
Lattice results on the QCD critical point
Frithjof Karsch, BNL

µ− RHIC

My charge:

Give an answer to the question:

What do we know from LGT calculations about

- the existence of a critical point and

- the location of the critical point

in the QCD phase diagram?

Outline
From µ = 0 to µ > 0

the crossover line in the T − µ phase diagram

attempts to determine the QCD critical point

reweighting around µq = 0

Z. Fodor, S. Katz, JHEP 0203 (2002) 014 and 0404 (2004) 050

Taylor expansion around µq = 0

C. R. Allton et al., Phys. Rev. D71 (2005) 054508
R.V. Gavai, S. Gupta, Phys. Rev. D71 (2005) 114014

imaginary µ, finite-B simulation and further references:
O. Philipsen, hep-lat/0510077 (Lattice 2005)
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The crossover line in the T -µ phase diagram
generic QCD phase diagram (nf = 2)

(also holds for nf = 2 + 1 for ms ’large enough’)
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(Hadronic) Fluctuations at µq = 0

expect 2nd order transition in 3-d, O(4) symmetry class;

scaling field: t =

˛

˛

˛

˛

T − Tc

Tc

˛

˛

˛

˛

+ A

„

µq

Tc

«2

, µcrit = 0

singular part: fs(T, µu, µd) = b−1fs(tb
1/(2−α)) ∼ t2−α

c2 ∼
∂2 ln Z

∂µ2
q

∼ t1−α , c4 ∼
∂4 ln Z

∂µ4
q

∼ t−α (µ = 0)

O(4)/O(2): α < 0, small ⇒

c2 ∼ 〈(δNq)2〉 dominated by T-dependence of regular part

c4 ∼ 〈(δNq)4〉 − 3〈(δNq)2〉2 develops a cusp

Y. Hatta, T. Ikeda, PRD67 (2003) 014028
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ε ∼
∂ ln Z

∂T
∼ t1−α , CV ∼

∂2 ln Z

∂T 2
∼ t−α (µ = 0)

⇒ 2nd derivative w.r.t µq ”looks like energy density”
⇒ 4th derivative w.r.t µq ”looks like specific heat”
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Bulk thermodynamics for small µq/T
on 163 × 4 lattices

Taylor expansion of pressure up to O
(

(µq/T )4
)

p

T 4
=

1

V T 3
ln Z =

∞
X

n=0

cn(T )

„
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«n

' c0+c2
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+c4
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«4

+O((µq/T )6)

quark number density
nq

T 3
= 2c2

µq

T
+ 4c4

„

µq

T

«3

+ 6c6

„

µq

T

«5

quark number susceptibility
χq

T 2
= 2c2 + 12c4
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T
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+ 30c6
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T

«4

an estimator for the radius of convergence
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«
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= lim
n→∞
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c2n
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˛

˛

˛

˛

1/2 cn > 0 for all n;
singularity for real µ
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cn > 0 for all n and T <
∼ 0.95 Tc ⇔ singularity for real µ (positive µ2)irregular sign of cn for T >

∼ Tc ⇔ singularity in complex plane
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(Hadronic) Fluctuations at µq > 0

expect 2nd order transition in 3-d, O(4) symmetry class;

scaling field: t =

˛

˛

˛

˛

T − Tc

Tc

˛

˛

˛

˛

+ A

 

„

µq

Tc

«2

−
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«2
!

⇑ A

„

µq

Tc
+

µcrit

Tc

«„

µq

Tc
−

µcrit

Tc

«

∂2 ln Z

∂µ2
q

∼ t−α ,
∂4 ln Z

∂µ4
q

∼ t−(2+α) (µ > 0)

already second derivative w.r.t. µq ”looks like a specific heat”

〈(δNq)2〉 develops a cusp

〈(δNq)4〉 diverges on the O(4) critical line;

strength ∼

„

µcrit

Tc

«4

(∼ 10−4 at RHIC)
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Fluctuations of the
baryon number density (µ ≥ 0)

baryon number density fluctuations:
χq

T 3
=

(

d2

d(µ/T )2
p

T 4

)

T fixed

=
9 T

V

(

〈N2
B〉 − 〈NB〉2

)

(Bielefeld-Swansea, PRD68 (2003) 014507)
µ ≥ 0, nf = 2
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Tf, J.Cleymans et. al.

