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We have performed the first measurement of elliptic flow (v2) fluctuations in nucleus-

nucleus collisions. In this paper, we describe the analysis method we have developed for
this measurement. In this method, v2 is determined event-by-event by a maximum like-

lihood fit. The non-statistical fluctuations are determined by unfolding the contribution
of statistical fluctuations and detector effects using Monte Carlo simulations. Applica-
tion of this method to measure dynamical fluctuations in events from a different Monte

Carlo event generator is presented.

1. Introduction

Elliptic flow (v2) is one of the key observables in the understanding of the dynamics
heavy ion collisions. The recent measurement of elliptic flow fluctuations,1 a pre-
liminary version of which was presented at the Quark Matter 2006 Conference,2

has provided qualitatively new information on the initial conditions of heavy ion
collisions and the subsequent collective expansion of the system. In this paper, we
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discuss the analysis method developed to perform this measurement with the PHO-
BOS detector. The method was first introduced in a workshop on correlations and
fluctuations.3 In this paper, we will discuss some improvements in the method and
the estimation of the systematic uncertainty and present a test of the whole analysis
procedure on simulated AMPT4 events.

2. Method

In the analysis presented, an estimate of v2 is made event-by-event via a maximum-
likelihood fit to the hit distribution on the PHOBOS multiplicity array. The re-
sponse function of the event-by-event measurement, containing the contribution of
statistical fluctuations and detector effects is calculated using simulations of MC
events from the HIJING5 event generator. Non-statistical fluctuations in data are
extracted by unfolding the response function from the distribution of the event-by-
event measurement.

2.1. Event-By-Event Measurement

The PHOBOS detector is composed primarily of silicon pad detectors for tracking,
vertex reconstruction, and multiplicity measurements. Details of the setup and the
layout of the silicon sensors can be found elsewhere.6 Key elements of the detector
used in this analysis include the silicon vertex detector (VTX), the silicon octagon
multiplicity detector (OCT), three annular silicon multiplicity detectors to either
side of the collision point (RING), and two sets of scintillating paddle counters for
characterizing collision centrality. The PHOBOS multiplicity array (VTX, OCT
and RING) covers a large fraction of the full solid angle. At midrapidity, the vertex
detector and the octagonal multiplicity detector have different pad sizes and the
acceptance in azimuth is not complete. The event-by-event measurement method
has been developed to use all the available information from the multiplicity array to
measure a single value of the event elliptic flow, while allowing an efficient correction
for the non-uniformities in the acceptance.

The maximum likelihood method was applied for this purpose. We parametrize
the pseudorapidity dependence, v2(η), with a single parameter, V2 ≡ v2(0),
and a triangular or trapezoidal shape, given by vtri

2 (η) = V2 (1− |η|
6 ), or

vtrap
2 (η) =

{
V2 if |η|<2
3
2 vtri

2 (η) if |η|≥2
, respectively. These functions describe the main features

of the pseudorapidity dependence of v2 over a range of centralities.7 Taking into
account correlations only due to elliptic flow, the probability of a particle with given
pseudorapidity, η, to be emitted in the azimuthal angle, φ, in an event with elliptic
flow magnitude, V2, and event-plane angle φ0 is given by

p(φ|V2, φ0; η) =
1
2π

{1 + 2v2(η) cos (2 [φ− φ0])} . (1)

At the points where charged tracks passed through an active silicon detector, energy
is deposited in the form of ionization. A pad where energy is deposited is said to be
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a “hit”.8 We define the probability density function (PDF) for a hit position (η, φ)
for an event with V2 and event-plane angle φ0 as

P (φ|V2, φ0; η) =
1

s(V2, φ0; η)
p(φ|V2, φ0; η), (2)

where the normalization parameter s(V2, φ0; η) is calculated in small bins of η

such that the PDF folded with the acceptance, A(η′, φ), is properly normalized for
different values of V2 and φ0:

s(V2, φ0; η) =
∫ η+∆η

η−∆η

A(η′, φ)p(φ|V2, φ0; η),dφdη′. (3)

For a single event, the likelihood function of V2 and φ0 is defined as L(V2, φ0) ≡∏n
i=1 P (φi|V2, φ0; ηi), where the product is over all n hits in the detector. The

likelihood function describes the probability of observing the hits in the event for
the given values of the parameters V2 and φ0. Maximizing L(V2, φ0) as a function
of V2 and φ0 allows us to measure Vobs

2 event-by-event.

