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Goals
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Goals

Quantitative calculation of hadron observables from first 
principles

Agreement with experiment

Credibility for predictions and guiding experiment
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Goals

Quantitative calculation of hadron observables from first 
principles

Agreement with experiment

Credibility for predictions and guiding experiment

Insight into how QCD works

Mechanisms

Paths that dominate action - instantons

Variational wave functions

Diquark correlations

Dependence on parameters

Nc,  Nf ,  gauge group, mq
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Parton and generalized parton distributions
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Parton and generalized parton distributions
(λ = p+x−)High energy scattering: light-cone correlation function

O(x) =
∫

dλ

4π
eiλxψ̄(−λ

2
n) "nPe−ig

∫ λ/2
−λ/2 dαn·A(αn)ψ(

λ

2
n)
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Parton and generalized parton distributions

〈P |O(x)|P 〉 = q(x)

Deep inelastic scattering: diagonal matrix element
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Parton and generalized parton distributions

〈P |O(x)|P 〉 = q(x)

Deep inelastic scattering: diagonal matrix element

〈P ′|O(x)|P 〉 = 〈γ〉H(x, ξ, t) + i∆
2m 〈σ〉E(x, ξ, t)

∆ = P ′ − P, t = ∆2, ξ = −n · ∆/2

Deeply virtual Compton scattering: off-diagonal matrix element

(λ = p+x−)High energy scattering: light-cone correlation function

O(x) =
∫

dλ
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Parton and generalized parton distributions

〈P |O(x)|P 〉 = q(x)

Deep inelastic scattering: diagonal matrix element

〈P ′|O(x)|P 〉 = 〈γ〉H(x, ξ, t) + i∆
2m 〈σ〉E(x, ξ, t)

∆ = P ′ − P, t = ∆2, ξ = −n · ∆/2

Deeply virtual Compton scattering: off-diagonal matrix element

(λ = p+x−)High energy scattering: light-cone correlation function

O(x) =
∫

dλ

4π
eiλxψ̄(−λ

2
n) "nPe−ig

∫ λ/2
−λ/2 dαn·A(αn)ψ(

λ

2
n)

[!n→!nγ5 : ∆q(x)]

[!n→!nγ5 : Ẽ(x, ξ, t), H̃(x, ξ, t)]
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Moments of parton distributions
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Moments of parton distributions

Expansion of

Generates tower of twist-2 operators

O(x) =
∫

dλ

4π
eiλxψ̄(−λ

2
n) "nPe−ig

∫ λ/2
−λ/2 dαn·A(αn)ψ(

λ

2
n)

O{µ1µ2...µn}
q = ψqγ

{µ1iDµ2 . . . iDµn}ψq
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Moments of parton distributions

Expansion of

Generates tower of twist-2 operators

O(x) =
∫

dλ

4π
eiλxψ̄(−λ

2
n) "nPe−ig

∫ λ/2
−λ/2 dαn·A(αn)ψ(

λ

2
n)

O{µ1µ2...µn}
q = ψqγ

{µ1iDµ2 . . . iDµn}ψq

Diagonal matrix element

〈P |O{µ1µ2...µn}
q |P 〉 ∼

∫
dxxn−1q(x)
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Moments of parton distributions

Expansion of

Generates tower of twist-2 operators

O(x) =
∫

dλ

4π
eiλxψ̄(−λ

2
n) "nPe−ig

∫ λ/2
−λ/2 dαn·A(αn)ψ(

λ

2
n)

O{µ1µ2...µn}
q = ψqγ

{µ1iDµ2 . . . iDµn}ψq

Diagonal matrix element

〈P |O{µ1µ2...µn}
q |P 〉 ∼

∫
dxxn−1q(x)

Off-diagonal matrix element

〈P ′|O{µ1µ2...µn}
q |P 〉 → Ani(t), Bni(t), Cn0(t)∫

dxxn−1H(x, ξ, t) ∼
∑

ξiAni(t) + ξnCn0(t)
∫

dxxn−1E(x, ξ, t) ∼
∑

ξiBni(t)− ξnCn0(t)
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Moments of parton distributions