fluctuations increase with increasing µB ;
rapid change across ”Tc(µB)”

seeing ”true” singular behaviour requires large
volumes and/or high order Taylor expansions
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Quark number and charge fluctuations at
µB = 0; 2-flavor QCD (mπ ' 770MeV )

C. Allton et al. (Bielefeld-Swansea), PRD71 (2005) 054508
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Isothermal compressibility
of the quark gluon plasma

inverse compressibility: κ−1
T =

nq

χq

=

(

∂p

∂nq

)

T fixed

high-T, massless limit: polynomial in (µq/T )

nq

χq

= µq + O

(

(

µq

T

)3
)

large density fluctuations for µq > 0, T < Tc

”saturated” by fluctuations in a

hadron resonance gas

expect:

(

∂p

∂nq

)

T

=
nq

χq

= 0

at chiral critical pointresonance gas

ideal qq̄ gas

no indication for ’critical’ fluctuations

mπ ' 770 MeV, smaller mq or larger V needed??!!
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Lattice results on the QCD critical point

Where is the critical point?

attempts to determine the QCD critical point

reweighting around µq = 0

Z. Fodor, S. Katz, JHEP 0203 (2002) 014 and 0404 (2004) 050

Taylor expansion around µq = 0

C. R. Allton et al., Phys. Rev. D71 (2005) 054508
R.V. Gavai, S. Gupta, Phys. Rev. D71 (2005) 114014

results in a nutshell

FK: µB ∼ 360 MeV

GG: µB ∼ 180 MeV

WE: so far, no clear-cut evidence for the chiral critical point
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Reweighting for non-zero
chemical potential

map configurations from one parameter set to an other using appropriate
Boltzmann weights

include ”problematic” terms in the reweighted observable rather than in the
weights used to generate the original data set

consider an arbitrary observable O(m, µ)

〈O〉µ,β =
1

Z(β, m, µ)

Z

DUO(m, µ)(detM(m, µ))nf/4 exp(−SG)

=
〈O exp{R − ∆SG}〉µ=0,β0

〈exp{R − ∆SG}〉µ=0,β0

with

R =
nf

4

„

ln detM(m, µ) − ln detM(m, 0)

«

∆SG = SG(β) − SG(β0)

sign problem ⇔ R ∼ O(V ); ImR 6= 0: RHIC at low energies, March 9-10, 2006, F. Karsch – p.11/23



Reweighting and Lee-Yang zeroes

Znorm(βRe, βIm, µ) ≡

∣

∣

∣

∣

Z(βRe, βIm, µ)

Z(βRe, 0, 0)

∣

∣

∣

∣

=

∣

∣

∣

∣

〈

e6iβImNsite∆P eiθ
∣

∣

∣
e(Nf/4)(ln det M(µ)−ln det M(0))

∣

∣

∣

〉

(βRe,0,0)

∣

∣

∣

∣

5.688 5.69 5.692 5.694 5.696

βRe

0

0.002

0.004

0.006

0.008

0.01

β Im

242x36x4 lattice 

0.1

0.5

0.05

0.01

pure gauge theory eiθ ≡ 1 : excellent on large lattices with
high statistics, S. Ejiri, hep-lat/05006023

additional complication in QCD
phase of fermion matrix contributes

eiθ ∼ ei[cµV+O(µ3V )]
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Lee-Yang zeroes from reweighting
two calculations

V = 63 − 123

mq = 0.0092

(µB/T )c = 4.50(24) ⇒ 725(35) MeV

V = 43 − 83

mq = 0.025

(µB/T )c = 2.19(9) ⇒ 360(40) MeV

Z. Fodor and S. Katz, JHEP 0203 (2002) 014 Z. Fodor and S. Katz, JHEP 04 (2004) 050

⇓ V → ∞ extrapolation: ImβV
0 = Imβ∞

0 + c/V ⇓
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Volume and quark mass dependence of
Lee-Yang zeroes
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q = 0.1825(75)

⇓

µcrit
B /T = 2.19(9)

F+K 2004

V → ∞ limit difficult to control, S. Ejiri, hep-lat/05006023
the sign problem pops up again

strong volume dependence ⇒ fit sensitive to fitting range
no visible quark mass dependence

RHIC at low energies, March 9-10, 2006, F. Karsch – p.14/23



Volume and quark mass dependence of
Lee-Yang zeroes

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.000 0.005 0.010 0.015

Im β0

1/V

µ=0.04, m=0.0092
µ=0.16, m=0.0092
µ=0.20, m=0.0092
µ=0.10, m=0.0250
µ=0.20, m=0.0250