2.2. The Response Function

The response of the event-by-event measurement is non-linear and depends on the
observed multiplicity n. Therefore, a detailed study of the response function is re-
quired to extract the true V2 distribution from the measured Vobs

2 distribution. Let
f(V2) be the true V2 distribution for a set of events in a given centrality bin, and
g(Vobs

2 ) the corresponding observed distribution. The true and observed distribu-
tions are related by

g(Vobs
2 ) =

∫
K(Vobs

2 , V2, n) f(V2) dV2 N(n) dn, (4)

where N(n) is the multiplicity distribution of the given set of events and
K(Vobs

2 , V2, n) is the expected distribution of Vobs
2 for events with fixed input flow

V2, and constant observed multiplicity n.
The response function, K(Vobs

2 , V2, n), is determined by performing the event-
by-event analysis on modified HIJING5 events with flow of fixed magnitude V2. The
flow is introduced by redistributing the generated particles in each event in the φ

direction according to the probability distribution given by Eq. 1. These modified
events are run through GEANT9 to simulate the PHOBOS detector response. For
the two parameterizations of v2(η), triangular and trapezoidal, used in the event-
by-event measurement, the corresponding response functions, Ktri and Ktrap, are
calculated. Fitting smooth functions through the observed response functions de-
creases bin-to-bin fluctuations and allows for interpolation in V2 and n. The re-
sponse of a perfect detector has been determined as a function of event multiplicity
by Ollitrault.10 In practice, some empirical modifications to the ideal relation, ac-
counting for the detector effects, significantly improve fits to the response function,
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leading to

K(Vobs
2 , V2, n) =

Vobs
2

σ2
exp

(
−
(
Vobs

2

)2 +
(
Vmod

2

)2
2σ2

)
I0

(
−Vobs

2 Vmod
2

σ2

)
, (5)

with Vmod
2 = (A n + B)V2 and σ = C/

√
n + D, and where I0 is the modified

Bessel function. The four parameters (A,B, C, D) are obtained by fits to observed
K(Vobs

2 , V2, n) in the modified HIJING samples.

2.3. Calculation of Dynamical Fluctuations

The true event-by-event V2 distribution, f(V2), is assumed to be a Gaussian in the
range V2 > 0, with two parameters, mean (V̄2) and standard deviation (σV2). For
given values of the parameters, it is possible to take the integral in Eq. 4 numerically
to obtain the expected Vobs

2 distribution. Comparing the expected and observed
distributions, the values of V̄2 and σV2 are found by a maximum-likelihood fit.
Midrapidity (|η|<1) results from the two parameterizations of v2(η), triangular and
trapezoidal, are averaged as 〈v2〉 = 0.5( 11

12 V̄
tri
2 + V̄

trap
2 ) and σv2 = 0.5( 11

12σtri
V2

+σtrap
V2

),
where the factor 11

12 comes from integration over η.
The induced v2 fluctuations arising from fluctuations in the number of par-

ticipating nucleons are calculated by parameterizing the 〈v2〉 versus Npart results
and folding them with the Npart distributions in each centrality bin. The relative
contribution of these fluctuations to σv2 is found to be less than 8% in real data.

2.4. Determination of the Systematic Uncertainty

Systematic errors have been investigated in three main classes: variations to the
event-by-event analysis, response of the measurement to known input σv2 , and
intrinsic differences between HIJING events and data.

Various modifications to the event-by-event analysis have been applied. Correc-
tions, used in the hit-based event-plane analysis,8,11 to account for signal dilution
due to detector occupancy and to create an appropriately symmetric acceptance
have been applied to both HIJING and data events. Hit definitions have been varied.
These changes lead to at most 4% variations in the observed relative fluctuations
demonstrating a good understanding of the response function.

