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Multi-Reggeon Equation (BKP)

The scattering amplitude in the Regge limit: s — oo, ¢ = const

1 as By

\/7n

A(s,t) ~ —i z (ias)N 8N ()8 (1)

545 — OéSNc/Tr

The compound N-Reggeon states
satisfy the Schrdodinger equation:

HyW ({Z})= EnW ({Zk})

En - the “energy”
of the ground states




QCD Hamiltonian
iIn the Multi-Colour Limit: N, — oo

N zZ4 zZ9
Hy = ), H(Z Zpg1)
k:]- — —
zZ5 21
where z7 = ZN—l—l
26 ZN

e has a hidden symmetry,

e possesses the set of the integrals of motion (integrable):

[HN,q\n]:[C/]\n,q\m]:O, QQ:—h(h—l) n7m:277N
e iS equivalent to the XXX Heisenberg spin magnet

e separates in (anti)holomorphic parts



Pomeron vs Odderon

Pure gluon: | Ay,(x) < —Ag(az)

where A, (x) = A (z)t"

N = 2:
Pz, y) = tr(Au(z)Au(y)) = %%bAZ(ﬂU)AIZ(y) C =41
N = 3:
Pup(x,y, z) = —itr([Au(2), Av(y)]Ap(2)) = 5 funcAL(2) AL(Y) AS(z) | C = +1
Opp(m,y, 2) = tr({Au(@), Au(¥)}Ap(2)) = 3dancAL(x) AY(y) A5(2) = —1
Reggeons:

[P fabc ~ \U(_)(Z]_, 527 53)
0 dype & V) (Z, 25, 23)

where under mirror permutation

Mw(§17227"°7ZN) — W(EN,...,Z’Q,Z]_)
MW E (2,25, 2n) = 2B (F, 5, ., 2y)
w(i)(glagéy .- 72N) — % [w{q,cj}(zla 227 .- 72N) + w{—q,—cj}('gl)gé) s 7ZN)]

where ¢ = {q;}, —g = (—1)"g,



Wave-Functions for Three Reggeons

Lipatov's ansatz:

oW = —(h— 1) & (a-h. sec)| = | v =uw'd"F(s )

_ (z3—22) _ (z1—22)(23—20)
Where w = (e —70) 29 7 = Gi—20) (s —22)

Janik-Wosiek solution:

spectrum of g3
Wy, 551 (21, 22, 735 20)

3V =g¢g¥ & (a-h. sec.) ::>{

where 3 = ¢5 and h = 1 — h* with h = L% 4y and ny € Z, v, € R

Usually, the wave-functions w{q3@3}(21,22,23; Zp) have mixed C'—parity,
SO they contain Pomeron as well as odderon contribution.



Janik-Wosiek solution -
W oa 321 (B1, 22, 235 20) = w'@"F(x, )

> %) (i) (i)
F(z,z) = ) up’ (2:93)A; 543, 33)837 (F; 33)
n,n=1

~

81

Differential gz—eigenequation (singular points: z; = 0,1, 00)



Janik-Wosiek solution -
W oa 321 (B1, 22, 235 20) = w'@"F(x, )

> %) (i) (i)
F(z,z) = ) up’ (2:93)A; 543, 33)837 (F; 33)
n,n=1

~

81

: 3 . :
Transition matrices Q: u$)(z;93) = 3 Q%8 (43)u$ (2; ¢3) .
n=1



Janik-Wosiek solution
W igs.33) (B 22, 731 20) = W F (2, 7)

> G () ()
F(z,z) = ) up’ (2:93)A; 543, 33)037 (; 33)
n,n=1

Differential g3—eigenequation
(singular points: x; = 0,1, 00)

Three series solutions ug”(a;; g3) for each x; with Log(z) and x¢
. 3 .
Transition matrices : u%)(x; q3) = Y Q%’J)(q:g)u@)(x; q3)

n=1
and similarly for antiholomorphic sector

A (43,33) = QD (12)T - AD (43, 33) - QD (73)

and singlevaluedness of F(x,x)

give quantization conditions for ¢z and structure of A(j)(q3,(j3)



