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Outline
• Motivation: ultrahigh energy neutrino astronomy

• Atmospheric  neutrinos: conventional and prompt

• Cross section for charm production at forward rapidities: 
collinear, dipole and kT factorization calculations

• Calculation of prompt neutrino fluxes
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Neutrino astronomy
• Universe not transparent to extragalactic photons with 

energy > 10 TeV

• Weakly interacting: neutrinos can travel large distances 
without distortion

L
ν

int ∼ 250 × 109 g/cm2L
γ

int
∼ 100 g/cm2

Interaction lengths (at 1 TeV):

• Trajectories of protons and nuclei are distorted by the magnetic fields

• Neutrinos can point back to their sources

δφ ≃

0.7o

(Eν/TeV)0.7

Angular 
distortion

νµ

µ
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Atmospheric neutrinos

Neutrinos in the atmosphere originate from the 
interactions of cosmic rays
(etc. protons) with nuclei.

p

µ
νµ

π

p + Air

π, K

µ, νµ

interaction

decay
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(credit: www.hap-astroparticle.org/ A. Chantelauze)

http://www.hap-astroparticle.org
http://www.hap-astroparticle.org


Atmospheric neutrinos
• Conventional: decays of lighter mesons

τ ∼ 10
−8

sMean lifetime:

π±, K±

Long lifetime: interaction occurs before decay

Lint < Ldec

Long-lived mesons 
loose energy

Steeply falling flux of 
neutrinos Φν ∼ E

−3.7
ν

d-

u u s-π
+

K
+
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Prompt neutrinos
• Prompt: decays of heavier, charmed or bottom mesons

τ ∼ 10
−12

sMean lifetime:

D±, D0, Ds

Short lifetime: decay, no interaction

Lint > Ldec

Flat flux, more energy 
transferred to neutrino Φν ∼ E

−2.7
ν

u

c

-baryon Λc cD
+

D
0
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Motivation
• Prompt neutrino is the background for the astrophysical flux of neutrinos.

• 4 year IceCube data, 1347 days, 54 events, 9 events expected from the  background.

• Atmospheric origin excluded with 7 sigma.

• Neutrino production at these range of energies is  sensitive to small x physics.

7

Observation of Astrophysical Neutrinos in Four Years of IceCube Data C. Kopper

IceCube Preliminary

Figure 2: Distribution of deposited PMT charges of the events. Atmospheric muon backgrounds (estimated
from data) are shown in red. Due to the incoming track veto, these backgrounds fall much faster than the
overall background at trigger level (black line). The data events in the unshaded region at charges greater
than 6000 p.e. are the events reported in this work. Atmospheric neutrino backgrounds are shown in blue
with 1s uncertainties on the prediction shown as a hatched band. For scale, the 90% CL upper bound on the
charm component of atmospheric neutrinos is shown as a magenta line. The best-fit astrophysical spectra
(assuming an unbroken power-law model) are shown in gray. The dashed line shows a fixed-index spectrum
of E�2, whereas the solid line shows a spectrum with a best-fit spectral index.

IceCube Preliminary

Figure 3: Deposited energies of the observed events with predictions. Colors as in Fig. 2.
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Motivation

C. Kopper (ICRC2015, arXiv:1510.05223)

Atmospheric neutrinos are the background to astrophysical neutrinos.

The study of heavy quark production is helpful to explore the QCD 
at low x region.

• 54 events from 1347 day 
observation

• Pure atmospheric origin 
is rejected with ~ 7 sigma.

Prompt flux limit 

prompt contribution



nucleus

proton

gluon

gluon

charm-quark

charm-antiquark

D meson

neutrino

production

fragmentation

decaySources of  uncertainties:

• Initial Cosmic Ray flux: shape and composition

• Strong interaction cross section: framework 
(collinear, small x, saturation), parton distribution 
functions, nuclear effects, intrinsic charm

• Charm meson fragmentation

• Decay

• Interaction cross section of neutrino

cosmic ray

neutrino
interaction

and detection

From cosmic ray to 
neutrino detection
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 pQCD collinear calculation

For the cosmic ray interactions we are interested  in the forward production: charm quark is 
produced with very high fraction of the momentum of the incoming cosmic ray projectile. 
Other participating gluon will have very small fraction of longitudinal momentum:

xF � x2 x2 ⇠ M

2
cc̄

xF s
xF ' Ec

Ep

s � M2
cc̄

The cross section is sensitive to the domain of 
parton densities  which are at very small values of x.
This is poorly constrained region.
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 Dipole model calculation
At high energy the production of the heavy quark pair is viewed as interaction of 

color dipole:

Gluon fluctuation into heavy quark-antiquark pair : color dipole

Interaction of the color dipole with the hadronic target.

