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Current approaches (non-intrusive methods): 
• Polynomial chaos, sparse grid quadratures, multi-level/multi-fidelity Monte Carlo, reduced 

order/surrogate models (POD, Gaussian processes, etc.)
• All face limitations in modeling high-dimensional stochastic systems.
• All require repeated evaluations of expensive simulators/experiments.

Goal of this work:
• Introduce a probabilistic deep learning framework for modeling stochastic systems that 

entirely bypasses the need for repeatedly sampling expensive experiments or numerical 
simulators.

p(u|x, t, z), z ⇠ p(z), such that ut +Nxu = 0.
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z ⇠ p(z)
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Physics-informed deep 
generative models:

Approach:
• Build deep generative models (GANs, VAEs, etc.) with physics-informed constraints.
• Develop robust statistical inference algorithms for approximating complex conditional 

distributions directly from noisy data.

Data-driven modeling of stochastic systems

p(u|x, t)
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Conditional deep generative models
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y = fθ(x, z)

z ⇠ p(z)

Latent space Physical space

x, u ⇠ q(x, u) = q(u|x)q(x)
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u = f✓(x, z)
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Key ingredients:
1. Density ratio estimation via probabilistic classification.
2. Joint distribution matching via adversarial inference 

with entropy regularization.
3. Physics-informed constraints for generating samples 

that approximately satisfy the underlying PDE.

p✓(u|x, t) =
Z

p✓(u, z|x, t)dz =

Z
p✓(u|x, t, z)p(z)dz
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u = f✓(x, t, z), z ⇠ p(z), such that ut +Nxu = 0
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Model:

KL[p✓(x, t,u)||q(x, t,u)]
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Training:



#1: Density ratio estimation via probabilistic classification

r(x) =
⇢(x)

q(x)

Estimating density ratios is a challenging task: 
• Each part of the ratio may itself involve intractable integrals
• We often deal with high-dimensional quantities.
• We may only have samples drawn from the two distributions, not their analytical forms.

The density ratio gives the correction factor 
needed to make two distributions equal.

This is where the density ratio trick enters: 
it allows us to construct a binary classifier
that distinguishes between samples from the 
two distributions.

a mechanism that is trying to balance the e↵ect of two competing objec-
tives. Specifically, maximization of the entropy term h(p✓(x, t,u))) encour-
ages p✓(x, t,u) to spread over its support set as wide, while the second in-
tegral term in equation 5 introduces a strong (negative) penalty when the
support of p✓(x, t,u) and q(x, t,u) do not overlap. Hence, the support of
p✓(x, t,u) is encouraged to spread only up to the point that Sp✓ \ Sqo = ;,
implying that Sp✓ ✓ Sqo . When Sp✓ ⇢ Sqo the pathological issue of “mode-
collapse” (commonly encountered in the training of generative adversarial
networks [30]) is manifested [35]. This issue is present if one seeks to directly
minimize the reverse Kullback-Leibler objective in equation 4 as this pro-
vides no control on the relative importance of the two terms. As discussed
in [34], we may rather minimize ��h(p✓(x, t,u)))�Ep✓(x,t,u)[log(q(x, t,u))],
with � � 1 to allow for control of how much emphasis is placed on mitigating
mode collapse. It is then clear that the entropic regularization introduced
by h(p✓(x, t,u))) provides an e↵ective mechanism for controlling and miti-
gating the e↵ect of mode collapse, and, therefore, potentially enhancing the
robustness adversarial inference procedures for learning p✓(x, t,u).

Minimization of equation 4 with respect to the generative model param-
eters ✓ presents two fundamental di�culties. First, the evaluation of both
distributions p✓(x, t,u) and q(x, t,u) typically involves intractable integrals
in high dimensions, and we may only have samples drawn from the two distri-
butions, not their explicit analytical forms. Second, the di↵erential entropy
term h(p✓(x, t,u))) is intractable as p✓(x, t,u)) is not known a-priori. In the
next sections we revisit the unsupervised formulation put forth in [34] and
derive a tractable inference procedure for learning p✓(x, t,u)) from scattered
observation pairs of u(x, t), namely {(xi, ti),ui}, i = 1, . . . , Nu.

2.3.1. Density ratio estimation by probabilistic classification
By definition, the computation of the Kullback-Leibler divergence in

equation 4 involves computing an expectation over a log-density ratio, i.e.

KL[p✓(x, t,u)||q(x, t,u)] := Ep✓(x,t,u)


log

✓
p✓(x, t,u)

q(x, t,u)

◆�
.

In general, given samples from two distributions, we can approximate their
density ratio by constructing a binary classifier that distinguishes between
samples from the two distributions. To this end, we assume that N data
points are drawn from p✓(x, t,u) and are assigned a label y = +1. Similarly,
we assume that N samples are drawn from q(x, t,u) and assigned label y =

7

�1. Consequently, we can write these probabilities in a conditional form,
namely

p✓(x, t,u) = ⇢(x, t,u|y = +1), q(x, t,u) = ⇢(x, t,u|y = �1),

where ⇢(x, t,u|y = +1) and ⇢(x, t,u|y = �1) are the class probabilities pre-
dicted by a binary classifier T (x, t,u). Using Bayes rule, it is then straight-
forward to show that the density ratio of p✓(x, t,u) and q(x, t,u) can be
computed as

p✓(x, t,u)

q(x, t,u)
=

⇢(x, t,u|y = +1)

⇢(x, t,u|y = �1)

=
⇢(y = +1|x, t,u)⇢(x, t,u)

⇢(y = +1)

�
⇢(y = �1|x, t,u)⇢(x, t,u)

⇢(y = �1)

=
⇢(y = +1|x, t,u)
⇢(y = �1|x, t,u) =

⇢(y = +1|x, t,u)
1� ⇢(y = +1|x, t,u)

=
T (x, t,u)

1� T (x, t,u)
. (6)

This simple procedure suggests that we can harness the power of deep neu-
ral network classifiers to obtain accurate estimates of the reverse Kullback-
Leibler divergence in equation 4 directly from data and without the need
to assume any specific parametrization for the generative model distribution
p✓(x, t,u).