Wave-Functions for Three Reggeons
W = Wy.—0.5,=01 (71, 22, 23; 20)

It is possible to resum series solutions for g3 = O:

Pomeron g3 = 0 with E3 > O:

(h,h) = (1,0) or (0,1)
W (21, 2, 75, %) = w'd (1 4+ (=) (=2 + (& — 1) — 1)5) _ 0

Pomeron g3 =0 i (h,h) = (1,0) with E3 = O:

W (21, 2,23, 20) = w((—x) Log(xx) + (x — 1) Log((x — 1)(x — 1)))

odderon g3 = 0 (BLV solution) with E5 > 0:

W (21, 2, 73; Z0) = w'd w(z — 1)Z(Z — 1) (5(2><a:> + 6@ (1 — x) 4+ 2377352 (x—l))
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The Baxter Q-Operator: Q(u,u)

The QQ-operator has to satisfy the conditions:

Commutation
[@(’LL, ﬁ), @<U7 6)] — [ZN(U)7 @(’U, 6)] — [fN(a’)a @(Ua 6>] — O:
in(u) =2ulN 4+ uN "4+ 4+ gy
Baxter equations
En(wO(u, @) = uNO(u+14.a) + uNO(u —1i,7)
Iv(@Qu,a) = (a+)NO(u.a+4) + (@ — )NO(u, @ —19)

(Q—operator has prescribed analytical properties (known pole structure)
and asymptotic behaviour at infinity

H [@qk(u,ﬁ)} s Energy Spectrum




Our Method

Baxter equations

QCD Hy
the integral ansatz for
Ne—oo | Ou.w) = [ Q2. 2) K (u, 1, 2,2)d%2
Hy= Y>;H(Zx, Z41) Differential equations for Q(2,%)
the integrals singlevaluedness of ()(2,%)
of motion ¢ in the complex z-plain

Hn(d) Quantum conditions for the eigenvalues of 7).

the Baxter /
()-operator

H [@(T(ujg)] > Spectrum of the energy




The Results: the eigenvalues of q; for N = 3,4

N =3: h=

R o B o R LK K

15
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¥

1 o5 0 05 1 15 15 -1 —05 o0 05 1 15
Re[q31/3] Re[q21/4]

[q3apprOX(€1’g2)]l/3 _ w (%51 4 i?b) [q4approx(£1,€2)]1/4 — r22(\3//7_r4) <\%£1 + i\%ﬁz)

where /1,0> € Z and /1 4+ /> is even

h =1L 44y,

g = —h(h —1) Similarly for higher N's nn € Z, vy, € R
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The Results: continuation in vy,
and quasimomenta for N = 3

@ =3%+iv? v, €R

Possible quasimomenta
63 = 0 RED

03 = 2F BLUE

03 = X GREEN

where PW (Zq, ..

1.2}?\\ //ﬁﬁ;l
0.9 :
Im([g3t/3] %08 ; ~02"" Re[gs/?]

LEN-1,2N) = WV (22, . ..

15

0.5

Im[q31/3]
o

-0.5

| = ]
* * K
A E¥% A mk YB—A—kE A
pigie RNy
L A |
Kk X e
A . 4 A A
| * ¥ AR
A A 'Y A
FOF OFL T AR R K
-1 -05 0 0.5 1 1.5

Re[qz1/3]

Pw-({Z,}) = ei@N(‘f)W(j({gk})

, 2N, Z1)
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Continuation in vy
and spectrum rotation for |n;| >0 and N =3

h:1—|—il/h (nhzl) hzg—l—wh(nh:Q)

