Introduction to Accelerator Science:
Overview of Colliders with Focus on RHIC
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e longitudinal acceleration: radio frequencey cavities
e transverse motion
bending and focusing
Hamiltonian, variables
Equations of motion
Courant-Snyder functions, invariant, emittances
Tunes
Liouville’s Theorem
dispersion function
transverse beam size
e nonlinearities, chromaticity
e longitudinal motion, acceleration, ...
e phase stability
e momentum compaction
e transition energy
e Luminosity
e low-3 interaction region
e beam-beam interaction, tune shift
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Why collide?

e To get to higher energy in the center of mass, of course.

A+ B — X
Mz, =s=(Pa+ Pp)"(Pa+ Pg),

e fixed target (B): sg = (Ea + Mp)? — P2 ~ 2E,Mp
assuming a4 > My4.

e head-on collisions: s, = (E4 + Ep)? — (ﬁA + ﬁB)2 ~4FE A Ep
assuming also that Eg > Mp as well.

RHIC: 250 GeV x250 GeV protons /s = 500 GeV.
Equivalent fixed target would require a beam of 133 TeV protons.
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Some types of colliders

e Linear colliders e™ + e~ (SLC)

e Particle+anti-particle with a single ring
e ¢ +e7: many examples (SPEAR, VEPP4, LEP, CESR, ...)
e p+ p (Tevetron, SPPS)

e Dual rings: (ISR, B-factories, HERA, RHIC, LHC)
e Not restricted to same species for each beam, or the same energy.

e Future possibilities include:
e Another electron+hadron collider
e Linear collider for e™ 4+ e~ in the TeV range
e Muon collider

Disclaimer: The list of examples is not meant to be exhaustive.
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Acceleration with RF cavities

I !

+ - H+ - HA+ -
@ = P P
+ - H+ - HA+ -

Linac: F = qE(t). Ring with rf cavity

e Must maintain synchronism of bunch with rf phase.

e Particles oscillate in energy about the stable synchronous phase.
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Particle Trajectories in Magnetic Fields

Dipole magnets bend the beam
around the ring.

Bend magnet (dipole)

proton CRER ©

q=+1 o) %d@ IO — qB L
F

®
®
®

N

Field out of screen

Charged particles are deflected by
magnetic fields. Lorentz Force:

4
ym

F = ﬁxé
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Quadrupole magnets focus the
beam for stability.

Magnetic Lens (quadrupole)
Vertically focusing

Magnetic
- Hedd
Horizontally
defocusing

"~ Force

@ Protons moving into screen

o8, _ 0B,
or Oy
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Momentum compaction and transition

e Momentum compaction: ay, = % %, L is ring’s circumference.
2r  2mfc
Wrev — 7 — T
AWrey drrey  dB  dL ( 1 ) dp
- — - - — — _ a —_—
Wrey Tew B L \y* ) p

e Phase slip factor: npn = 772 — ap, v =1//a (RHIC: ~; ~ 23)

e Transition energy: Ui, = %, when 7, = 0.
p

e Below transition: velocity increase dominates (d3/3).
e Above transition: particle is relativistic (3 close to c¢),
momentum compaction dominates (dL/L).

e Homework: Show that the momentum compaction of Earth is —2.
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Longitudinal equation of motion

WrtNphqV
27 32ymc?

b + (sing — sin¢g) =0

Wrf = hwrev

e ¢ is the rf phase of the beam particle when it crosses the cavity.

e /1, is harmonic number.
e RHIC: h =360 for 28 Mhz, or 7 x 360 = 2520 for 197 MHz.

e g, m are charge and mass of beam particle.

e V is the peak voltage of the rf cavity.

E(s,t) = Vsin(wt + ¢5) »  6(s—nL)

n=—aoo

e for fixed energy the synchronous phase ¢4 = 0.
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Longinutinal motion above transition

Vrf

T+|dt]|

L
T—|dt]|

/ ¢ :wrft

=
(9]

e [llustrated for harmonic number h = 1.
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Small oscillations and synchrotron frequency

Linearize Eq. of motion for small amplitudes:

O = Qs+
O:gb—FQggp

hiph cos ¢s gV
2732y  mc?

e Angular synchrotron frequency: €15 = wrev\/

e In general |Q | < 1.
Qs

Wrev

e Synchotron tune: @), =
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Hamiltonian

H(X,Px,Y,Py,Z,PZ;t) — \/(P)—qﬂ)z—l—m204—|—q¢

After a bunch of canonical transformations and ¢ = 0, A= (0,0, Ay):

0 1
H(z, 2", 9,9, 2,0p/po; 5) =~ —piAs -~ (1 + E) (1 i 5( 2 4y + - )
0

P Po

Y p

P B

Fixed |ab coordinate b1
Sy o d_x
ds
y =%
ds

z Local traveling Paraxial approx.: |2'|, |y'| < 1

Design trajectory coordinate system
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Paraxial coordinates

Expand about the design trajectory.