Expansion of

Generates tower of twist-2 operators

O(x) =
∫

dλ

4π
eiλxψ̄(−λ

2
n) "nPe−ig
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−λ/2 dαn·A(αn)ψ(

λ

2
n)

O{µ1µ2...µn}
q = ψqγ

{µ1iDµ2 . . . iDµn}ψq

Diagonal matrix element

〈P |O{µ1µ2...µn}
q |P 〉 ∼

∫
dxxn−1q(x)

[!n→!nγ5 : Ãni(t), B̃ni(t)]

Off-diagonal matrix element

〈P ′|O{µ1µ2...µn}
q |P 〉 → Ani(t), Bni(t), Cn0(t)∫

dxxn−1H(x, ξ, t) ∼
∑

ξiAni(t) + ξnCn0(t)
∫

dxxn−1E(x, ξ, t) ∼
∑

ξiBni(t)− ξnCn0(t)
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Moments of parton distributions

〈p|ψ̄γµDµ1 · · · Dµnψ|p〉 → 〈xn〉q =
∫ 1

0
dxxn[q(x) + (−1)(n+1)q̄(x)]

〈p|ψ̄γ5γµDµ1 · · · Dµnψ|p〉 → 〈xn〉∆q =
∫ 1

0
dxxn[∆q(x) + (−1)(n)∆q̄(x)]

〈p|ψ̄γ5σµνDµ1 · · · Dµnψ|p〉 → 〈xn〉δq =
∫ 1

0
dxxn[δq(x) + (−1)(n+1)δq̄(x)]

q = q↑ + q↓, ∆q = q↑ − q↓, δq = q# + q⊥,where



BNL DWF 3-16-07       J. W. Negele   8

Lattice operators:  irreducible representations of hypercubic group with 
minimal operator mixing and minimal non-zero momentum components
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Staggering toward QCD with DW Fermions

Domain wall quarks on staggered sea opportunistic first step

Improved staggered sea quarks (MILC)

Economical - lattices with large L, small mπ , several a

Fourth root appears manageable

RG indicates coefficient of nonlocal term → 0

Partially quenched staggered ΧPT accounts well for ugly properties

Order a2  improved

 Domain wall valence quarks

Chiral symmetry avoids operator mixing

Order a2

Conserved 5-d axial current facilitates renormalization

Hybrid ChPT available

One-loop results have simple chiral behavior

9
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Asqtad Action: O(a2) perturbatively improved

Symansik improved glue

Sg(U) = C0 W
1x1  + C1 W

1x2  + C2 W
cube

Smeared staggered fermions Sf(V,U)

Fat links remove taste changing gluons

Tadpole improved
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HYP Smearing

Three levels of SU(3) projected blocking within hypercube

Minimize dislocations - important for DW fermions
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HYP smeared domain wall fermions - B. Bistrovic

Perturbative renormalization 

OMS
i (Q2) =

∑

j

(
δij +

g2
0

16π2

N2
c − 1
2Nc

(
γMS

ij log(Q2a2)− (BLATT
ij −BMS

ij )
))

· OLATT
j (a2)
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Numerical calculations
Improved staggered sea quarks  (MILC configurations)

NF =3,  a=0.125 fm

Domain wall valence quarks
LS =16,   M = 1.7  
Masses and volumes:

mπ configs Vol L (fm)

761 425 203 2.5

693 350 203 2.5

544 564 203 2.5

486 498 203 2.5

354 655 203 2.5

354 270 283 3.5
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Residual Mass

14

residual mass for pion masses 790 and 350 MeV
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L5 Dependence of Nucleon Mass

15

mπ  =  790 MeV

mπ  =  350 MeV
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Hadron matrix elements on the lattice

Measure        for 

Connected diagrams   

Disconnected diagrams (cancel for                     )

Extrapolate 

mq, a, L〈O〉

〈O〉u − 〈O〉d
mq, a, L
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Overdetermined system for form factors
Calculate ratio

Perturbative renormalization

Schematic form
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Nucleon axial charge in full lattice QCD

Why gA?