ST A

Ne s

12



Energy along trajectories for N =3 and h=1/2

|
N |
o I\

TR S R TR A T T N N

-2 -1 0 1
Im[h] = vy
(£1,02) | (g3¥@Y) 2 (43VKE) 3 —FE3
(0,2) 0.5901 0.684 i —0.0472
(2,2) | 0358+ 0.621i | 0.395 + 0.684i | —0.6910
(4.2) | 0.749+ 0.649i | 0.790 + 0.684i | —1.7080
(6,2) | 1.150+0.664: | 1.186 + 0.684i | —2.5847
(8,2) | 1.551+0.672i | 1.581 + 0.6847 | —3.3073
(10.2) | 1.951 + 0.676i | 1.976 + 0.6847 | —3.9071
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Compound N Reggeon States
In Multi-Colour QCD

q3 qa g5 g6 1q7 qs —FEN
2.7726
0.20526 -0.2472
0 0.15359 0.6742
0.26768 | 0.03945 | 0.06024 -0.1275
0 0.28182 0 0.07049 0.3946
0.31307 | 0.07099 | 0.12846 | 0.00849 | 0.01950 -0.0814
0 0.39117 0 0.17908 0 0.03043 | 0.2810

En = FEn(¢3,94,---,4N) h=3
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The Dependence of Ex on N for h = 2

2
3
2.5
2
1.5 even N
—bn
]:: / The upper curve:
0.5 ] 1.8402/(N — 1.3143)
] ‘4-*
0 I i The lower curve:
05, odd ¥ - ] —2.0594/(N —1.0877)
2 3 4 5N 6 7 8

Energy is negative for odd /N and positive for even NV
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The Ground Branches En(Im(h)) for h = % + iy,

N:23
2
N =4 1-
N:61
V=%,
Vo3 e
—En -1]
B ve3
-3 NZS
- N =4
—4 N=3
] N =2
S0 1 2 3 4 5
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The Ground Branches En(Im(h)) for h = % + iy,

N:23
2
N =4 14
N:61
e e
R S
— BN —1]
=23 N =8
| V=
- V=
4 N=3
N =2
S50 1 2 3 4 5
Im[h]
Antiferro Ferro
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The Summary
e We found the spectrum of multi-Reggeon compound states in QCD
e The g3—eigenequation for N = 3 Reggeons
— wave-functions, conformal charges, intercepts (=1 — asminEjy)
— g3 #= 0 = mixed C'—parity
— g3 = 0: Pomeron and odderon with intercept az =1
e Higher N: ()—Baxter method
— equivalent method to the g3—eigenequation method for N =3
— lattice-like g —spectrum
— formulae for the Reggeon wave-functions more complicated
— gy = 0 descendent states for odd N with Fy =0
e Possible Future Work:
— Calculations of A(s,t)

— Analytical Explanations

17



The Summary

e We found the spectrum of multi-Reggeon compound states in QCD

e The g3—eigenequation for N = 3 Reggeons
— wave-functions, conformal charges, intercepts (=1 — asminEjy)

— g3 = 0 = mixed C'—parity
— g3 = 0: Pomeron and odderon with intercept az =1

e Higher N: ()—Baxter method

— equivalent method to the g3—eigenequation method for N =3

— lattice-like gy—spectrum g
— formulae for the Reggeon
— gy = 0 descendent states for)

e Possible Future Work:
— Calculations of A(s,t)
— Analytical Explanations

vave-functions more complicated

)
'S

il

lodd N with £y = 0

B A ]
T
N

===

Properties of the states
— winding lattices

— resemblant lattices

— descendent states

— anomalous dimensions
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Lipatov's quantization conditions
HWY (u,u) = EV(u,u) with W(u,u) =c1WV1(u,u) + coWVo(u, )

OWq(u,a) = 0w (u, ) 4 Vi(u, @), Wa(u,a) — independent

where OWs(u,7) = O2)Ws(u,w) N0, =0

HW 1 (u, ) = EDW (u, 1)

then HW5(u, T) = E(2>\U2(U,ﬂ)

and E(l) — E(z)
However, E<1)(Q27 43 - - - QN) — E<2)(Q27 43, - - - QN) for a” {QQJ 43, - - qN}
This does not produce any additional quantization conditions for ¢,