2.3.2. Entropic regularization bound
Here we follow the derivation of Li et. al [34] to construct a computable

lower bound for the entropy h(p✓(x, t,u)). To this end, we start by consid-
ering random variables (x, t,u, z) under the joint distribution

p✓(x, t,u, z) = p✓(u,x, t|z)p(z) = p✓(u|x, t, z)p(x, t, z),

where p✓(u|x, t, z) = �(u� f✓(x, t, z)), and �(·) is the Dirac delta function.
The mutual information between (x, t,u) and z satisfies the information
theoretic identity

I(x, t,u; z) = h(x, t,u)� h(x, t,u|z) = h(z)� h(z|x, t,u),

8



• Physics-informed generative model : p(u|x, t, z), z ⇠ p(z), such that ut +Nxu = 0.
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KL[p✓(x, t,u)||q(x, t,u)] = �h(p✓(x, t,u)))� Ep✓(x,t,u)[log(q(x, t,u))]

= �h(p✓(x, t,u)))| {z }
spreads the support of p✓

�
Z

Sp✓\Sq

log(q(x, t,u))p✓(x, t,u)dxdtdu �
Z

Sp✓\So
q

log(q(x, t,u))p✓(x, t,u)dxdtdu

| {z }
penalizes non-overlaps of p✓ and q
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• We train the model via joint distribution matching by minimizing the reverse KL-divergence :
<latexit sha1_base64="3cWHchsKtFjhXomv+uH0jZKCh40="></latexit><latexit sha1_base64="3cWHchsKtFjhXomv+uH0jZKCh40="></latexit><latexit sha1_base64="3cWHchsKtFjhXomv+uH0jZKCh40="></latexit><latexit sha1_base64="3cWHchsKtFjhXomv+uH0jZKCh40="></latexit>

#2: Joint distribution matching

p✓(x, t,u) : Generative model distribution

q(x, t,u) : Empirical data distribution
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Sp✓ \ So
q = ;Sp✓ ✓ Sq

q(x, t,u)
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p✓(x, t,u)
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• Variational bound for the intractable entropy term :
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h(p✓(x, t,u)) = h(p(z))� h(p✓(z|x, t,u)) +⇠⇠⇠⇠⇠⇠⇠⇠:0
h(p✓(x, t,u|z))

= h(p(z)) + Ep✓(x,t,u,z)[log(p✓(z|x, t,u))]
= h(p(z)) + Ep✓(x,t,u,z)[log(q�(z|x, t,u))]
+ Ep✓(x,t,u)[KL[p✓(z|x, t,u)||q�(z|x, t,u)]]

� h(p(z)) + Ep✓(x,t,u,z)[log(q�(z|x, t,u))].
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Remarks:
• Flexible variational inference with implicit distributions, no mean field approximations.
• Explicit control over the pathology of mode-collapse in GANs.
• Approximate posterior inference over latent variables (not possible with GANs).
• Discovery of disentangled representations via cycle-consistency in latent space.



x

t
f

f = ut +N [u;�]

u

h(1)
1

h(1)
2

h(1)
3

h(1)
4

h(1)
5

h(1)
6

h(2)
1

h(2)
2

h(2)
3

h(2)
4

t

x

u(t,x)

r
<latexit sha1_base64="fmslwO+8006WPolFv3YpToWEc80=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWbC20oWy2k3bpbhJ2N0II/QVe9exNvPpzPPpP3LY52NYHA4/3ZpiZFySCa+O6305pY3Nre6e8W9nbPzg8qh6fdHScKoZtFotYdQOqUfAI24Ybgd1EIZWBwKdgcj/zn55RaR5HjyZL0Jd0FPGQM2qs1FKDas2tu3OQdeIVpAYFmoPqT38Ys1RiZJigWvc8NzF+TpXhTOC00k81JpRN6Ah7lkZUovbz+aFTcmGVIQljZSsyZK7+ncip1DqTge2U1Iz1qjcT//N6qQlv/ZxHSWowYotFYSqIicnsazLkCpkRmSWUKW5vJWxMFWXGZrO0JZBTm4m3msA66VzVPbfuta5rjbsinTKcwTlcggc30IAHaEIbGCC8wCu8OZnz7nw4n4vWklPMnMISnK9fgdeTjA==</latexit><latexit sha1_base64="fmslwO+8006WPolFv3YpToWEc80=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWbC20oWy2k3bpbhJ2N0II/QVe9exNvPpzPPpP3LY52NYHA4/3ZpiZFySCa+O6305pY3Nre6e8W9nbPzg8qh6fdHScKoZtFotYdQOqUfAI24Ybgd1EIZWBwKdgcj/zn55RaR5HjyZL0Jd0FPGQM2qs1FKDas2tu3OQdeIVpAYFmoPqT38Ys1RiZJigWvc8NzF+TpXhTOC00k81JpRN6Ah7lkZUovbz+aFTcmGVIQljZSsyZK7+ncip1DqTge2U1Iz1qjcT//N6qQlv/ZxHSWowYotFYSqIicnsazLkCpkRmSWUKW5vJWxMFWXGZrO0JZBTm4m3msA66VzVPbfuta5rjbsinTKcwTlcggc30IAHaEIbGCC8wCu8OZnz7nw4n4vWklPMnMISnK9fgdeTjA==</latexit><latexit sha1_base64="fmslwO+8006WPolFv3YpToWEc80=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWbC20oWy2k3bpbhJ2N0II/QVe9exNvPpzPPpP3LY52NYHA4/3ZpiZFySCa+O6305pY3Nre6e8W9nbPzg8qh6fdHScKoZtFotYdQOqUfAI24Ybgd1EIZWBwKdgcj/zn55RaR5HjyZL0Jd0FPGQM2qs1FKDas2tu3OQdeIVpAYFmoPqT38Ys1RiZJigWvc8NzF+TpXhTOC00k81JpRN6Ah7lkZUovbz+aFTcmGVIQljZSsyZK7+ncip1DqTge2U1Iz1qjcT//N6qQlv/ZxHSWowYotFYSqIicnsazLkCpkRmSWUKW5vJWxMFWXGZrO0JZBTm4m3msA66VzVPbfuta5rjbsinTKcwTlcggc30IAHaEIbGCC8wCu8OZnz7nw4n4vWklPMnMISnK9fgdeTjA==</latexit><latexit sha1_base64="fmslwO+8006WPolFv3YpToWEc80=">AAAB93icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cWbC20oWy2k3bpbhJ2N0II/QVe9exNvPpzPPpP3LY52NYHA4/3ZpiZFySCa+O6305pY3Nre6e8W9nbPzg8qh6fdHScKoZtFotYdQOqUfAI24Ybgd1EIZWBwKdgcj/zn55RaR5HjyZL0Jd0FPGQM2qs1FKDas2tu3OQdeIVpAYFmoPqT38Ys1RiZJigWvc8NzF+TpXhTOC00k81JpRN6Ah7lkZUovbz+aFTcmGVIQljZSsyZK7+ncip1DqTge2U1Iz1qjcT//N6qQlv/ZxHSWowYotFYSqIicnsazLkCpkRmSWUKW5vJWxMFWXGZrO0JZBTm4m3msA66VzVPbfuta5rjbsinTKcwTlcggc30IAHaEIbGCC8wCu8OZnz7nw4n4vWklPMnMISnK9fgdeTjA==</latexit>

