
Lecture Lecture 22:  Scale Evolution :  Scale Evolution 
and Form Factorsand Form Factors

Xiangdong JiXiangdong Ji
University of MarylandUniversity of Maryland



Summary of Lecture ISummary of Lecture I
One can write down a One can write down a helicityhelicity sum rule in quantum field sum rule in quantum field 
theory theory 

in which the individual terms,in which the individual terms,
–– are invariant under a subclass of are invariant under a subclass of LorentzLorentz

transformationstransformations
–– are gauge invariant in QCDare gauge invariant in QCD
–– depend on the renormalization scale depend on the renormalization scale µµ..
–– do not obey the simple angular momentum algebrado not obey the simple angular momentum algebra..
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Regularization and RenormalizationRegularization and Renormalization

RegularizationRegularization: In field theory, the formal : In field theory, the formal 
lagrangianlagrangian is meaningless. One must introduce “cutis meaningless. One must introduce “cut--
off’s” to make the theory welloff’s” to make the theory well--defined.defined.
–– Two popular regularizations:Two popular regularizations:

•• Dimensional regularizationDimensional regularization (d=4(d=4--εε))
•• Lattice regularizationLattice regularization

RenormalizationRenormalization: Parameters of the theory are fixed : Parameters of the theory are fixed 
according to certain “physical” conditions.according to certain “physical” conditions.

――››An Effective Field TheoryAn Effective Field Theory:  with only the :  with only the 
degrees of freedom below momentum scale degrees of freedom below momentum scale µµ. . 



Effective Field TheoryEffective Field Theory

All degrees of freedom above All degrees of freedom above µµ have been integrated out. have been integrated out. 
The renormalized The renormalized lagrangianlagrangian is sensitive to physics above is sensitive to physics above 
µµ only through parameters in renormalized interactions.only through parameters in renormalized interactions.

The quarks and gluons are resolved at the scale The quarks and gluons are resolved at the scale µµ, or have , or have 
effective sizes 1/effective sizes 1/µµ..

Effective theory at any Effective theory at any µµ is entirely equivalent to the is entirely equivalent to the 
original theory (original theory (choice of scalechoice of scale). There are infinitely). There are infinitely--many many 
equivalent effective theories (equivalent effective theories (choice of schemechoice of scheme).).

A choice of scheme & scale is like a choice of coordinates. A choice of scheme & scale is like a choice of coordinates. 
The precise nature of quarks and gluons depends on the The precise nature of quarks and gluons depends on the 
choice and therefore has no absolute meaningchoice and therefore has no absolute meaning. . 



Renormalization Group EquationsRenormalization Group Equations

Auxiliary variables are scale dependent that is Auxiliary variables are scale dependent that is 
calculable in perturbation calculable in perturbation theoryutheoryu: for example: for example

Similarly for Similarly for partonparton distributionsdistributions
Physical observables, like masses, however, are Physical observables, like masses, however, are 
scale independent:scale independent:

dMdM/d/dµµ = 0= 0
NonperturbativeNonperturbative even as even as µ→∞µ→∞.
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ScaleScale--dependence and experimental dependence and experimental 
probeprobe

Although scale is Although scale is µµ arbitrary, however, the best choice in an arbitrary, however, the best choice in an 
experimental process involving probing scale Q is experimental process involving probing scale Q is µµ = Q. = Q. 
–– Factorization theoremFactorization theorem

–– C(Q, C(Q, µµ) is ) is perturbativelyperturbatively calculable, but involves the large calculable, but involves the large 
logarithmslogarithms

lnQlnQ//µµ
to accelerate the convergence of the series, letto accelerate the convergence of the series, let
µµ = Q.= Q.

––

( ) ~ ( , ) ( )d Q C Q Oσ µ µ

( ) ~ ( )d Q O Qσ Probing scale is roughly the
renormalization scale!



