xC85ZdXSfuy5rk17/6q2qgXcZTgFM7gAjy4hgbcQRNawEDCM7zCm/PovDjvzseidc0pZk7gD5zPH9Yyj8o=</latexit><latexit sha1_base64="Vd2idiD8NmFd7TNfQux98A/A+NA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI9lgQwWMF+wFtKJvNpl262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7RT3t3bPzisHB23TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTjm5nfeeLaiEQ94CTlfkyHSkSCUbRStx9yiXRwO6hU3Zo7B1klXkGqUKA5qHz1w4RlMVfIJDWm57kp+jnVKJjk03I/MzylbEyHvGepojE3fj6/d0rOrRKSKNG2FJK5+nsip7ExkziwnTHFkVn2ZuJ/Xi/DqO7nQqUZcsUWi6JMEkzI7HkSCs0ZyokllGlhbyVsRDVlaCMq2xC85ZdXSfuy5rk17/6q2qgXcZTgFM7gAjy4hgbcQRNawEDCM7zCm/PovDjvzseidc0pZk7gD5zPH9Yyj8o=</latexit>

! E
<latexit sha1_base64="Vd2idiD8NmFd7TNfQux98A/A+NA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI9lgQwWMF+wFtKJvNpl262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7RT3t3bPzisHB23TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTjm5nfeeLaiEQ94CTlfkyHSkSCUbRStx9yiXRwO6hU3Zo7B1klXkGqUKA5qHz1w4RlMVfIJDWm57kp+jnVKJjk03I/MzylbEyHvGepojE3fj6/d0rOrRKSKNG2FJK5+nsip7ExkziwnTHFkVn2ZuJ/Xi/DqO7nQqUZcsUWi6JMEkzI7HkSCs0ZyokllGlhbyVsRDVlaCMq2xC85ZdXSfuy5rk17/6q2qgXcZTgFM7gAjy4hgbcQRNawEDCM7zCm/PovDjvzseidc0pZk7gD5zPH9Yyj8o=</latexit><latexit sha1_base64="Vd2idiD8NmFd7TNfQux98A/A+NA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI9lgQwWMF+wFtKJvNpl262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7RT3t3bPzisHB23TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTjm5nfeeLaiEQ94CTlfkyHSkSCUbRStx9yiXRwO6hU3Zo7B1klXkGqUKA5qHz1w4RlMVfIJDWm57kp+jnVKJjk03I/MzylbEyHvGepojE3fj6/d0rOrRKSKNG2FJK5+nsip7ExkziwnTHFkVn2ZuJ/Xi/DqO7nQqUZcsUWi6JMEkzI7HkSCs0ZyokllGlhbyVsRDVlaCMq2xC85ZdXSfuy5rk17/6q2qgXcZTgFM7gAjy4hgbcQRNawEDCM7zCm/PovDjvzseidc0pZk7gD5zPH9Yyj8o=</latexit><latexit sha1_base64="Vd2idiD8NmFd7TNfQux98A/A+NA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI9lgQwWMF+wFtKJvNpl262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7RT3t3bPzisHB23TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTjm5nfeeLaiEQ94CTlfkyHSkSCUbRStx9yiXRwO6hU3Zo7B1klXkGqUKA5qHz1w4RlMVfIJDWm57kp+jnVKJjk03I/MzylbEyHvGepojE3fj6/d0rOrRKSKNG2FJK5+nsip7ExkziwnTHFkVn2ZuJ/Xi/DqO7nQqUZcsUWi6JMEkzI7HkSCs0ZyokllGlhbyVsRDVlaCMq2xC85ZdXSfuy5rk17/6q2qgXcZTgFM7gAjy4hgbcQRNawEDCM7zCm/PovDjvzseidc0pZk7gD5zPH9Yyj8o=</latexit><latexit sha1_base64="Vd2idiD8NmFd7TNfQux98A/A+NA=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokI9lgQwWMF+wFtKJvNpl262cTdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXpFIYdN1vZ219Y3Nru7RT3t3bPzisHB23TZJpxlsskYnuBtRwKRRvoUDJu6nmNA4k7wTjm5nfeeLaiEQ94CTlfkyHSkSCUbRStx9yiXRwO6hU3Zo7B1klXkGqUKA5qHz1w4RlMVfIJDWm57kp+jnVKJjk03I/MzylbEyHvGepojE3fj6/d0rOrRKSKNG2FJK5+nsip7ExkziwnTHFkVn2ZuJ/Xi/DqO7nQqUZcsUWi6JMEkzI7HkSCs0ZyokllGlhbyVsRDVlaCMq2xC85ZdXSfuy5rk17/6q2qgXcZTgFM7gAjy4hgbcQRNawEDCM7zCm/PovDjvzseidc0pZk7gD5zPH9Yyj8o=</latexit>

R
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Figure 2. Reconstruction of the potential energy surface of
the BeH2 molecule. We show, for different data set sizes,
the comparison between the exact ground state energy E0

(lines) and the RBM reconstruction (markers). The standard
deviation for the averaging method is also shown (shaded).
In the insets, we show the deviation ! E = |E0�hĤ i ! | of the
RBM estimators from the exact energies.

optimal measurement scheme, can become particularly
severe for observables with a complicated decomposition.