#3: Physics-informed constraints
f✓(x, t) : Neural network

r✓(x, t) : Physics-informed neural network
<latexit sha1_base64="g6Q7BM1lnppPBKpY5G+oT5jBvY4="></latexit><latexit sha1_base64="g6Q7BM1lnppPBKpY5G+oT5jBvY4="></latexit><latexit sha1_base64="g6Q7BM1lnppPBKpY5G+oT5jBvY4="></latexit><latexit sha1_base64="g6Q7BM1lnppPBKpY5G+oT5jBvY4="></latexit>

(
[x, t]

f✓�! u(x, t)
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r✓�! @

@tf✓(x, t) +Nxf✓(x, t)
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Raissi, M., Perdikaris, P., & Karniadakis, G. E. (2019). Physics-informed neural networks: A deep 
learning framework for solving forward and inverse problems involving nonlinear partial differential 
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Automatic differentiation

LPDE(✓) :=
1

Nr

NrX

I=1

kr✓(x, t)� rik2
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Physics Informed Neural Networks

Conditional Generative Models

References

Joint Distribution Matching

Physics Informed Deep Generative Models

• No need for numerical discretization.

• E↵ective training on small data sets without over-fitting.

• Resulting predictions inherit the conservation, symmetries and invariances of the underlying physical laws.
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Uncertainty Propagation in Nonlinear PDEs

(b)(a)

Figure 3: Burgers equation: (a) Exact initial condition and noise-free training data (50

points). (b) Training data corresponding to a single realization of the non-additive noise

corruption process (100 points, generated by equation 21).

therefore amplifying the e↵ect of uncertainty on the shock formation. Here
the neural network architecture as well as the number and location of training
points have been kept fixed as described above, but the initial condition is
now corrupted as

u(x, 0) = � sin(⇡(x+ 2�)) + �, � =
✏

exp(3|x|) , ✏ ⇠ N(0, 0.12). (21)

The results of this experiment are summarized in figure 5. We observe that
the resulting generative model p✓(u|x, t, z) can e↵ectively capture the uncer-
tainty in the resulting spatio-temporal solution due to the propagation of the
input noise process through the complex non-linear dynamics of the Burg-
ers equation. As expected, the uncertainty concentrates around the shock.
Although we only plot the first two moments of the solution, we must empha-
size that the generative model p✓(u|x, t, z) provides a complete probabilistic
characterization of its non-Gaussian statistics.

In order to further investigate the performance of the proposed method-
ology for di↵erent parameter settings, we have performed a series of compre-
hensive systematic studies that aim to quantify the sensitivity of the resulting
predictions on: (i) the neural network initialization, (ii) the total number of
training and collocation points, (iii) the neural network architecture, and (iv)
the adversarial training procedure. The results of these systematic studies
are provided in Appendix A.
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Figure 3: Navier-Stokes equation: Top: Predicted versus exact instantaneous pressure

field p(t, x, y) at a representative time instant. By definition, the pressure can be recov-

ered up to a constant, hence justifying the di↵erent magnitude between the two plots.

This remarkable qualitative agreement highlights the ability of physics-informed neural
networks to identify the entire pressure field, despite the fact that no data on the pressure

are used during model training. Bottom: Correct partial di↵erential equation along with

the identified one obtained by learning �1, �2 and p(t, x, y).

tative pressure snapshot. Notice that the di↵erence in magnitude between
the exact and the predicted pressure is justified by the very nature of the
Navier-Stokes system, as the pressure field is only identifiable up to a con-
stant. This result of inferring a continuous quantity of interest from auxiliary
measurements by leveraging the underlying physics is a great example of the
enhanced capabilities that physics informed neural networks have to o↵er,
and highlights their potential in solving high-dimensional inverse problems.

Our approach so far assumes availability of scattered data throughout the
entire spatio-temporal domain. However, in many cases of practical interest,
one may only be able to observe the system at distinct time instants. In the
next section, we introduce a di↵erent approach that tackles the data-driven
discovery problem using only two data snapshots. We will see how, by lever-
aging the classical Runge-Kutta time-stepping schemes, one can construct
discrete time physics informed neural networks that can retain high predic-
tive accuracy even when the temporal gap between the data snapshots is

10

Figure 2: Navier-Stokes equation: Top: Incompressible flow and dynamic vortex shedding

past a circular cylinder at Re = 100. The spatio-temporal training data correspond to

the depicted rectangular region in the cylinder wake. Bottom: Locations of training data-

points for the the stream-wise and transverse velocity components, u(t, x, y) and v(t, x, t),
respectively.

the unknown parameters �1 and �2 with very high accuracy even when the
training data was corrupted with noise. Specifically, for the case of noise-
free training data, the error in estimating �1 and �2 is 0.078%, and 4.67%,
respectively. The predictions remain robust even when the training data are
corrupted with 1% uncorrelated Gaussian noise, returning an error of 0.17%,
and 5.70%, for �1 and �2, respectively.