Problem: E(1) =% ja, and E(?) =2 (b,

where M Ja, = SM b, for M < oo

B =0 4 20 and w,;(u,7) = WV;(w)W, (1) with HW;(u) = c(Dw, ()
Lipatov’s g.cond.: (1) =:2(2) | (bute=) BV = p(2)

18



Lipatov's Egl) — Egz) for h=1/2

M M
S an—Y b i g3 = +0.20526
M = 100
| M = 400
0.001 | AV — 800
5 M = 1600
0. 0001 . M = 3200
: M = 6400
0. 00001 M = 12800
M = 25600
0.1 0.2 0.3 0.4 0.5 igs

where E(l) = Z an and E(z) = Z bn, While E(l) §2)
n=0 n=0

19



Real Lipatov's test function: sél) — séQ) for h=1/2

vas (53,M . 63,M)

(1) (2)

1q3 = £0.20526

0.4
M = 1600
0.2
© 0.05 0.1 0.15 0.2~0.25 0.3 0.35 0.4 4
0.2
-0.4
where £ = m (51(%2)]\4 + 5§Z)M) while 5 = B = {2

20



Descendent states and gz = O states for N =4

Descendent states:
ga=0and h=1/2

* * *
15/
* * *
1% * *
N * *
~ 05 *
*
o * *
=0 * *
£ . 4 %
-05/!
* * *
1 % * *
b ¢ b ¢ *
-15]
* * *

215 -1 -05 0 05 1 15
Re[q31/3]

Im[g,1/4]

15 % * * * * *
* * * * *
g * * * * *
0.5 o * T * *
* * * *
0 * * * *
* * * *
-05¢ % * ] * o ]
L * * * * * *
T * * * * * |
S15 | % * * * * * |
15 -1 -05 0 05 1 15
Re[g41/4]

States with
gz =0and h=1/2

21




Im[gst/4]

Resemblant lattices for N =4 and h=1/2

22

concave convex
X x x . R x x A [ * * *
15 | 15 |
[ I X x " LS o x * *x * * *
1* * * * * * A R R x Xk
of * * X * * ok x o Xx R e
0.5?* * * * * * Q 0_5?* * * * *
* * * * T X * * *
0 % * * * =0 x * *
x o * E o« v oox
05 * * * * * 05w F R
Lx * * * * * | * % * * * x|
. * * * * * * ¥ * * * * * *
| | o x *
S15  * * * * * * 15, o L AN o]
L 1 L * * i
' el T T [T LT R 0 o R Y O B A
15 -1 -05 0 05 1 15 15 -1 -05 0 05 1 15
1/4 1/2
Re[qs1/4] Re[g31/2]




Im{gst/4]

Winding lattices for

+ o+ o+
+ o+ o+ o+
+ + o+ o+
+ o+ o+ o+ o+ F
+ o+ o+ o+ o+ o+
6 FHHH
FHHF AR
L JRRE SRR JRRE TRRE SRSE JRAF JRNC SRAr JRSC 3
L JRRE JRRE REF TRRE JRRT JRRT JRRC TRAT TRNt ARt )
L JRRE JRRE AT JRRE JRAY JRRF JRRE JRAF JRNC SRar TRar 3
LIRRE JRAE. JRRE JRRE JREY REE JRE JREE JRRE JRAE TRRC Jat )
4 LIRRE JRAE “REE TREE JRRY REE JRRE TRAF JRNC SR JRSC SNNL TRt 3
L JREE JREL JRAE JRAET JRAL JRAT JAL JRAC JRAC JRAC JRAC TRRC JRRC JNSE 3
b AR SRS (R JRE SEL JRRE S JRSE JRC JSEC JRSE L IR S IR
L IERE SRR (RAL JRRY._RET JRAF JRRE JRRE JREE JRRE JRAC JREC IRSC TRaC 3 +
LINNE SRR JNNK JRNS NN NEE TRAF REF JRAC JRAE JRRC JRSC JRAC SRSL JRSC TR SRS )
LIRS JRRE (RAE (RS RAE “REE "REF TREFTREF TRAF JRAC SR TRAC IR ] + o+ o+
+ O+ + o+ o+ * .+ * F + * + o+ o+ o+
2 R + F * + ¥ +
L E R aaE * * + o+ o+
F R + * + ¥ O+
AR R e
A e
AR e
AR + + +
0 + o+ ok o+ o+ o+ LR aas Iaa. SaaL aL nas dnaLan’ Jaa. a8 2
+ o+ + o+ o F + o+ o+ o+ o+ + o+
F R RS + o+
AR L e e +
N A N + + + o+ *
AL AR L e S T e s SE )
+ o+ o+ F F F o w
-2 L S I T
F R
+ 4+ o+ ko
R
R
+ + + o+ +
_4 + *
+ o+ + 4+
+ + o+
+ + o+
T
=
+ o+
_6 + o+
+ o+
+ o+
+ o+
+ *
+ +