Scale Evolution of the Contributions Scale Evolution of the Contributions 

Proton Proton helicityhelicity sum rule,sum rule,

Individual contribution is probingIndividual contribution is probing--scale dependent, scale dependent, 
but the sum is not.but the sum is not.
ΔΣΔΣ has been measured in polarized DIS, and is has been measured in polarized DIS, and is 
0.20.2±±0.1 at scale 1 0.1 at scale 1 GeVGeV or so.or so.
–– NonNon--relativistic quark models  1.0. relativistic quark models  1.0. 
–– Relativistic quark models 0.6~0.7Relativistic quark models 0.6~0.7

Clearly there are also quark orbital angular Clearly there are also quark orbital angular 
momentum and gluon contribution!momentum and gluon contribution!
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Physics of Angular Momentum EvolutionPhysics of Angular Momentum Evolution

Consider a quark of Consider a quark of helicityhelicity ½ at scale ½ at scale µµ, splitting , splitting 
into a quark and a gluon at scale into a quark and a gluon at scale µµ+d+dµµ

Angular momentum is conserved,
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Angular momentum is conserved,
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Gluon splittingGluon splitting

+1

±1/2

1/2m

Consider a gluon of Consider a gluon of helicityhelicity +1 at scale +1 at scale µµ, , 
splitting into a quark and splitting into a quark and antiquarkantiquark pair at scale pair at scale µµ+d+dµµ

Δg Δq L
1 11 1
2 2

= ± +m

Similarly for splitting
Into two gluons



EvolutionEvolution

HelicityHelicity generation generation 

SolutionSolution



Orbital EvolutionOrbital Evolution

The splitting process also generates orbital The splitting process also generates orbital 
angular momentumangular momentum

Solution Solution 



RG Equation for Angular MomentumRG Equation for Angular Momentum

Scale evolution equation Scale evolution equation 

Asymptotic solutionAsymptotic solution

Roughly half of the angular momentum is carried by Roughly half of the angular momentum is carried by 
gluons!
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How to measure How to measure JJqq and and JJgg

Observe that the angular momentum is related to Observe that the angular momentum is related to 
the moment of the momentum densitythe moment of the momentum density

Therefore, the matrix element of J is related to Therefore, the matrix element of J is related to 
the form factor of the momentum density.the form factor of the momentum density.
Similar example exists in QED.

∫ ×= rdTrJ 3

Similar example exists in QED.



Magnetic Moment and E&M Form FactorsMagnetic Moment and E&M Form Factors

The magnetic moment is a spatial moment of the The magnetic moment is a spatial moment of the 
current densitycurrent density

It can be extracted from the form factors of the It can be extracted from the form factors of the 
electromagnetic currentelectromagnetic current

In the In the BreitBreit frame, the spinframe, the spin--flip form factor flip form factor 
qGqGMM(q(q22) = q(F) = q(F11 (q(q22)+F)+F22 (q(q22))  yields the ))  yields the electric electric 
current distributioncurrent distribution in the NR limit. With this, we in the NR limit. With this, we 
havehave
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DerivationDerivation

Consider off forward matrix element Consider off forward matrix element 

Using Heisenberg equations of motion to get rid of Using Heisenberg equations of motion to get rid of 
the coordinate dependence in the currentthe coordinate dependence in the current
Turn r factor into a derivative on momentum, and Turn r factor into a derivative on momentum, and 
one is left with a matrix element  one is left with a matrix element  

Calculate the derivative of the matrix elementCalculate the derivative of the matrix element

' | |p pµ〈 〉

' | |p j p〈 〉



Form Factors of the StressForm Factors of the Stress--Energy Energy 
TensorTensor

Angular momentum may be obtained from the form Angular momentum may be obtained from the form 
factors of the energyfactors of the energy--momentum tensormomentum tensor

These form factors can be measured, in principle, These form factors can be measured, in principle, 
through gravitational scattering,
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Gravitational Gravitational HelicityHelicity Form FactorsForm Factors

Consider the scattering in the Consider the scattering in the BreitBreit frame in frame in 
which the graviton and the nucleon which the graviton and the nucleon momentamomenta are are 
collinear and the graviton has zerocollinear and the graviton has zero--energy. energy. 
HelicityHelicity conservation limits the offconservation limits the off--shell graviton shell graviton 
helicityhelicity to 0, to 0, ±±1. 1. 