A more intriguing result stems from the network’s ability to provide a
qualitatively accurate prediction of the entire pressure field p(t, x, y) in the
absence of any training data on the pressure itself. A visual comparison
against the exact pressure solution is presented in figure 3 for a represen-
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f✓(x, t, z) : Generator

T (x, t,u) : Discriminator

q�(z|x, t,u) : Inference model
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KL[p✓(x, t,u)||q(x, t,u)] = �h(p✓(x, t,u)))� Ep✓(x,t,u)[log(q(x, t,u))]

= �h(p✓(x, t,u)))| {z }
spreads the support of p✓

�
Z

Sp✓\Sq

log(q(x, t,u))p✓(x, t,u)dxdtdu �
Z

Sp✓\So
q

log(q(x, t,u))p✓(x, t,u)dxdtdu

| {z }
penalizes non-overlaps of p✓ and q
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• We train the model via joint distribution matching by minimizing the reverse KL-divergence :
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• Neural networks :
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LD( ) = Eq(x,t)p(z)[log �(T (x, t, f✓(x, t, z)))]+

Eq(x,t,u)[log(1� �(T (x, t,u)))]

LG(✓,�) = Eq(x,t)p(z)[T (x, t, f✓(x, t, z)) + (1� �) log(q�(z|x, t, f✓(x, t, z)))| {z }
entropic regularization

]
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• Adversarial training objectives :
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p✓(x, t,u) : Generative model distribution

q(x, t,u) : Empirical data distribution
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• Variational bound for the intractable entropy term :
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h(p✓(x, t,u)) = h(p(z))� h(p✓(z|x, t,u)) +⇠⇠⇠⇠⇠⇠⇠⇠:0
h(p✓(x, t,u|z))

= h(p(z)) + Ep✓(x,t,u,z)[log(p✓(z|x, t,u))]
= h(p(z)) + Ep✓(x,t,u,z)[log(q�(z|x, t,u))]
+ Ep✓(x,t,u)[KL[p✓(z|x, t,u)||q�(z|x, t,u)]]

� h(p(z)) + Ep✓(x,t,u,z)[log(q�(z|x, t,u))].
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f✓(x, t) : Neural network

r✓(x, t) : Physics-informed neural network
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physics-informed regularization
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Scattered data: {(xi, ti),ui}, i = 1, . . . , Nu

Collocation points: {(xi, ti), ri}, i = 1, . . . , Nr
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• The shared network parameters ✓ are trained using a regularized MSE loss :
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• Example: Data-driven prediction and discovery of fluid dynamics via the Navier-Stokes equation :
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• We construct deep neural networks that are constrained by partial di↵erential equations of the form :
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LD( )

min
✓,�

LG(✓,�) + �LPDE(✓),
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NsX
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f✓(x
⇤, t⇤, zi)

�2
u(x

⇤, t⇤) = Varp✓ [u|x⇤, t⇤, z] ⇡ 1
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NsX

i=1

[f✓(x
⇤, t⇤, zi)� µu(x
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• Predictions with quantified uncertainty via Monte Carlo sampling :
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• Physics-informed generative model : p(u|x, t, z), z ⇠ p(z), such that ut +Nxu = 0.
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• Conditional generative model : p(u|x, t) =
Z

p(u, z|x, t)dz =

Z
p(u|x, t, z)p(z|x, t)dz
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• Adversarial training objectives :
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Inputs
(deterministic)
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Outputs
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u = f✓(x, t, z), z ⇠ p(z) , u ⇠ p✓(u|x, t, z)
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z ⇠ p(z)
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u = f✓(x, t, z)
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x, t
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x, t,u ⇠ q(x, t,u) = q(u|x, t)q(x, t)
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z ⇠ p(z)
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ut +Nxu = 0
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p(u|x, t, z)
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(a) (b)

Figure 1: A pedagogical example: (a) Mean and two standard deviations of p✓(u|x, z)
against the exact solution for deterministic boundary data. (b) Mean and two standard

deviations of p✓(u|x, z) against the reference Monte Carlo solution for random boundary

data corresponding to 5% Gaussian uncorrelated noise.

(a) (b)

Figure 2: A pedagogical example: Predicted marginal densities against the reference Monte

Carlo solution. (a) p✓(u|x = �0.5, z). (b) p✓(u|x = +0.5, z).
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Random
boundary conditions

(�2 = 0.05)
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Deterministic
boundary conditions

(�2 = 0.0)
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• A pedagogical example: uxx � u2ux = �⇡2 sin(⇡x)� ⇡ cos(⇡x) sin2(⇡x), u(�1), u(1) ⇠ N (0,�2
nI)
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Comparison of marginals against
Monte Carlo sampling
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u(x, 0) = � sin(⇡(x+ 2�)) + �,

� =
✏

exp(3|x|) , ✏ ⇠ N(0, 0.12)
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Random initial condition:
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Code: https://github.com/PredictiveIntelligenceLab/UQPINNs
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• US Department of Energy, Advanced Scientific Computing Research program (grant DE-SC0019116).

• Defense Advanced Research Projects Agency under the Physics of Artificial Intelligence program.
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Corresponding author: Paris Perdikaris (pgp@seas.upenn.edu)
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Bayesian Deep Learning, NeurIPS 2018 Workshop, Friday December 7, 2018, Palais des Congrès de Montréal, Montréal, Canada

• We use feed-forward neural networks with 4 hidden layers with 50 neurons each and a hyperbolic tangent
activation function. The prior over the latent variables is chosen to be a one-dimensional isotropic Gaussian
distribution. The model is trained using stochastic gradient Adam updates with a learning rate of 10�4. The
training data-set comprises of Nu = 200 input/output pairs for u(x, t) – 100 points for the initial condition and
50 points for each of the domain boundaries – plus an additional Nr = 10, 000 collocation points for enforcing
the residual of the Burgers equation with � = 2.0 and � = 1.0.
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• Here we demonstrate the performance of the proposed methodology through the lens of a canonical

problem in transport dynamics modeled by the Burgers equation with appropriate initial and boundary

conditions. This equation arises in various areas of applied mathematics, including fluid mechanics,

nonlinear acoustics, gas dynamics, and tra�c flow.
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• We observe that the resulting generative model p✓(u|x, t, z) can e↵ectively capture the uncertainty
in the resulting spatio-temporal solution due to the propagation of the input noise process through the
complex non-linear dynamics of the Burgers equation. As expected, the uncertainty concentrates around
the shock discontinuity that the solution develops around t = 0.5.
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Burgers
equation
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>>>>:

ut + uux � ⌫uxx = 0,
u(0, x) = � sin(⇡x),
u(t,�1) = u(t, 1) = 0,
x 2 [�1, 1], t 2 [0, 1],
⌫ = 0.01/⇡
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• Despite a series of impressive results in canonical problems, Raissi et. al. [3] have also pointed out cases in
which the training of physics-informed neural networks faces severe di�culties for reasons that are currently
poorly understood.
• In lack of supporting theory on convergence and a-posteriori error estimation, this naturally poses the need
for for scalable algorithms for uncertainty quantification.
• In this work, we aim to put forth a class of probabilistic physics-informed neural networks that enables us
to propagate uncertainty through complex physical systems for which the cost of data acquisition is high and
training data-sets are typically small.
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Conditional generative models allow us to:

• Infer complex non-linear relationships between stochastic inputs and outputs.