Advantage of this framework: saturation and nuclear effects can be easily included as multiple scattering of 
the color dipole off the target.

3

FIG. 2: The perturbative diagrams giving rise to the scatter-
ing of a gluon with the g → qq̄ pair fluctuation in hadronic
collisions.

for each quark flavor f with fractional charge ef by [26]

|Ψf
T (z, r, Q2)|2 = (5)

e2
f
αemNc

2π2

[(

z2 + (1 − z)2
)

ϵ2K2
1(ϵr) + m2

fK2
0(ϵr)

]

,

where ϵ2 = z(1−z)Q2+m2
f , and K0 and K1 are modified

Bessel functions.
The cross section for the high energy interaction of a

small-size qq̄ configuration with the nucleon, σqq̄N (r), can
be calculated in leading-order perturbative QCD. In this
approximation, one sets σqq̄N (r) equal to [27]

σpQCD
d =

π3

3
r2 αs(µ)xG(x1, µ

2). (6)

This cross section is, as discussed above, proportional to
the square of the size of the pointlike configuration as
a consequence of color transparency in QCD. However,
the singular behavior of the wave function and the strong
scaling violation of the gluon distribution in the small-x
region as r decreases can compensate the smallness of the
cross section due to color transparency.

Ultimately, gluon saturation effects need to be included
for a more realistic σqq̄N (r). One would then derive an
approximate expression for the dipole cross section from
theory, including saturation effects, and use experimen-
tal data to determine incalculable parameters in this ex-
pression. Before we turn to saturation and the types of
functional forms used to fit the dipole cross section, in
the next section we describe how heavy quark produc-
tion in proton-proton scattering is treated in the dipole
picture.

C. Heavy quark production

Heavy quark production in hadronic collisions can be
obtained in the same formalism [28, 29, 30, 31]. In this
case, the dipole is produced from a gluon instead of a
photon, so that the dipole can be in a color octet state.
As shown in Figure 2, there is now an additional diagram
that contributes, in which the gluon interacts with the
target before fluctuating to a dipole.

The differential cross section for heavy quark produc-
tion is [28]

dσ(pp → QQ̄X)

dy
≃ x1 G(x1, µ

2)σGp→QQ̄X(x2, µ
2, Q2),

(7)

where x1 and x2 are the partonic momentum fractions,
y = 1

2 ln(x1/x2) is the QQ̄ pair rapidity and σGp→QQ̄X is
the partonic cross section calculated in the dipole model,

σGp→QQ̄X(x, µ2, Q2) =

∫

dz d2
r|ΨQ

G(z, r)|2σdG(x, r) .

(8)

The probability of finding a QQ̄ pair with a separation r

and a fractional momentum z, is given by

|ΨQ
G(z, r, Q2 = 0)|2 = (9)

αs(µ)

2π2

[(

z2 + (1 − z)2
)

m2
QK2

1 (mQr) + m2
QK2

0 (mQr)
]

,

where µ ∼ 1/r is the factorization scale. For heavy quark
production we have Q2 = 0, so µ ∼ mQ and ϵ = mQ.

The dipole cross section that describes the interaction
of a heavy quark–antiquark pair from the fluctuation of
a gluon with the target nucleon is given by [28]

σN
GQQ̄(x2, r) =

9

8
[σd(x2, zr) + σd(x2, (1 − z)r)]

− 1

8
σd(x2, r), (10)

where σd is the color singlet dipole cross section of Eq.
(4). The first term corresponds to the quark–gluon
(G−Q) separation zr, the antiquark–gluon (G− Q̄) sep-
aration (1 − z)r and the quark–antiquark (Q − Q̄) sepa-
ration r. This expression includes contributions from the
three different color and spin states in which QQ̄ can be
produced [30].

Finally, to take threshold corrections for charm pro-
duction at large x into account, the dipole cross section
is multiplied with a factor (1 − x2)7 [32]. We find this
correction to be negligible for energies above 103 GeV.

D. The dipole–proton cross section and saturation

The dynamics of the scattering process at small x is, in
principle, included in the dipole cross section. Thus, to
compute the differential cross section dσ/dxF we must
find the cross section for a cc̄ dipole to scatter on the
proton, including the effects of saturation.