In this work, we propose to overcome this limitation
by deploying unsupervised machine learning on single-
qubit data to obtain an approximate reconstruction of
the quantum state |! ! . First, we parametrize a generic
many-body wavefunction by an artiÞcial neural network.
In a given reference basis|! ! = |" z

1 , . . . , " z
N ! of the many-

body Hilbert space, the network provides a parametric
encoding of the amplitudes#! (! ) = #! |# ! ! into a set of
complex-valued weights" [14]. We speciÞcally chose to
employ the restricted Boltzmann machine (RBM) [22],
a generative neural network currently explored in many
applications in condensed matter physics and quantum
information [23, 24].

Given a dataset D of single-qubit projective measure-
ments, the network parameters" are properly optimized
via gradient descent to minimize the (statistical) distance
between the probability distribution underlying the data
and the corresponding RBM outcome probabilities [17].
We adopt the standard measure given by the Kullbach-
Leibler divergence

C! = $
1

M

"

" k " D

log |#! (! k )|2 , (2)
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Figure 4. Chemical accuracy probability. We compare the
probability p(! < " ) to obtain a final energy measurement
within chemical accuracy from the exact ground state energy
between the neural-network estimator and the quantum com-
puter (an upper bound to the latter is also shown for reference
with previous literature).

of statistical uncertainty of the Monte Carlo sampling. In
Fig. 3a we plot this variance for training datasets of in-
creasing size M . As expected, the variance decreases for
improved reconstructions, which requires a larger num-
ber M of training samples. We also compare with the
variance VE qc

of the measurement in the quantum com-
puter, showing a significant reduction.

Nest, we consider the e! ect of the systematic recon-
struction bias, and examine the probability distribution
of the measurement outcome. For the quantum com-
puter, this is simply a Gaussian distribution centered
the exact ground state energy E0 with standard devi-
ation ✏qc ! 1/

"
M . In order to understand the e! ect of

imperfect reconstruction and finite-size training datasets,
we train a collection of 100 RBMs on independent real-
izations of the measurement statistics, and build a his-
togram of the energy distribution. Here and in what
follow, we fix the amount of Monte Carlo samples to
n = 105. We show in Fig. 3b-c the comparison between
the quantum computer and neural-network distributions
for two di! erent number of measurements. We observe
that for su" ciently large M Fig. 3c the distribution of the
neural-network estimator becomes sharply peaked and
closer to the exact expectation value. We evaluate the
systematic bias ! E !

as the variance of the histogram
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Figure 5. Reconstruction of the energy profile of LiH from
experimental data generated by a superconducting quantum
hardware [26]. A subset of 5k data points has been used.

distribution, which we compare with the squared mea-
surement uncertainty ✏qc = VE qc

/M from the quantum
computer, observing a notable improvement.

In order to obtain a more quantitative estimation of the
improvement in measurement precision, we consider the
probability p(� < E) that a measurement E lies within
chemical accuracy, with � = |E0 # E| and E = 0 .0016. A
simple calculation leads to p(� < E) = Erf[E

q
M/2VE qc

]

for the quantum computer. For the neural-network esti-
mator, we independently re-sample each RBM and esti-
mate p(� < E) across the separate training realizations.
We show the results in Fig. 4, where we also include the
upper bound pMax obtained by setting VPk

= 1 , often
referenced in literature. In average, we observe a drastic
improvement up to more than two orders of magnitude
in the total measurements.

Finally, we show an instance of reconstruction for ex-
perimental data obtained by quantum states prepared
by variational quantum eigensolver. We consider the ap-
proximate ground state of the LiH molecule generated in
superconducting quantum hardware at di! erent geome-
tries [26]. [AM: more details?]. In Fig. 5 we plot the
energy profiles obtained using a total number of mea-
surements M = 5 $ 103. Similarly to the case of syn-
thetic data, the uncertainties in the neural-network esti-
mators are lower than the standard measurement scheme.
The discrepancies between the two profiles are due to
the pure state assumption, which is now violated by the
realistic quantum device. In order to fully capture the
mixing in the experimental quantum state, more sophis-
ticated neural-network reconstruction algorithms [27], as
well as error suppression techniques [28, 29], should be
employed.

CONCLUSIONS

In this work, we presented a novel approach to the
measurement problem in quantum computers and simu-
lators.
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