ZE/ — d_ZC dpx
ds Po
y/ p— @ ~ %
Y dS Po
Fixed |ab coordinate Z = s — Vot
system _Ap
Po
T
A
x=|
L X
Local traveling 2
coordinate system \5 o= )

Design trajectory
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Hill’s Equations

For quadrupoles:
1/ 5
'+ ky(s)r = ——,
p(s) . q 0B,
y" +ky(s)y =0, T p Ox
A B
with 6= —2. ]
Do p Ox

Harmonic oscillator with periodic spring constant.

Periodic conditions:  k;(s+ L) = k;(s), p(s+ L) = p(s)
where L is length of periodic cell.

e Horizontal motion has inhomogeneous dispersion term.
o Ignore it for now.
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Solutions to Hill’s Equation

Use Floquet’s (Block’s) Theorem =
Quasi-periodic solutions of form:

x(s) = /WpB(s) cos(¢(s)), with

pon 1
Y= 56
Periodicity of g-function: B(s+ L) = B(s).

Note: In general (s + L) # 9 (s) + n2m. Resonances are bad!

#(s) = —| ¥ [a(s) cos(s) + singh(s)]

with a(s) =—34, andso a(s+L)=a(s).
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Courant—Snyder Invariant

For a particular trajectory with initial conditions:
e Solve for siny and cost from equations for x and z’.

o Use sin®® +cos?y =1 to get an invariant:

1
W = 3 [y° + (ay + BY')?] (Action variable: J = i W)
e Functions of s:  y(s), ¥'(s), B(s), a(s). (6 and « are periodic.)

e Eq. (1) is the equation for an ellipse.
e Area of ellipse = 7.

e Beam envelope: ++/3(5)€rms
® Terms 1S the rms emittance
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Transport and Betatron Oscillations

e e

FODO: Alternate focusing and defocusing lenses for stability.

=
Horizontal Betatron Oscillation Vertical Betatron Oscillation
~ with tune: Qn = 6.3, ~ withtune Q, = 7.5,
l.e., 6.3 oscillations per turn. l.e., 7.5 oscillations per turn.
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2d Phase Space Plots

= e
S e —— = =
T~ ———=

Horizontal Betatron Oscillation
with tune: Qx = 3.28,
tracked through 10 turns
with 8 periodic cells.

Ellipse area = 7/ = ]{ x’' dx

1
~ — ¢ p,dx

Po
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- - -

Poincaré plot of particle on suc-
cessive turns for one location in
the ring.
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Liouville’s Theorem

e Most beams have a low enough density, so that we ignore hard collisions

between particles.
e Thus we can use a 6d phase space rather than a 6N-d phase space.

e In the phase space of coordinates and their corresponding canonical mo-
menta, the phase flow of the particle trajectories evolves so that the volumes
of differential volume elements are preserved.

e In other words, the Jacobian determinant is 1.

e Emittance is the area of the projection of the beam’s phase-space volume
onto a particular (z;, P;) plane.
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Expansion of Trajectories

Expand trajectory Y = T(X) in Taylor series about design orbit:

Linear first order derivative is Jacobian matrix M of transformation with

oy, 0T,
0X; 00X,

Mz’j =

e Liouville’s theorem requires that |M| = 1.

e A more restrictive requirement is that M be symplectic: M € Sp(2n,R)
(e.g., see Goldstein’s Classical Mechanics, 2nd Ed.)
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Matrices for various elements

e In linear modeling we just calculate the Jacobian matrix for each individual
element (drift, dipole, quad).

e Then to propagate through a group of elements, we just need to multiply
matrices.

e Matrix for a drift of length ¢

120000\
01 0 0 0 0
001 ¢ 0 0
Ma=10 001 0 0
000 010
\000001/
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e For a horizontal bend, i.e., sector dipole
of design radius p and bend angle 6):

//\\p ,,,,,,,, 7
( cos 6 psin 6 0 0 0 p(1—cosb) \
— % sin 0 cos 0 0O 0 O sin 0
M 0 0 1 p0 0 0
b 0 0 0 1 0 0
—sinf  —p(l—cosf) 0 0 0 —p(f—sinh)
\ 0 0 0O 0 O 1 )
BROOKHAAEN Watds Markag s g e Sogg o lHders
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e For a quadrupole of length ¢ and strength £ = % a(,i ¢ (k of Hill’'s Eqn.):

e (This is a horizontally focusing quad if £ > 0.)