L N JRAr NMF NEAF e

=4 and h=1/2

+ +
+
+ +
+
+ +*
+
+ ot
+ 4
+
+ +
+ +
+ +

Here there are only some vertices

10

23
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Energy for N =4 and h=1/2

0.55
0-

—F,
—1.5*:
2
25
BN
—4 -2 2 4
Im[A]

(£1/2,02/2) | (aa exaCt)1/4 ((MWKB)l ) —FE}y
(2.0) 0.626 0.599 0.6742
(2,2) 0.520 + 0.5207 | 0.599 + 0.5997 | —1.3783
(3,1) 0.847 + 0.2687 | 0.899 + 0.2997 | —1.7919
(4,0) 1.158 1.198 —2.8356
(3,3) 0.860 + 0.860:¢ | 0.899 4+ 0.899: | —3.1410
(4,2) 1159 + 0.5744 | 1.198 + 0.5994 | —3.3487

24



15}

Im[qs1/4]

-05}

—1!

-15

Non-trajectory lattice

for N=4 and h=1

o L ¥ L ¥ | * ] (%’ %) ((J4 exact) 1/4 <q4WKB) 1/4 _E,
R (2,0) 0.591 0.599 1.03996
- 1 (0,0) 0. 0. 0.

f * * | (2,2) | 0.519+0.519: | 0.599 + 0.599i | —0.29054
[ * * i (3,1) || 0.826 +0.2647 | 0.899 + 0.299: | —1.72366
] A A A (4,0) 1.142 1.198 —2.79597
MO TP (3,3) || 0.854 + 0.854: | 0.899 + 0.899i | —3.09125
* * (4,2) | 1.149+0571: | 1.198 +0.599¢ | —3.31240
* e * * * *
* * * * 7
R S R A B e e Lipatov's ground state for N = 4: (2,0)
Re[gal/4]

Point-like lattice for h = 1; no continuity in v, (h = Hé”h + i)
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QCD Hamiltonian
iIn the Multi-Colour Limit: N, — oo

N-1
Hy = Y H(Zg Zx41)
k=0 where Zg = Zy

e holomorphic and antiholomorphic coordinates

2 = Tl + 1Yk

Zr = (xyp, > .
k= (@k, k) {Zk=wk—zyk

e Bose symmetry — invariant under cyclic <4 <2
and mirror permutations of particles
% 7
Pw(zy,...,2n-1,2N) = V(22,. .., 2N, Z1) . -
26 ZN

MW (z1,...,2Ny-1,2N) = V(ZN, ..., 22, 71)

26



e The Schrodinger Equation defines a quantum-mechanical model of
N interacting particles on the cylinder-wrapped plane which can be
identified as a two dimensional non-compact XXX Heisenberg SL(2,C)

spin chain model.