• Approximate complex high-dimensional distributions.

• Handle complex noise processes and heteroscedastic likelihoods.

• Discover latent variables and low-dimensional embeddings.
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Adversarial inference for physics-informed deep generative models

• Generator and discriminator loss functions:

• Adversarial optimization:

(a) (b)

Figure A.10: Sensitivity with respect to the entropic regularization penalty parameter �:
(a) Manifestation of mode collapse for � = 1.0. Blue lines are exact samples from the
reference stochastic process, red lines are samples produced by the conditional generative
model. (b) Generator and discriminator loss values as a function of the number of training
iterations.

despite the fact that the model training dynamics seem to converge to a795

stable solution (see figure A.10(b)). This is also confirmed by the computed796

average discrepancy in KL-divergence which is roughly an order of magnitude797

larger compared to the regularized models with � > 1.0. We also observe798

that model predictions remain robust for all values � > 1.0, while our best799

results are typically obtained for � = 1.5 which is the value used throughout800

this paper (see figure A.9(b) for representative samples generated by the801

conditional generative model with � = 1.5).802

� 1.0 1.2 1.5 1.8 2.0 5.0
Reverse-KL 2.8e+00 2.2e-01 2.2e-01 4.2e-01 5.4e-01 3.4e-01

Table A.1: Sensitivity with respect to the entropic regularization penalty parameter �: Av-
erage reverse KL-divergence between the predicted and the ground truth one-dimensional
marginals in x 2 [0, 1] for di↵erent values of the entropic regularization penalty � in
equation 11.

Appendix A.2. Sensitivity with respect to the neural network architecture803

In this study we aim to quantify the sensitivity of our predictions with804

respect to the architecture of the neural networks that parametrize the gen-805

34

The results of this study are presented in table A.3 where we report the832

average reverse KL-divergence between the predicted data and the ground833

truth. These results reveal the high sensitivity of the training dynamics on834

the interplay between the generator and discriminator networks, and pinpoint835

the well known peculiarity of adversarial inference procedures which require836

a careful tuning of Kg and Kd for achieving stable performance in practice.837

Overall we observe that a one-to-three or one-to-five ratio of relative updates838

for the generator and discriminator, respectively, is the setting that typically839

works best in practice, although we must underline that this also depends840

on the capacity of the underlying neural network architectures as discussed841

in [74].842

Finally, figure A.11 depicts the convergence of the training algorithm for843

the case Kg = 1 and Kd = 5. According to [54], the theoretical optimal844

value of the discriminator loss is ln(4) = �2 ⇥ ln(0.5) = 1.384. As is shown845

in figure A.11, the losses oscillate at the very beginning of the training and846

quickly converge to the optimal value after approximately 2,000 iterations.847

Kg

Kd 1 3 5

1 9.2e-01 2.2e-01 2.4e-01
3 1.2e+00 8.5e-01 9.4e-01
5 4.3e+00 8.9e-01 5.9e+00

Table A.3: Sensitivity with respect to the adversarial training procedure: Average reverse
KL-divergence between the predicted data and the ground truth with di↵erent number
of relative updates between the generator and discriminator in each stochastic gradient
descent iteration.

36

Stochastic gradient descent dynamics

• Alternate stochastic gradient updates between 
the generator and the discriminator.

max
 

LD( )

min
✓,�

LG(✓,�) + �LPDE(✓),
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prior

LD( ) = Eq(x,t)p(z)[log �(T (x, t, f✓(x, t, z)))] + Eq(x,t,u)[log(1� �(T (x, t,u)))]

LG(✓,�) = Eq(x,t,u)p(z)[T (x, t, f✓(x, t, z)) + (1� �) log(q�(z|x, t, f✓(x, t, z)))]
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Joint Distribution Matching

Physics Informed Deep Generative Models

• No need for numerical discretization.

• E↵ective training on small data sets without over-fitting.

• Resulting predictions inherit the conservation, symmetries and invariances of the underlying physical laws.
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Figure 3: Burgers equation: (a) Exact initial condition and noise-free training data (50

points). (b) Training data corresponding to a single realization of the non-additive noise

corruption process (100 points, generated by equation 21).

therefore amplifying the e↵ect of uncertainty on the shock formation. Here
the neural network architecture as well as the number and location of training
points have been kept fixed as described above, but the initial condition is
now corrupted as

u(x, 0) = � sin(⇡(x+ 2�)) + �, � =
✏

exp(3|x|) , ✏ ⇠ N(0, 0.12). (21)

The results of this experiment are summarized in figure 5. We observe that
the resulting generative model p✓(u|x, t, z) can e↵ectively capture the uncer-
tainty in the resulting spatio-temporal solution due to the propagation of the
input noise process through the complex non-linear dynamics of the Burg-
ers equation. As expected, the uncertainty concentrates around the shock.
Although we only plot the first two moments of the solution, we must empha-
size that the generative model p✓(u|x, t, z) provides a complete probabilistic
characterization of its non-Gaussian statistics.

In order to further investigate the performance of the proposed method-
ology for di↵erent parameter settings, we have performed a series of compre-
hensive systematic studies that aim to quantify the sensitivity of the resulting
predictions on: (i) the neural network initialization, (ii) the total number of
training and collocation points, (iii) the neural network architecture, and (iv)
the adversarial training procedure. The results of these systematic studies
are provided in Appendix A.
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Figure 3: Navier-Stokes equation: Top: Predicted versus exact instantaneous pressure

field p(t, x, y) at a representative time instant. By definition, the pressure can be recov-

ered up to a constant, hence justifying the di↵erent magnitude between the two plots.