( cos(vVkl) ﬁ sin(v/kl) 0 0 0 O\
—VEk sin(VEkl)  cos(vVkl) 0 0 0 0
M., 0 0 cosh(vV k) ﬁ sinh(vE¢) 0 0
b 0 0 Vk sinh(VEkl)  cosh(vkl) 0 0
0 0 0 0 1 0
\ 0 0 0 0 0 1)

o If £ < 0, quad is horiz defocusing; replace upper-left 4 x4 block with:

[ cosh(VIkIO)  —sinh(y/Ik6) 0 0 \
VTRl sinh(y/k6)  cosh(y/TRIe) 0 0

0 0 cos(\/|k|¢) ﬁsin(\/\km

\ 0 0 /I sin(\/TEIE)  cos(\/TRTE)

BROOKHAVEN ST S M g e
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e For a solenoid of length ¢ and field B
e Define k = %

1+cos kl sin kl sin kl 1—coskl 0 0
{ k 8 kl 14 g kl 1 ° kl ' kkl \
sin cos —cos sin
4 2 k= 2 00
__sin kl __1l—coskl 14-cos kl sin kl 0 0
M, | = > — % 2 K
50 L 1=coskl __sinkl __ksinkl l+coskl ()
4 2 4 2
0 0 0 0 1 0
K 0 0 0 0 0 1)

e Notice that this matrix couples the horiz. and vert. motion.

e For experiment solenoids at high energy, the coupling terms are generally
small but nonnegligble.

lim Msol = Md.

p—00
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FODO: Trajectory and Envelope

Lattice with 10 FODO cells

kf=0.32 kd=-0.31 (x,x",y,y’ ,delta)_0=(0.001,0,0.001,0.0002,0.00) gamma=10.0

0.004

0.003 /A | ,f’\
0.002 . |
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y [m]

BT
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0002 F || |

-0.004
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-0.003 \ '
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s[m]

e Red curve is 1st turn.

e Blue curve is 2nd turn.
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y [m]

kf=0.32 kd=-0.31 (x,X",y,y’ ,delta)_0=(0.001,0,0.001,0.0002,0.00) gamma=10.0

0.004
0.003

0.002 H)y!

0.001

-0.001 it
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-0.003 |+

-0.004

I

A

s[m]

e 50 turns begin to fill up envelope.

e Envelope o« v/((s).
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RHIC beta functions

45 B, —— 45 pp—
40 By 40 ) \ By
35 35
30 30 / VK \
o < . Hi
@ 20 @ 20 / \ /\
> > Iaen
o T [ [ [ o /\U// VAL
N S | v R oYL I | oy
. | Y b MO
0 500 1000 1500 2000 2500 3000 3500 4000 400 500 600 700 800 900
s[m] s[m]

e Polarized proton lattice at 100 GeV.
e Right plot is zoomed in around PHENIX.
e STAR and PHENIX: g* = 0.7 m; 7.5 m at other IR’s.
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. N
e One turn matrix: Mty = szl M,

e Can get tunes from eigenvalues: \4; = eFi27Q;

e Stable motion for real @);; unstable if ); complex (not real).

e Can permute product of matrices to propagate the 1-turn matrix.
e Tunes don’t depend on starting point, i.e. eigenvalues invariant under
similarity transformations.
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Dispersion Function

e Inhomogeneous solution Hill’s Equation:

ZE” _|_ kx(S)CE‘ _

p(s)

My + kz(8)Ne = ——

p(s)

e Dispersion function is periodic: 7, (s + L) = 0 (s).