What are the physics of these What are the physics of these helicityhelicity amplitudes?amplitudes?
HelicityHelicity--0 0 gravitiongravition scattering yields the matrix scattering yields the matrix 
element of mass density element of mass density <<pp‘‘|T|T0000|p>.  One has then |p>.  One has then 
the the mass form factormass form factor

Its Fourier transformation yields the mass Its Fourier transformation yields the mass 
distribution in the NR limit. distribution in the NR limit. 
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HelicityHelicity--1 1 gravitiongravition scattering yields the ME of scattering yields the ME of 
momentum density <pmomentum density <p‘‘|T|T0i0i|p>. One has then the |p>. One has then the linear linear 
momentum form factormomentum form factor

Its Fourier transformation yields the momentum Its Fourier transformation yields the momentum 
density distribution in the NR limitdensity distribution in the NR limit
From which, we find the proton spinFrom which, we find the proton spin

DilatonDilaton scattering yields the ME of the scalar scattering yields the ME of the scalar 
density <pdensity <p‘‘|T|Tµµ

µµ|p>. One has the |p>. One has the dilatondilaton form factorform factor
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Conservation Law and chargeConservation Law and charge

Conservation laws lead to to constant chargeConservation laws lead to to constant charge
Energy momentum conservation leads to Energy momentum conservation leads to 

A(0) = 1A(0) = 1
Conservation of the angular momentum leads toConservation of the angular momentum leads to

A(0) + B(0) = 1A(0) + B(0) = 1
Therefore B(0) =0Therefore B(0) =0
Anomalous gravitational magnetic momentAnomalous gravitational magnetic moment
is zero! (known for a long time)is zero! (known for a long time)



Quark and gluon parts of angular Quark and gluon parts of angular 
momentum momentum 

and gravitational form factorsand gravitational form factors

Define the gravitational form factors of the quark Define the gravitational form factors of the quark 
and gluon parts of the energyand gluon parts of the energy--momentum tensormomentum tensor

AAqq,g,g (q(q22) and B) and Bq,gq,g(q(q22))
The quark & gluon contributions to the spin of the The quark & gluon contributions to the spin of the 
nucleon can be obtained from the corresponding nucleon can be obtained from the corresponding 
form factorsform factors

But how to measure this form factors??
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But how to measure this form factors??



Measuring gravitational form factors Measuring gravitational form factors 
without graviton scatteringwithout graviton scattering

Generic virtual Compton scatteringGeneric virtual Compton scattering

–– Scattering mechanism complicatedScattering mechanism complicated

p

q q´ (real)

p´



When the virtual photon is in the When the virtual photon is in the BjorkenBjorken limit, limit, 
the scattering process simplifies enormouslythe scattering process simplifies enormously

–– SingleSingle--quark scattering dominates! quark scattering dominates! 
Compton scattering on a single quarkCompton scattering on a single quark

–– NonNon--invasive surgery invasive surgery 
–– DeeplyDeeply--virtual Compton scattering  (X. Ji, ’96) 

q q´ (real)

p p´

virtual Compton scattering  (X. Ji, ’96) 



Scaling AnalysisScaling Analysis

In the scaling limit, one can use the operator In the scaling limit, one can use the operator 
production expansion,production expansion,

The DVCS amplitude then contains the offThe DVCS amplitude then contains the off--
forward matrix elements of the energyforward matrix elements of the energy--momentum momentum 
tensor.tensor.
But it contains much moreBut it contains much more

–– Generalized Generalized partonparton distributiondistribution
–– Quantum phaseQuantum phase--space space WignerWigner type of type of 

distributiondistribution
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Lectures by M. Diehl



Connection to RHIC spinConnection to RHIC spin

One of the goals at RHIC is to measure One of the goals at RHIC is to measure ΔΔg g which which 
is gauge invariant, but only has simple is gauge invariant, but only has simple 
interpretation as the gluon interpretation as the gluon helicityhelicity in lightin light--cone cone 
gauge Agauge A++=0=0
Total gluon contribution to the spin of the nucleon Total gluon contribution to the spin of the nucleon 
JJgg cannot be decomposed in a gauge invariant way cannot be decomposed in a gauge invariant way 
into spin and orbital contribution. It may be into spin and orbital contribution. It may be 
measured through DVCS type of experiment with measured through DVCS type of experiment with 
heavyheavy--quarkoniumquarkonium production.production.
Result on Result on ΔΔg g provides a way to understand provides a way to understand JJgg in a in a 
specific gauge. However, it is not known how to specific gauge. However, it is not known how to 
measure the complementary part.measure the complementary part.
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