This remarkable qualitative agreement highlights the ability of physics-informed neural
networks to identify the entire pressure field, despite the fact that no data on the pressure

are used during model training. Bottom: Correct partial di↵erential equation along with

the identified one obtained by learning �1, �2 and p(t, x, y).

tative pressure snapshot. Notice that the di↵erence in magnitude between
the exact and the predicted pressure is justified by the very nature of the
Navier-Stokes system, as the pressure field is only identifiable up to a con-
stant. This result of inferring a continuous quantity of interest from auxiliary
measurements by leveraging the underlying physics is a great example of the
enhanced capabilities that physics informed neural networks have to o↵er,
and highlights their potential in solving high-dimensional inverse problems.

Our approach so far assumes availability of scattered data throughout the
entire spatio-temporal domain. However, in many cases of practical interest,
one may only be able to observe the system at distinct time instants. In the
next section, we introduce a di↵erent approach that tackles the data-driven
discovery problem using only two data snapshots. We will see how, by lever-
aging the classical Runge-Kutta time-stepping schemes, one can construct
discrete time physics informed neural networks that can retain high predic-
tive accuracy even when the temporal gap between the data snapshots is

10

Figure 2: Navier-Stokes equation: Top: Incompressible flow and dynamic vortex shedding

past a circular cylinder at Re = 100. The spatio-temporal training data correspond to

the depicted rectangular region in the cylinder wake. Bottom: Locations of training data-

points for the the stream-wise and transverse velocity components, u(t, x, y) and v(t, x, t),
respectively.

the unknown parameters �1 and �2 with very high accuracy even when the
training data was corrupted with noise. Specifically, for the case of noise-
free training data, the error in estimating �1 and �2 is 0.078%, and 4.67%,
respectively. The predictions remain robust even when the training data are
corrupted with 1% uncorrelated Gaussian noise, returning an error of 0.17%,
and 5.70%, for �1 and �2, respectively.

A more intriguing result stems from the network’s ability to provide a
qualitatively accurate prediction of the entire pressure field p(t, x, y) in the
absence of any training data on the pressure itself. A visual comparison
against the exact pressure solution is presented in figure 3 for a represen-
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f✓(x, t, z) : Generator

T (x, t,u) : Discriminator

q�(z|x, t,u) : Inference model
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KL[p✓(x, t,u)||q(x, t,u)] = �h(p✓(x, t,u)))� Ep✓(x,t,u)[log(q(x, t,u))]

= �h(p✓(x, t,u)))| {z }
spreads the support of p✓

�
Z

Sp✓\Sq

log(q(x, t,u))p✓(x, t,u)dxdtdu �
Z

Sp✓\So
q

log(q(x, t,u))p✓(x, t,u)dxdtdu

| {z }
penalizes non-overlaps of p✓ and q
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• We train the model via joint distribution matching by minimizing the reverse KL-divergence :
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• Neural networks :
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LD( ) = Eq(x,t)p(z)[log �(T (x, t, f✓(x, t, z)))]+

Eq(x,t,u)[log(1� �(T (x, t,u)))]

LG(✓,�) = Eq(x,t)p(z)[T (x, t, f✓(x, t, z)) + (1� �) log(q�(z|x, t, f✓(x, t, z)))| {z }
entropic regularization

]
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• Adversarial training objectives :
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q(x, t,u)
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p✓(x, t,u) : Generative model distribution

q(x, t,u) : Empirical data distribution
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• Variational bound for the intractable entropy term :
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h(p✓(x, t,u)) = h(p(z))� h(p✓(z|x, t,u)) +⇠⇠⇠⇠⇠⇠⇠⇠:0
h(p✓(x, t,u|z))

= h(p(z)) + Ep✓(x,t,u,z)[log(p✓(z|x, t,u))]
= h(p(z)) + Ep✓(x,t,u,z)[log(q�(z|x, t,u))]
+ Ep✓(x,t,u)[KL[p✓(z|x, t,u)||q�(z|x, t,u)]]

� h(p(z)) + Ep✓(x,t,u,z)[log(q�(z|x, t,u))].
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f✓(x, t) : Neural network

r✓(x, t) : Physics-informed neural network
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ut +Nxu = 0
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physics-informed regularization
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Scattered data: {(xi, ti),ui}, i = 1, . . . , Nu

Collocation points: {(xi, ti), ri}, i = 1, . . . , Nr
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• The shared network parameters ✓ are trained using a regularized MSE loss :
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• Example: Data-driven prediction and discovery of fluid dynamics via the Navier-Stokes equation :
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• We construct deep neural networks that are constrained by partial di↵erential equations of the form :
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• Predictions with quantified uncertainty via Monte Carlo sampling :
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• Physics-informed generative model : p(u|x, t, z), z ⇠ p(z), such that ut +Nxu = 0.
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• Conditional generative model : p(u|x, t) =
Z

p(u, z|x, t)dz =

Z
p(u|x, t, z)p(z|x, t)dz
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• Adversarial training objectives :
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Inputs
(deterministic)
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Outputs
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u = f✓(x, t, z), z ⇠ p(z) , u ⇠ p✓(u|x, t, z)
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z ⇠ p(z)
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u = f✓(x, t, z)
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x, t,u ⇠ q(x, t,u) = q(u|x, t)q(x, t)
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p(u|x, t, z)
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(a) (b)

Figure 1: A pedagogical example: (a) Mean and two standard deviations of p✓(u|x, z)
against the exact solution for deterministic boundary data. (b) Mean and two standard

deviations of p✓(u|x, z) against the reference Monte Carlo solution for random boundary

data corresponding to 5% Gaussian uncorrelated noise.