The determination of the response function and the final fitting procedure have
been studied by performing the analysis on sets of modified HIJING events with
varying input σv2 . Differences between input and reconstructed σv2 are identified
as a contribution to the systematic uncertainty. The sensitivity of the measurement
is observed to be limited for very low 〈v2〉 values. Therefore the 0-6% most central
events, where the reconstructed 〈v2〉 is below 3%, have been omitted.

Differences between HIJING and data in terms of dN/dη, v2(η) and particle
correlations other than flow (non-flow correlations) can, in principle, lead to a mis-
calculation of the response function. A sample of MC events has been generated, in
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Fig. 1. 〈v2〉 (top) and σv2 (bottom)
versus Npart for Au+Au collisions at√

sNN = 200 GeV generated with AMPT.
Filled symbols show reconstructed results

from detector simulations. The band

shows 90% confidence level systematic er-
rors. Open symbols show results recon-

structed from the generated primary par-

ticles.

Fig. 2. σv2/〈v2〉 versus Npart for Au+Au
collisions at

√
sNN = 200 GeV gener-

ated with AMPT. Filled symbols show
reconstructed results from detector sim-

ulations. The band shows 90% confidence

level systematic errors. Open symbols
show results reconstructed from the gen-

erated primary particles.

which the dN/dη distribution of HIJING events is widened by a simple scaling to
match the measurements in data within the errors.12 The difference between results
obtained with and without this modification, as well as the difference between re-
sults with two different parameterizations of v2(η) are identified as contributions to
the systematic uncertainty. The non-flow correlation strength in HIJING was found
to be of comparable magnitude to the observed strength in data.13 A different set
of MC events has been generated, in which the flow is introduced by shifting the
particle momenta in the azimuthal direction, preserving other correlations. Differ-
ences between the results obtained with these MC events, to the results obtained
using MC events with only flow correlations, are identified as another contribution
to the systematic uncertainty.

Other systematic studies include using a flat, rather than Gaussian, ansatz for
the true V2 distribution, f(V2), and performing the analysis in different collision
vertex and event-plane angle bins. The uncertainty in the contribution of Npart

induced fluctuations has also been estimated via different parameterizations of the
〈v2〉 versus Npart results. Contributions from all error sources described above are
added in quadrature to derive the 90% confidence level error.

3. Verification of the Complete Analysis Chain

The whole analysis procedure is tested using simulated AMPT4 events as “data”.
The Fig. 1 shows the mean, 〈v2〉, and the standard deviation, σv2 , of the elliptic flow
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parameter v2 at midrapidity as a function of the number of participating nucleons,
in AMPT Au+Au events at √sNN = 200 GeV for 6–45% most central events. Since
the information about the generated v2 in AMPT events is not readily available,
the true 〈v2〉 and σv2 were extracted from a mixed-event analysis based on the true
particle information. The systematic uncertainty in the measurement on the AMPT
events was estimated similar to the way it is estimated on real data. The induced
v2 fluctuations due to fluctuations in Npart and due to non-flow correlations was
not calculated in AMPT since these effects would show in the measurements both
on the true particles and the simulations which are compared. The results from the
analysis on simulations are observed to be in good agreement with the input.

The uncertainties in dN/dη and v2(η), as well as differences between HIJING
and the data (in this case AMPT) in these quantities, introduce a large uncertainty
in the overall scale in the event-by-event analysis due to the averaging procedure
over the wide pseudorapidity range. Most of the scale errors cancel in the ratio,
σv2/〈v2〉. These “relative flow fluctuations” are shown in Fig. 2 as a function of the
number of participating nucleons for AMPT. These results are also observed to be
in good agreement with the input MC values also shown in Fig. 2.

In summary, we have discussed the analysis method we have used to measure
elliptic flow fluctuations.1 We have demonstrated that the method gives accurate
results within the estimated uncertainty on MC events of a different generator
(AMPT) from the one used to calculate the measurement response (HIJING).
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0245011, by Polish KBN grant 1-P03B-062-27(2004-2007), by NSC of Taiwan Con-
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