Matrix element of axial current

Adler Weisberger   

Goldberger Treiman

Spin content

〈N(p + q)|Aµ|N(p)〉 = ū(p + q)
!τ

2
[
gA(q2)γµγ5 + gP (q2)qµγ5

]
u(p)

gA(0) = 1.2695± 0.0029

Aµ = q̄γµγ5
"τ

2
q

g2
A − 1 ∼

∫
(σπ+p − σπ−p)

gA → fπgπNN/MN

〈1〉∆q =
∫ 1
0 dx[∆q(x) + ∆q̄(x)]

gA = 〈1〉∆u − 〈1〉∆d Σ = 〈1〉∆u + 〈1〉∆d + 〈1〉∆s
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Nucleon Axial Charge

Chiral perturbation theory

Beane and Savage  hep-ph/0404131

Detmold and Lin  hep-lat/0501007

1-loop theory has 6 parameters

Fix                                    (0.3% error)

Fit

Result

gA(m2
π, V )

fπ, m∆ −mN , g∆N

gA, g∆∆, C

gA(mπ = 140) = 1.212± 0.084



BNL DWF 3-16-07       J. W. Negele   20

Chiral expansion of axial charge

ΓNN = gA − i
4

3f2
[4g3

AJ1(mπ, 0, µ)

+ 4(g2
∆NgA +

25
81

g2
∆Ng∆∆)J1(mπ,∆, µ)

+
3
2
gAR1(mπ, µ)

− 32
9

g∆NgAN1(mπ,∆, µ)]

+ Cm2
π

J1(m,∆, µ) = −3
4

i

16π2

[
(m2 − 2∆2) log

m2

µ2
+ 2∆F (m,∆)

]

R1(m,µ) =
i

16π2
m2

[
Γ(ε) + 1− log

m2

µ2

]

N1(m,∆, µ) = −3
4

i

16π2

[
(m2 − 2

3
∆2) log

m2

µ2
+

2
3
∆F (m,∆) +

2
3

m2

∆
[πm− F (m,∆)]

]

f(m,∆) =
√

∆2 −m2 − iε log

(
∆−

√
∆2 −m2 − iε

∆ +
√

∆2 −m2 − iε

)

Beane and Savage  hep-ph/0404131
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Nucleon axial charge gA 
〈1〉u−d

∆q

! !"# !"$ !"% !"& !"' !"(

)
!

$
*+,-.

$
/

#

#"#

#"$

#"%

#"&

0
1

LHPC  hep-lat/0510062
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Nucleon axial charge gA 
〈1〉u−d

∆q

! !"# !"$ !"% !"&

'
!

#
()*+,

#
-

!

!"#

!"$

!"%

!"&

.

."#

."$
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1234589806
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Chiral Extrapolation of MomentsChiral Perturbation Theory

• for example, unpolarized moments

〈xn〉u−d = an



1−
(3g2

A,0 + 1)

(4πfπ,0)2
m2

π ln

(
m2

π

µ2

)

 + b′n(µ)m2
π

• choose µ = fπ,0, and at one loop gA,0 → gA,mπ and fπ,0 → fπ,mπ

〈xn〉u−d = an



1−
(3g2

A,mπ
+ 1)

(4π)2
m2

π

f2
π,mπ

ln

(
m2

π

f2
π,mπ

)

 + bn
m2

π

f2
π,mπ

• self consistently gA → gA,lat, fπ → fπ,lat, mπ → mπ,lat

〈xn〉u−d = an



1−
(3g2

A,lat + 1)

(4π)2
m2

π,lat

f2
π,lat

ln




m2

π,lat

f2
π,lat







 + bn
m2

π,lat

f2
π,lat

• similarly for the helicity and transversity moments

〈xn〉∆u−∆d = ∆an



1−
(2g2

A,lat + 1)

(4π)2
m2

π,lat

f2
π,lat

ln




m2

π,lat

f2
π,lat







 + ∆bn
m2

π,lat

f2
π,lat

〈xn〉δu−δd = δan



1−
(4g2

A,lat + 1)

2(4π)2
m2

π,lat

f2
π,lat

ln




m2

π,lat

f2
π,lat







 + δbn
m2

π,lat

f2
π,lat
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Chiral Extrapolation of Moments
Helicity Momentum Fraction: 〈x〉∆u−∆d

0 5 10 15 20 25 30 35
m
!