(a) (b)

Figure 2: A pedagogical example: Predicted marginal densities against the reference Monte

Carlo solution. (a) p✓(u|x = �0.5, z). (b) p✓(u|x = +0.5, z).
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Random
boundary conditions

(�2 = 0.05)
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Deterministic
boundary conditions

(�2 = 0.0)
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• A pedagogical example: uxx � u2ux = �⇡2 sin(⇡x)� ⇡ cos(⇡x) sin2(⇡x), u(�1), u(1) ⇠ N (0,�2
nI)
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Comparison of marginals against
Monte Carlo sampling
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u(x, 0) = � sin(⇡(x+ 2�)) + �,

� =
✏

exp(3|x|) , ✏ ⇠ N(0, 0.12)
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Random initial condition:
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Code: https://github.com/PredictiveIntelligenceLab/UQPINNs
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Bayesian Deep Learning, NeurIPS 2018 Workshop, Friday December 7, 2018, Palais des Congrès de Montréal, Montréal, Canada

• We use feed-forward neural networks with 4 hidden layers with 50 neurons each and a hyperbolic tangent
activation function. The prior over the latent variables is chosen to be a one-dimensional isotropic Gaussian
distribution. The model is trained using stochastic gradient Adam updates with a learning rate of 10�4. The
training data-set comprises of Nu = 200 input/output pairs for u(x, t) – 100 points for the initial condition and
50 points for each of the domain boundaries – plus an additional Nr = 10, 000 collocation points for enforcing
the residual of the Burgers equation with � = 2.0 and � = 1.0.
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• Here we demonstrate the performance of the proposed methodology through the lens of a canonical

problem in transport dynamics modeled by the Burgers equation with appropriate initial and boundary

conditions. This equation arises in various areas of applied mathematics, including fluid mechanics,

nonlinear acoustics, gas dynamics, and tra�c flow.
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• We observe that the resulting generative model p✓(u|x, t, z) can e↵ectively capture the uncertainty
in the resulting spatio-temporal solution due to the propagation of the input noise process through the
complex non-linear dynamics of the Burgers equation. As expected, the uncertainty concentrates around
the shock discontinuity that the solution develops around t = 0.5.
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Burgers
equation
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>>>><

>>>>:

ut + uux � ⌫uxx = 0,
u(0, x) = � sin(⇡x),
u(t,�1) = u(t, 1) = 0,
x 2 [�1, 1], t 2 [0, 1],
⌫ = 0.01/⇡
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• Despite a series of impressive results in canonical problems, Raissi et. al. [3] have also pointed out cases in
which the training of physics-informed neural networks faces severe di�culties for reasons that are currently
poorly understood.
• In lack of supporting theory on convergence and a-posteriori error estimation, this naturally poses the need
for for scalable algorithms for uncertainty quantification.
• In this work, we aim to put forth a class of probabilistic physics-informed neural networks that enables us
to propagate uncertainty through complex physical systems for which the cost of data acquisition is high and
training data-sets are typically small.
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Conditional generative models allow us to:

• Infer complex non-linear relationships between stochastic inputs and outputs.

• Approximate complex high-dimensional distributions.

• Handle complex noise processes and heteroscedastic likelihoods.

• Discover latent variables and low-dimensional embeddings.
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• PDE constraints:

• Optimal discriminator loss:

Yang, Y., & Perdikaris, P. (2019). Adversarial uncertainty quantification in 
physics-informed neural networks. Journal of Computational Physics.
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dinary di↵erential equation

uxx � u2ux = f(x), x 2 [�1, 1],

f(x) = �⇡2 sin(⇡x)� ⇡ cos(⇡x) sin2(⇡x),
(18)

subject to random boundary conditions u(�1), u(1) ⇠ N (0, �2
nI). For this

simple example, the deterministic solution corresponding to �2
n = 0 can be

readily obtained as u(x) = sin(⇡x). Given Nu observations of u(x) corre-
sponding to di↵erent realizations of the random boundary conditions our goal
is to obtain a probabilistic representation of the solution p✓(u|x, z) by train-
ing a physics-informed generative model of the form u = f✓(x, z), z ⇠ p(z)
that is constrained by equation 18. To this end, we introduce three deter-
ministic mappings parametrized by deep neural networks, namely f✓(x, z),
q�(x, u), and T (x, u) corresponding to the generator, encoder, and discrim-
inator functions introduced in section 2.3. By construction, we also obtain
a physics-informed neural network r✓(x) corresponding to the determinis-
tic residual of equation 18 that will be used to approximately enforce the
di↵erential equation constraint at a set of Nr = 100 randomly distributed
collocation points x 2 [�1, 1]. All neural networks were chosen to have two
hidden layers with 50 neurons in each layer, and a hyperbolic tangent acti-
vation function. Moreover, the dimensionality of the latent variables was set
to one, i.e. z = z, and we have assumed an isotropic standard normal prior,
namely p(z) ⇠ N (0, 1). As the training data for u(x) reflects the uncertainty
in the boundary conditions, the role of the latent variables z is to enable the
propagation of this uncertainty into the predicted solution obtained through
the generative model p✓(u|x, z).

Here we have considered two cases corresponding to deterministic and
random boundary conditions, namely (i) �2

n = 0 (i.e., noise-free data), and
(ii) �2

n = 0.05 (i.e., %5 Gaussian uncorrelated noise). In all cases, the training
data consists of Nu = 20 realizations for each boundary point, u(�1), u(1),
and a total of Nr = 100 collocation points for enforcing the residual of
equation 18. Our probabilistic predictions for this example are summarized in
figures 1 and 2. Specifically, figure 1(a) shows the generative model predictive
mean and two standard deviations, plotted against the exact solution of this
problem. Note that this case corresponds to deterministic training data for
the boundary conditions, hence the exact solution is deterministic, and the
prediction error here is measured as EL2 = 1.36 · 10�3 in the relative L2 norm
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Problem setup: 

Neural nets: Feed-forward with 2 hidden layers, 50 neurons, tanh() activation,  Adam optimizer.

Model setup and training data:
• 20 realizations at each boundary point
• 100 collocation points for enforcing 

the PDE residual
• � = 1.5,� = 1.0
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A pedagogical example

�2
n = 0.0
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(deterministic case) �2
n = 0.05
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(stochastic case)

Yang, Y., & Perdikaris, P. (2019). Adversarial uncertainty quantification in physics-informed neural networks. Journal of Computational Physics.