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.000 0.005 0.010 0.015

F+K, 2002F+K, 2004

µ=0.04, m=0.0092
µ=0.16, m=0.0092
µ=0.20, m=0.0092
µ=0.10, m=0.0250
µ=0.20, m=0.0250

0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

0.0000 0.0005 0.0010 0.0015 0.0020

Im β0

1/V

µ=0.04, m=0.0092
µ=0.16, m=0.0092
µ=0.20, m=0.0092

µcrit
q = 0.1825(75)

⇓

µcrit
B /T = 2.19(9)

F+K 2004

V → ∞ limit difficult to control, S. Ejiri, hep-lat/05006023
the sign problem pops up again

strong volume dependence ⇒ fit sensitive to fitting range

no visible quark mass dependence

RHIC at low energies, March 9-10, 2006, F. Karsch – p.14/23



Volume and quark mass dependence of
Lee-Yang zeroes

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.000 0.005 0.010 0.015

Im β0

1/V

µ=0.04, m=0.0092
µ=0.16, m=0.0092
µ=0.20, m=0.0092
µ=0.10, m=0.0250
µ=0.20, m=0.0250

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.000 0.005 0.010 0.015

F+K, 2002F+K, 2004

µ=0.04, m=0.0092
µ=0.16, m=0.0092
µ=0.20, m=0.0092
µ=0.10, m=0.0250
µ=0.20, m=0.0250

0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

0.0000 0.0005 0.0010 0.0015 0.0020

Im β0

1/V

µ=0.04, m=0.0092
µ=0.16, m=0.0092
µ=0.20, m=0.0092

µcrit
q = 0.1825(75)

⇓

µcrit
B /T = 2.19(9)

F+K 2004

V → ∞ limit difficult to control, S. Ejiri, hep-lat/05006023
the sign problem pops up again

strong volume dependence ⇒ fit sensitive to fitting range
no visible quark mass dependence

RHIC at low energies, March 9-10, 2006, F. Karsch – p.14/23



Volume and quark mass dependence of
Lee-Yang zeroes

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.000 0.005 0.010 0.015

Im β0

1/V

µ=0.04, m=0.0092
µ=0.16, m=0.0092
µ=0.20, m=0.0092
µ=0.10, m=0.0250
µ=0.20, m=0.0250

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.000 0.005 0.010 0.015

F+K, 2002F+K, 2004

µ=0.04, m=0.0092
µ=0.16, m=0.0092
µ=0.20, m=0.0092
µ=0.10, m=0.0250
µ=0.20, m=0.0250

0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

0.0000 0.0005 0.0010 0.0015 0.0020

Im β0

1/V

µ=0.04, m=0.0092
µ=0.16, m=0.0092
µ=0.20, m=0.0092

µcrit
q = 0.1825(75)

⇓

µcrit
B /T = 2.19(9)

F+K 2004

V → ∞ limit difficult to control, S. Ejiri, hep-lat/05006023
the sign problem pops up again

strong volume dependence ⇒ fit sensitive to fitting range
no visible quark mass dependence

RHIC at low energies, March 9-10, 2006, F. Karsch – p.14/23



Bulk thermodynamics with
non-vanishing chemical potential

Z(V , T , µ) =

∫

DADψDψ̄ e−SE(V ,T ,µ)

=

∫

DA
[

det M(µ)
]f

e−SG(V ,T )

⇑complex fermion determinant;

⇓Taylor expansion;
p

T 4
=

1

V T 3
lnZ(V , T , µ)

≡
∞
∑

n=0

cn(T )

(

µ

T

)n

= c0 + c2

(

µ

T

)2

+ c4

(

µ

T

)4

+ O((µ/T )6)

µ = 0 ⇒
p

T 4
≡ c0(T )
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Bulk thermodynamics for small µq/T
on 163 × 4 lattices

Taylor expansion of pressure up to O
`

(µq/T )6
´

p

T 4
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V T 3
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∞
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T

«5

quark number susceptibility
χq

T 2
= 2c2 + 12c4

„

µq

T

«2

+ 30c6

„

µq

T

«4

an estimator for the radius of convergence

„

µq

T

«

crit

= lim
n→∞

˛

˛

˛

˛

c2n

c2n+2

˛

˛

˛

˛

1/2 cn > 0 for all n;
singularity for real µ
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∼ Tc ⇔ singularity in complex plane
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Radius of convergence:
lattice estimates vs. resonance gas