BROOKHFAJEN

NATIONAL LABORATORY

x(s)

z5(s) + z5(s)
z5(8) + 12(5)d

with § = 22
p
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Dispersion of FODO Lattice

kf=0.315 kd=-0.30 (x,x’.y,y’ ,delta)_0=(0.00262,-0.000424,0.001,0.0002,0.001)
0.003

0.0025 |

02|

0.0015 |1

X [m]

0.001

0.0005

0

O 20 40 60 80 100 120 140
s[m]

Vie=0
6 = — = 0.001

Nmax = 2.62 m
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Tunes for the simple FODO lattice

10 1 .
l w
|
% ~ ' \“ “ % + \ r/ “\‘\ \
‘3 0.1 F h \‘ ‘M \. ‘3 0.01 b | I/ \“\\
: | i : | IR
001 A L‘ ; 0001 F' N
\\\\V1 ) //// - ‘L \‘\,\\ \
[ \k‘\‘\\bg i
0.001 ' ' ' ' : 0.0001 ' ' ' '
0 0.1 0.2 0.3 04 0.5 0 0.1 0.2 0.3 04 0.5
fract H tune fract V tune

q- = 0.2766, ¢, =0.3301, Qs = 0.0153
e Single particle tracked for 2048 turns.
e With sextupoles to correct chromaticities (i.e. a nonlinearity).
e With coupling (rotate 1st quad by 0.007 radian).

e Strong synchrotron sidebands
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Chromaticity

_ 4@z dQy
=55 9T g

Recall Homogeneous Hill’s Eqn.: 2" + k(s)x = 0

For a quadrupole:

q 0B, q 0B,
k== —2< — ~ ko(l —
p Or  po(l+46) Ox (1 =9)

e Shifting the momentum changes the focusing of each quad.
e Thus it shifts the tunes.

e Compensate with sextupole magnets: B, = ba(z? — y?), B, = 2byzy.
® T =23+ 130
e Downside: introduces amplitude dependent tune shifts.
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RHIC tunes from Schottky cavity

VERAGE IN PROGRESS RMS - 500

[ hfFFThorverbluyel.mon PPM User 1

REF

File Setup Logging Diagnostics

Tue Mov 20 19:41:20 2001, cycle 1006283373
-20

-30

TEACE E: Ch2 Spectrum
B Ottset

-0.81 dE
_70 .ol dl
dBm

_oghag

-40

-50

E00 200 1000 1200 1400 1600 1a00 2000 2200

—120
dEm

Schottky. Horz, BlusfFthl*]
Schottky,Horz, Yel tFFLHI*]

Schotthky. Mert Blusfrehi*]
Schotthky.Yert, Vel ;FFLMl*]

Span: 4.8828125 kHz

Center; 2.606552124 MHz

e (Can see coherent and incoherent tune information.
e Left shows high freq Schottky harmonics (~2 GHz) with betatron sidebands.

e Right shows synchrotron sidebands around revolution harmonic.
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Transverse beam size

Q
8N

I
—~
—~

&
[\

|
/\
\/
v
~

]

(5 + =5 + 2xpws — (x5)° — (x5)? — 2(xp)(25)))
= (x3) — (xp)* + (xF) — (x5)°

:0% +0x5

2 2
— Bxex,rms + 1,05,

since the betatron and synchrotron oscillations are independent and should be
added in quadrature.
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Transverse emittances

The rms contour ellipse in the zz’ phase space has area= me, ;s With
T, rms

1 1 X, r1s 1
exrmsz_fw;msdxg_fp’ dx = I,
’ 7 T Do Toyme

with the invariant I, = ¢ Py rms

e Normalized emittance: e = = me s X B

o The decrease of €(oxc 2= ) with energy is referred to as adiabatic damping.

By

e For a 95% contour ellipse: €27 ~ 6e,ps, assuming a 2d Gaussian dist.

\/ €5,95% o\ 2
T D

Oy = + 2 (—) :
65 D
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RHIC dispersion function

2 2
s [ il /A\/A\/ﬂ\ | A\/A\/A\/ \
_Ug, 1r I _% i S /vvvv
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S o5}l | 8 os V

-1 -1

0 500 1000 1500 2000 2500 3000 3500 4000 400 500 600 700 800 900
s[m] s[m]

e RHIC dispersion with STAR and PHENIX * = 0.7 m
e Right: zoomed in around PHENIX.
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Resonances

Resonance conditions can occur when
NxQx"'_NyQy"'_NzQz:Na for NxaNyaNzaNGZ

The beam can blow up or be driven out of the ring by a resonance.

e Integer resonances are typically driven by imperfections in the lattice, espe-
cially a misalignment.
e An integer resonance has a linear growth in amplitude.

e (Quadrupoles can drive the half-integer resonances.