2/ f
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2

0.05
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Polarized Second Moment: 〈x2〉∆u−∆d
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Chiral Extrapolation of Moments

Tensor Charge: gT = 〈1〉δu−δd

0 5 10 15 20 25 30 35
m
!

2/ f
!

2

0.2

0.4

0.6
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<1
> "
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"
d

Transversity Momentum Fraction: 〈x〉δu−δd
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Chiral Extrapolation of Moments
Putting It All Together

0.8

0.9

1

1.1

1.2
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Chiral extrapolation of 

27

Chiral extrapolation O(p4) relativistic ChPT (Dorati, Hemmert, et. al.)
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(
fA(mπ) + gA(t,mπ)

)
+ Ã0,u−d

20 hA(mπ) + Amπ
20 m2

π + At
20t
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Chiral extrapolation of 

28
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Note: connected diagrams only
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Electromagnetic form factors

Simplest off-diagonal matrix element 

Fourier transform of charge density if 

Pb: 5 fm >> 10-5 fm,   Proton: 0.8 fm ~ 0.2 fm:   marginal

For transverse Fourier transform of light cone w. f., m → p+ ~ ∞

Large q2:  ability of one quark to share q2 with other constituents to 
remain in ground state - q2 counting rules

〈p|ψ̄γµψ|p′〉 = ū(p)[F1(q2)γµ + F2(q2)
iσµνqν

2m
]u(p′)

Lsystem ! Lwavepacket !
1
m

GE(q2) = F1(q2)− q2

4M2
F2(q2) GM (q2) = F1(q2) + F2(q2)
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F1 Isovector Form Factor
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F1 Isovector Form Factor
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F1 Isovector Form Factor
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F1 Isovector Form Factor
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F1 Isovector Form Factor
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Form factor ratio:    F2 / F1 
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Polarization transfer at JLab Lattice results
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Polarized Nucleon Form Factors GA and GP

pion electroproduction  ◆ pion electroproduction  ●
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〈p|ψ̄γµγ5ψ|p′〉 = ū(p)[GA(q2)γµγ5 + qµγ5GP (q2) + σµνγ5qνGM (q2)]u(p′)

νµ n→ µ− p µ− p→ νµ n

Bernard, Elouadrhiri, Meissner,  J. Phys. G Nucl. Part. Phys. 2002, R1

◆
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Form factor ratio:    GA/F1

Polarization transfer at JLab Lattice results
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Form factor ratio:    GP/GA  

soft pion pole: GP (q2) ∼ 4M2GA(q2)
q2 −m2

π
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Generalized form factors

O{µ1µ2...µn}
q = ψqγ

{µ1iDµ2 . . . iDµn}ψq

〈P ′|Oµ1 |P 〉 = 〈〈γµ1〉〉A10(t)

+
i

2m
〈〈σµ1α〉〉∆αB10(t) ,

〈P ′|O{µ1µ2}|P 〉 = P̄ {µ1〈〈γµ2}〉〉A20(t)

+
i

2m
P̄ {µ1〈〈σµ2}α〉〉∆αB20(t)

+
1
m

∆{µ1∆µ2}C2(t) ,

〈P ′|O{µ1µ2µ3}|P 〉 = P̄ {µ1 P̄µ2〈〈γµ3}〉〉A30(t)

+
i

2m
P̄ {µ1 P̄µ2〈〈σµ3}α〉〉∆αB30(t)

+ ∆{µ1∆µ2〈〈γµ3}〉〉A32(t)