A pedagogical example
Sensitivity wrt �,�
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Mode-collapse for � = 1.0
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�
�

1.0 1.5 2.0 5.0

0 5.0e+05 7.5e+01 6.0e+01 4.4e+01
1.0 3.3e+02 1.8e-01 2.9e-01 2.0e-01
2.0 2.1e+02 1.7e-01 5.0e-02 1.2e-01
5.0 3.5e+01 1.8e-01 1.9e-01 1.1e-01

Table 1: Average reverse KL-divergence between the predicted data and the ground truth

with parameters � and � on the ODE example.

generator should be the same. Thus, zero variance. Is the (small) non-zero
variance around the mean a result of training with only Nu = 20?
As our method is based on the assumption of finite number of accessible data.
The uncertainty still exist when there is no noise on the boundary is because
of the number of data we use. If the increase the number of training data on
the boundary, the uncertainty will become much smaller. But in reality, we
cannot get access to infinite number of data. That is why we still have the
uncertainty shown in the fig.1 (a). We have 20 points on each boundary. So
the total number should be Nu = 40.

(13) p.16, Eq.(19): Is the predicted mean computed with the expression
in Eq.(16)? If yes, what is the value of Ns?
Ns is the number of positions where you want to do inference and predict
the function value out of the model.

(14) p.17, 1.409-410: If you have nonzero viscosity you cannot have a true
shock, only a very steep but never infinite gradient.

(15) p.22, 1.514-516: Is 5% considered heavy corruption?
With respect to identifying the physical relation this noise level is not small.
Because the noise is propagated through out the nonlinear partial di↵erential
equation. It is hard to estimate what kind of error would we get through
out the PDEs. In the problem setup, we assume K(u) is only depending on
u which means the nonlinear relation between K and u can be complicated
and break down the physical law with 5% noise level in the data.

(16) p.22, 1.518-519: What about the relative error? Is it much larger
than 5%?
The error is propagated through a nonlinear di↵erential equation from u to p.
In this case, it is hard to say what level of error would we get for the physical
relation. Thus, it is not comparable for the uncertainty we get through our

4

Ep(x){KL[p✓(u|x)||q(u|x)]}
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(b)(a)

Figure 3: Burgers equation: (a) Exact initial condition and noise-free training data (50

points). (b) Training data corresponding to a single realization of the non-additive noise

corruption process (100 points, generated by equation 21).

therefore amplifying the e↵ect of uncertainty on the shock formation. Here
the neural network architecture as well as the number and location of training
points have been kept fixed as described above, but the initial condition is
now corrupted as

u(x, 0) = � sin(⇡(x+ 2�)) + �, � =
✏

exp(3|x|) , ✏ ⇠ N(0, 0.12). (21)

The results of this experiment are summarized in figure 5. We observe that
the resulting generative model p✓(u|x, t, z) can e↵ectively capture the uncer-
tainty in the resulting spatio-temporal solution due to the propagation of the
input noise process through the complex non-linear dynamics of the Burg-
ers equation. As expected, the uncertainty concentrates around the shock.
Although we only plot the first two moments of the solution, we must empha-
size that the generative model p✓(u|x, t, z) provides a complete probabilistic
characterization of its non-Gaussian statistics.

In order to further investigate the performance of the proposed method-
ology for di↵erent parameter settings, we have performed a series of compre-
hensive systematic studies that aim to quantify the sensitivity of the resulting
predictions on: (i) the neural network initialization, (ii) the total number of
training and collocation points, (iii) the neural network architecture, and (iv)
the adversarial training procedure. The results of these systematic studies
are provided in Appendix A.

18

Burgers
equation
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8
>>>><

>>>>:

ut + uux � ⌫uxx = 0,
u(0, x) = � sin(⇡x),
u(t,�1) = u(t, 1) = 0,
x 2 [�1, 1], t 2 [0, 1],
⌫ = 0.01/⇡
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Figure 5: Burgers equation with noisy data: Top: Mean of p✓(u|x, t, z), along with the

location of the training data {(xi, ti), ui}, i = 1, . . . , Nu. Middle: Prediction and predictive

uncertainty at t = 0.25, t = 0.5 and t = 0.75. Bottom: Variance of p✓(u|x, t, z).
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u(x, 0) = � sin(⇡(x+ 2�)) + �,

� =
✏

exp(3|x|) , ✏ ⇠ N(0, 0.12)
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Random initial condition:
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Uncertainty propagation in nonlinear conservation laws 
Problem setup: 

Model setup and training data:
• 100 scattered measurements from a 

random initial condition
• 10,000 collocation points for 

enforcing the PDE residual
• � = 1.5,� = 1.0
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Neural nets: Feed-forward with 4 hidden layers, 50 
neurons, tanh() activation,  Adam optimizer.



Quantification of posterior uncertainty in deep learning

{

f(x)

x

f(x)

x

y = gw(x) + ϵ, ϵ ∼ N (0, γ−1),

p(y|x, w, γ) =
N∏

i=1

N (yi|gw(xi), γ
−1),

p(w|λ) = N (w|0,λ−1),

p(γ) = Gam(γ|5, 5),
p(λ) = Gam(γ|5, 5),

Posterior inference setup:

Synthetic noisy data: y = 2 sin(2πx) + 8 sin(πx) + 0.5 sin(16πx) + ϵ, x ∈ [−1, 1], ϵ ∼ N (0, 0.3)

z

θ := {w,λ, γ}
θ = fφ(z), z ∼ p(z)

θ ∼ p(θ|D), D := {x,y}

θ

fφ

⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩

gw

x y

Probabilistic model setup:

…or learning to sample the posterior of Bayesian neural networks, with neural networks!



x, t
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ut +Nxu = 0
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p(u|x, t, z), z ⇠ p(z), such that ut +Nxu = 0.
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z ⇠ p(z)
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Physics-informed deep 
generative models:

p(u|x, t)
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Advantages:
• Approximate arbitrarily complex and high-dimensional probability distributions.
• Bypasses the need for repeatedly sampling expensive experiments or numerical simulators.
• Encourage generative models to produce samples that satisfy PDEs.
• Avoid over-simplifying approximations (e.g. mean-field variational inference).
• Enables general and flexible schemes for statistical inference

Caveats:
• Adversarial models requires careful tuning.
• Theoretical asymptotic behavior is hard to be achieved in practice.

Summary

Yang, Y., & Perdikaris, P. (2019). Adversarial uncertainty quantification in physics-informed neural networks. Journal of Computational Physics.
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Code: https://github.com/PredictiveIntelligenceLab/UQPINNs
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