e Sextupoles typically drive %—integer resonances.
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RHIC tune plane

Order=7 Periodicity=1
Orders: 123456

30
o N.Qy + NyQy =N
e Order: N, + N,
e slope> 0 tend to be stable
Q e slope< 0 are unstable
e RHIC tunes for present run:
o (), = 28.695, Q, = 29.685
e indicated by black dot.
e Nonlinearities smear the dot.
29 . . . :
28 Ox 29
BROOKHAVEN s Moty 3 oune: s000 0 ere
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Beam-beam interaction

Functional form of beam-beam force N y2
1 T T T ’ I - »\\ B T p: e — exp —_
08 - _ \V2mol 202
Gaussian beam shape - | X
0.6 e, I I NZ 262(1 + %) £( y)
0.4 | | ~ \ vy 2meglo o
0.2 + 2
e 3 1 — eXP(—%)
0.2 | Shape of transverse force v
| AQp, 10 N
04 | 5 (Lexp(0.5 X+ *2) I Nio 9 ¢N,95%
~ (1-exp(-0.5*x X —— y90 /0
-0.6 | % " l/x ffffff . tF €
X[2
08 | exp(-0.5*x**2) - . .
e Same sign: repulsive force,
1 3 0 1 2 3 4 i.e., lowers tunes

distance from beam center in sigma

e A test particle sees an almost linear gradient in the core of the beam.
e The beam-beam force produces odd harmonics.
e 1y is classical radius; /N is number of particles in bunch.
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RHIC protons:
ro=15x10"1%m

N =1.3 x 10!
V9% =90 x 107% m
Nip = 2
AQy;, ~ 0.01

Some et + e~ colliders have achieved |AQp| ~ 0.04.
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Luminosity

Interaction rate:

dN = - pa — — Ve
D — o= [ o(%a, R)oa(Rar 1)1~ 52l o1 (Ko, 1) d°Xs A

— |171 — 172‘ fo NbO'/IOQ(f— Z_J)Qt) pg(f— ’171t) d333 dt

¥; is the velocity of a particle in the j* beam.

o is the total cross section, and

p1 and po are the density distributions of the two beams.
Ny is the number of bunch crossings per turn.

Instantaneous luminosity: Lo~ N, b%
T~y

RHIC/AGS Users’ Mtg: Intro to Colliders

BROOKHFIVEN Waldo MacKay 3 June, 2009

NATIONAL LABORATORY
= 4]l =F



IR beam envelope shape: hour glass effect

In a field free region the beta functions are parabolic:

8
6
_ 4
“E 2
=
5° . g 0
BZ(S) — 6: + =5 for 1 € {x, y} @ ,
4 =e N
2 e
g S
p— 1 + - ]
Omin \/ (ﬁ* ) 8-3 -2 1 0 1 5 3

s[m]

Plotted for * = 0.5 m.
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Hour glass factor

0.8 B

0.7
06
0.5
£ = LoR(5 /)
0.3

0.2
0.1

Hour glass factor R(BD/OZ)

05 1 15 2 25 3 35 4 45 5
BD/OZ

For round beams with
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Luminosity evolution of hadron colliders
10000

M- LHC p-p (design) :

proton-proton (p-p) and proton-antiproton (p-p) collisions
ion-ion collisions (A-A) eSO USSP " —
=== |epton-proton (e-p) and lepton-ion (e-A) collisions (e and e+) '
| eT.pT spin polarized beams

1000

- Tevatron Il p-p

100

10

Peak luminosity per IP [103°cm2s1]

0.1

1970 1980 1990 2000 2010 2020
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2009: RHIC Polarized proton collisions at 250 GeV
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RHIC nucleon-pair luminosity Ly delivered to PHENIX
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Suggested reading

e M. Conte and W. W. MacKay, An Introduction to the Physics of Particle
Accelerators, 2nd Ed., World Sci. (2008).

o S. Y. Lee, Accelerator Physics, 2nd Ed., World Sci. (2004).

e D. A. Edwards and M. J. Syphers, An Introduction to the Physics of High
Energy Accelerators, John Wiley (1992).

o E. J. N. Wilson, An Introduction to Particle Accelerators, Oxford (2001).

e Bryant and Johnsen, The Principles of Circular Accelerators and Storage
Rings, Cambridge (1993).

e H. Weidemann, Particle Accelerator Physics, 2nd Ed., Springer (2007).
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