+
i

2m
∆{µ1∆µ2〈〈σµ3}α〉〉∆αB32(t),

P̄ = 1
2 (P ′ + P )

∆ = P ′ − P

t = ∆2
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Limits of generalized form factors

Moments of parton distributions  t →0 

Electromagnetic form factors 

Total quark angular momentum

An0 =
∫

dxxn−1q(x)

A10 = F1(t), B10 = F2(t)

Jq = 1
2 [A(0)20 + B(0)20]
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Sum Rules

Momentum sum rule  

Nucleon spin sum rule

Vanishing of anomalous gravitomagnetic moment

1
2

=
1
2
(
A20,q(0) + A20,g(0) + B20,q(0) + B20,g(0)

)

=
1
2
∆Σq + Lq + Jg

1 = A20,q(0) + A20,g(0) = 〈x〉q + 〈x〉g

0 = B20,q(0) + B20,g(0)
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Transverse structure of nucleon
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Transverse structure of nucleon

H(x, 0, - Δ2
⊥ ) is transverse Fourier transform of light 

cone quark distribution q(x,r⊥ ) at momentum fraction x
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Transverse structure of nucleon

H(x, 0, - Δ2
⊥ ) is transverse Fourier transform of light 

cone quark distribution q(x,r⊥ ) at momentum fraction x

q(x, r⊥) =
∫

d2∆⊥
(2π)2

H(x, 0,−∆2
⊥) e−ir⊥∆⊥

∫
dxxn−1q(x, r⊥) =

∫
d2∆⊥
(2π)2

A(−∆2
⊥) e−ir⊥∆⊥
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Transverse structure of nucleon

x → 1:  Single Fock space component  ⇒  slope → 0

H(x, 0, - Δ2
⊥ ) is transverse Fourier transform of light 

cone quark distribution q(x,r⊥ ) at momentum fraction x

q(x, r⊥) =
∫

d2∆⊥
(2π)2

H(x, 0,−∆2
⊥) e−ir⊥∆⊥

∫
dxxn−1q(x, r⊥) =

∫
d2∆⊥
(2π)2

A(−∆2
⊥) e−ir⊥∆⊥
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Transverse structure of nucleon

x → 1:  Single Fock space component  ⇒  slope → 0

x  ≠ 1:  Transverse structure  ⇒ slope steeper

H(x, 0, - Δ2
⊥ ) is transverse Fourier transform of light 

cone quark distribution q(x,r⊥ ) at momentum fraction x

q(x, r⊥) =
∫

d2∆⊥
(2π)2

H(x, 0,−∆2
⊥) e−ir⊥∆⊥

∫
dxxn−1q(x, r⊥) =

∫
d2∆⊥
(2π)2

A(−∆2
⊥) e−ir⊥∆⊥
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Generalized form factors from lattice
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Transverse size of light-cone wave function

xn
av =

∫
d2r⊥

∫
dxx · xn−1q(x,!r⊥)∫

d2r⊥
∫

dxxn−1q(x,!r⊥)
q(x,!r⊥)model (Burkardt hep-ph/0207047)
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Generalized form factors     

A10, A20, A30
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Generalized form 
factor ratios  A30 / A10  

GPD parameterization: 
Nucleon form factors, 
CTEQ parton distributions, 
Regge behavior, 
Ansatz
Diehl, Feldmann, Jakob, Kroll EPJC 2005
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2-d rms Radii for An0, Ãn0
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First x moments:

LHPC hep-lat/0304018 

A20, B20, C20

mπ = 897 MeV
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A20, B20, C20

First x moments:

|Au+d
20 | > |Au−d

20 |
|Bu−d

20 | > |Bu+d
20 |

|Cu+d
20 | > |Cu−d

20 |

Consistent with large
N behavior   [Goeke et. al.]
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Origin of nucleon spin
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Origin of nucleon spin
“Spin crisis” -  only ~ 30% arises from quark spins
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Origin of nucleon spin
“Spin crisis” -  only ~ 30% arises from quark spins