The number of sites of the model is equal to the number of Reggeons

N an the spins attached to each k-site S,f’o, ?jo

_ ( Sy = 20z, + J -
Sp =14 5, = —0z similarly for S). = {?f’o}
| S = 2P0, + 25z, with zg,j — Zg,J

where (7,7) are complex spins 7 =1 — 5° (in QCD 7 =0, 7 =1)

N

Hy = ) [H(Jl{i,k—i—l) + H(jk,k—l—l)]
k=1

where H(J) =W (1 = J)+ W(J) —=2w(1), W(z)= _d'“d';(w)

and Jy k41 (e g1 — 1) = (S + Sp+1)% Inn+1 = In1
27



e possesses the complete set of the conserved charges
(integrals of motion) — invariant products of conformal spins

[HNﬁn}=[§*n,§*m}=o nm=2,...,N
e.9.0 =Yk ks 3=k 5 (gk X §l)
Eigenvalues of the lowest conformal charge can be written as
g2 = —h(h—1)+ Nj(j — 1) and g2 = ¢5
where h =1+ 4 4 iy, h=1-h* andn,€Z v, €R

Eigenvalues of P
PW({7}) = exp(itn (9) WV ({Z}), PN =1

Mwz({z}) = v _{{z}) where ¢ = {g;} and —¢ = {(~1)"q,}

the quasimomentum: 0, (q¢) =2#xk/N, k=0,1,...,N—1

28



The Baxter Q-Operator: Qz(u,u)
Hamiltonian:

H (@) = igh In {uN | Qp(u —i(1 = 5), u—i(1 = 7))
x Qp(u+i(1 =), u+i(1 -]}

u=0

-~

7(u, @) Commutes:
[@ @q’(v,ﬁ)] = [fN(u),@(j(v,E)] = [?N(ﬂ),@(j(vj)] —0

in(u) =2uN + ouN "+ 4Gy
where u, uw: 2i(u —u) € Z

e Its eigenvalues satisfy the Baxter equations:

{ In(w)Qu, @) = (u+ )V Olu +4,7) + (u— i)V O(u — i, 7)
In@Quw, @) = @+ i)V Olu, @ +19) + (@ — i)V Olu, @ — 1)



e One have prescribed asymptotic behaviour at infinity and analytical
properties — known pole structure:

ut = +i(j —m), ux. = +i(j —m)  m,m € positive integers

QG e +o) =~ |F+ 5L+

+¢ =
En(]) = Re [EY (=) + ET(d)) On (@) = 2iin L0

Solution of the Baxter Equation

Ansatz: Q(u,uw) = fd2zz_w_12_m_1Qq~(z,E)
leads to following differential equation on Q(2,%)

2/ (20:)21 7 + 27 (20) N T = 2(20:)N] Q2. 2) = 3 an(20:)N TFQy(z. %)
k=2
z dependence of (;(2,%z) is fixed by similar equation

in the z sector with 7, qx

30



Solution of this equations can be constructed as:

N
Qiz2z) = > Qn(z )Cm(0Qn(Z;7)
n,n=1
The differential equations has three regular singular points :

z2=0, z=1, z = 0.

SO solutions around these points are

- \ 0), _

QIEO)(Z;CI), Qm)(z §> C( )( ) Q"l (2,%)

@%%; 2), %” : @? ) (2,2)

G0, 9@ Q)
contain logarithm and power Should be

functions of z, z. single valued

To satisfy this requirement (J( )(q) has to have proper structure

i.e.: some elements of it should vanished
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TranS|t|on matrices are deflned by:

D(zq) = Zan(q)Q Yiziq)
< "N

oY @D =Y Gm@e =)

L n=1

QM (2,2) = Ty OV (2 0O @RSV )
QW (z2) =N 1 QW (2 DY ()
= TN et Q4 (21 ) (@) OO D@ QL (71 0)

= | CD() = [Q]" - cO() - Q@)

gan | O | o) I
N* [-(N-1)| -2+ (N =2)%) | (N —-2)[= (2N - 3)

= quantization conditions for ¢
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