Taylor expansion ⇒ estimates for radius of convergence ρ2n =

s

˛

˛

˛

˛

c2n

c2n+2

˛

˛

˛

˛
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ρ2, ρ4 res. gas

T < T0: ρn ' 1.0 for all n ⇒ µcrit
B ' 500 MeV

HOWEVER still consistent with resonance gas!!!
HRG analytic, LGT consistent with HRG ⇒ infinite radius of convergence not yet ruled out

•

R.V. Gavai, S. Gupta, Phys. Rev. D71 (2005) 114014

• Z.Fodor, S.D.Katz
JHEP 0404 (2004) 050
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R.V. Gavai, S. Gupta, Phys. Rev. D71 (2005) 114014

•
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JHEP 0404 (2004) 050
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The estimate of the QCD critical point
by Gavai and Gupta

GG and Allton et al. (WE) both use Taylor expansions;

What is different?

standard staggered fermions vs. improved fermions

mq/T = 0.1 vs. mq/T = 0.4

243 × 4 vs. 163 × 4

Taylor series for ”flavor diagonal quark number susceptibility”
up to µ6

q vs. Taylor series for pressure up to µ6
q

statistics, statistics, statistics....
(∼ (1.000 - 5.000) vs. ∼ 50.000 )
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Taylor expansions in µq/T
Allton et al. (WE) vs. Gavai+Gupta (GG)

Taylor expansion of pressure up to O
`

(µq/T )6
´

p

T 4
=

1

V T 3
ln Z =

∞
X

n=0

cn(T )

„

µq

T

«n

' c0 + c2

„

µq

T

«2
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T

«4

+ c6

„

µq

T

«6

quark number susceptibility
χq

T 2
= 2c2 + 12c4

„

µq

T

«2

+ 30c6

„

µq

T

«4

flavor diagonal susceptibility
χuu

q

T 2
= 2cuu

2 + 12cuu
4

„

µq

T

«2

+ 30cuu
6

„

µq

T

«4

cuu
n = (cn + cI

n)/4

in notation of Gavai and Gupta χ20 = χ0
B + χ2

Bµ2
q + χ4

Bµ4
q + ...
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Taylor expansion coefficients of
quark number susceptibilities
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Estimator for radius of convergence
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WE: µB/T ' 3 ... but, do not yet want to draw a
conclusion on critical behavior

RHIC at low energies, March 9-10, 2006, F. Karsch – p.21/23



Estimator for radius of convergence

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

2.2

 0  2  4  6  8 10

µq/T0

T/T0

(c2
uu/c4

uu)1/2

GG24
GG24(neg.)

(

µq

T

)

crit

'

√

∣

∣

∣

∣

cuu
2

cuu
4

∣

∣

∣

∣

��� ��� ������ ��� ���

GG: µcrit
B /TE = 1.1(2)

⇒ µB ' 180 MeV

(Gavai, Gupta also analyze
√

|c4/c6| and
√

|c6/c8|)

WE: µB/T ' 3 ... but, do not yet want to draw a
conclusion on critical behavior

RHIC at low energies, March 9-10, 2006, F. Karsch – p.21/23



Estimator for radius of convergence

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

2.2

 0  2  4  6  8 10

µq/T0

T/T0

(c2
uu/c4

uu)1/2

GG24
GG24(neg.)

(

µq

T

)

crit

'

√

∣

∣

∣

∣

cuu
2

cuu
4

∣

∣

∣

∣

��� ��� ������ ��� ���

GG: µcrit
B /TE = 1.1(2)

⇒ µB ' 180 MeV

(Gavai, Gupta also analyze
√

|c4/c6| and
√

|c6/c8|)

���������������

WE: µB/T ' 3 ... but, do not yet want to draw a
conclusion on critical behavior

RHIC at low energies, March 9-10, 2006, F. Karsch – p.21/23



some results from 4-flavor QCD

4-flavor QCD at µ = 0 has a 1st order phase transition

expect entire T − µq transition line to be 1st order
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Conclusions

calculations for non-vanishing chemical potential (µq > 0)
show a rapid transition from a HRG to a QGP;
signaled by sudden changes in EoS and susceptibilities

fluctuations on the crossover line increase with increasing
baryon chemical potential

strongly suggests the existence of a critical point

WE have no convincing quantitative result on the location of
the QCD critical point... so far

a large critical value, µcrit
B

>
∼300 MeV, is favored

a value below µcrit
B

<
∼600 MeV is likely
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