1
2∆Σ = 1

2 〈1〉∆u+∆dquark spin contribution
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Origin of nucleon spin
“Spin crisis” -  only ~ 30% arises from quark spins

1
2∆Σ = 1

2 〈1〉∆u+∆dquark spin contribution

Jq = 1
2 [Au+d

20 (0) + Bu+d
20 (0)] = 1

2 [〈x〉u+d + Bu+d
20 (0)]

total quark  contribution (spin plus orbital)
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Origin of nucleon spin
“Spin crisis” -  only ~ 30% arises from quark spins

1
2∆Σ = 1

2 〈1〉∆u+∆dquark spin contribution

Jq = 1
2 [Au+d

20 (0) + Bu+d
20 (0)] = 1

2 [〈x〉u+d + Bu+d
20 (0)]

total quark  contribution (spin plus orbital)

∼ 1
20.675(7)

∼ 1
20.682(18)

mπ = 897 MeV
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Origin of nucleon spin
“Spin crisis” -  only ~ 30% arises from quark spins

1
2∆Σ = 1

2 〈1〉∆u+∆dquark spin contribution

Jq = 1
2 [Au+d

20 (0) + Bu+d
20 (0)] = 1

2 [〈x〉u+d + Bu+d
20 (0)]

total quark  contribution (spin plus orbital)

Spin Inventory
68% quark spin
  0% quark orbital
32% gluons

∼ 1
20.675(7)

∼ 1
20.682(18)

mπ = 897 MeV
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Nucleon spin decomposition
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Nucleon spin decomposition
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Chiral extrapolation of 

49

Jq = 1
2

(
Au+d

20 (0) + Bu+d
20 (0)

)

Jq(mπ;∆) = Jq(mπ)−1
2

(
9
2
bqN + 3aqπ −

15
2

bq∆

)
8g2

πN∆

9(4πfπ)2
(m2

π−2∆2) ln
(

m2
π

Λ2
χ

)
+2∆

√
∆2 −m2

π ln

(
∆−

√
∆2 −m2

π

∆ +
√

∆2 −m2
π

)
ChPT including Delta  (Chen and Ji)
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Chiral Extrapolation of 
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Bu+d
20 (t,mπ)

Bu−d
20 (t,mπ) =

mN (mπ)
mN

{
B0,u−d

20 + A0,u−d
20 gB(t,mπ) + δt

B t + δmπ
B m2

π

}

Chiral extrapolation O(p4) relativistic ChPT O(p5) corrections
Note: connected diagrams only                    (Dorati, Hemmert, et. al.)
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Chiral Extrapolation of 

51

22

FIG. 38: Combined (t, mπ)-dependence of Cu+d
20 from chiral fit compared to lattice data.

Cu+d
20 (t,mπ)

Cu−d
20 (t,mπ) =

mN (mπ)
mN

{
C0,u−d

20 + A0,u−d
20 gC(t,mπ) + δt

C t + δmπ
C m2

π

}

Chiral extrapolation O(p4) relativistic ChPT O(p5) corrections
Note: connected diagrams only                    (Dorati, Hemmert, et. al.)
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Summary
Entering era of quantitative solution in chiral regime

Moments of quark distributions

Form factors:  F1 ,  F2 , GA , GP

Generalized form factors A  B  C

Transverse structure

Origin of nucleon spin

Opportunity for theory and experiment to work in consort

Validate by agreement with key experiments

GPD’s:  Expt. convolution,  Theory moments, combine

Resolve experimental discrepancies

F2 :  2-γ  contributions to Rosenbluth, pol. transfer

GA :  ν   vs  π-electroproduction
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Current effort and future challenges

Full QCD with chiral fermions in chiral regime

DW proposals for configurations and hadron structure next week

Disconnected diagrams 

Strangeness content of nucleon

Flavor singlet matrix elements

Gluon observables

Role of diquarks in hadrons

Unstable states

Exotic mesons and baryons

Hadron-hadron phase shifts, adiabatic potentials