A simple model for saturation was proposed by Golec-
Biernat and Wüsthoff [33]. In their model, the dipole
cross section is parametrized as

σGBW
d = σ0

[

1 − e−r2Q2
s(x)/4

]

, (11)

where Qs is the saturation scale,

Qs = Qs(x) = Q0(x0/x)λ/2 (12)

with Q0 = 1 GeV. The parameters λ and x0 in the
above expressions were fitted to HERA data on the struc-
ture function F2 and the diffractive structure function
FD

2 [33].

Heavy quark production

Dipole Model

�(pp ! qq̄X) '
Z

dy x1g(x1,MF )�
gp!qq̄X(x2,MR, Q

2 = 0)

• The HQ pair production cross section in dipole model: 

�

gp!qq̄X(x,MR, Q
2) =

Z
dz d

2
~r | q

g(z,~r,MR, Q
2)|2�d(x,~r)

• the partonic interaction has two step process:

- Gluon fluctuation into the quark-antiquark pair (color dipole) →
- Interaction of the color-dipole with the target particle             →

| q
g|2

�d(x,~r) =
9

8
[�d,em(x, z~r) + �d,em(x, (1� z)~r)]� 1

8
�d,em(x,~r)

• The partonic interaction cross section:

Heavy quark cross section in the dipole model:

Partonic cross section:

Heavy quark production

Dipole Model

�(pp ! qq̄X) '
Z

dy x1g(x1,MF )�
gp!qq̄X(x2,MR, Q

2 = 0)

• The HQ pair production cross section in dipole model: 

�

gp!qq̄X(x,MR, Q
2) =

Z
dz d

2
~r | q

g(z,~r,MR, Q
2)|2�d(x,~r)

• the partonic interaction has two step process:

- Gluon fluctuation into the quark-antiquark pair (color dipole) →
- Interaction of the color-dipole with the target particle             →

| q
g|2

�d(x,~r) =
9

8
[�d,em(x, z~r) + �d,em(x, (1� z)~r)]� 1

8
�d,em(x,~r)

• The partonic interaction cross section:
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 Hybrid kT factorization calculation
• Use kT factorization with off-shell gluon and unintegrated parton density.

• Suitable for the high energy - low x regime.

• Since it is forward production, use hybrid calculation: treat large x gluon as collinear, and small x 
gluon as off-shell.

Heavy quark production

kT-factorization

• The HQ pair production cross section in hybrid formalism:

�(pp ! qq̄X) =

Z
dx

1

x

1

dx

2

x

2

dz dxF �(zx
1

� xF )x1

g(x
1

,MF )

⇥
Z

dk

2

T

k

2

T

�̂

o↵(z, ŝ, kT ) f(x2

, k

2

T )

- collinear approximation for the incoming parton from the CR particles.

- kT factorization for the low x parton from target nucleus

• The small x resummation is incorporated in the unintegrated PDF. 

• Parton saturation can be included through nonlinear evolution of the 
unintegrated parton density

off-shell gluon with kT dependence

collinear gluon

c

c̄

collinear

kT

incoming cosmic ray

target air nucleus

• Unintegrated gluon with small x effects

• Can also include saturation



 Hybrid kT factorization calculation
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The consistency constraint (19) resums a large part of the subleading corrections coming
from a choice of scales in the BFKL kernel [37, 38]. Additionally, the non-singular (in x)
part of the leading order (LO) DGLAP splitting function is included into the evolution

∫ 1

x

dz

z
K ⊗ f →

∫ 1

x

dz

z
K ⊗ f +

∫ k2

dk′2

k′2

∫ 1

x

dzP̄gg(z)f(
x

z
, k′2) , (21)

where

P̄gg(z) = Pgg(z) −
2Nc

z
. (22)

Additionally, we assume that in our evolution equation αs runs with scale k2 which is yet
another source of important NLLx corrections. The final improved nonlinear equation for
the unintegrated gluon density is as follows

f(x, k2) = f̃ (0)(x, k2)+

+
αs(k2)Nc

π
k2

∫ 1

x

dz

z

∫

k2
0

dk′2

k′2

{

f(x
z , k′2)Θ(k2

z − k′2) − f(x
z , k2)

|k′2 − k2|
+

f(x
z , k2)

|4k′4 + k4|
1

2

}

+

+
αs(k2)Nc

π

∫ 1

x

dz P̄gg(z)

∫ k2

k2
0

dk′2

k′2
f(

x

z
, k′2)−

−

(

1 − k2 d

dk2

)2 k2

R2

∫ 1

x

dz

z

[
∫

∞

k2

dk′2

k′4
αs(k

′2) ln

(

k′2

k2

)

f(z, k′2)

]2

. (23)

In [24] the inhomogeneous term was defined in terms of the integrated gluon distribution

f̃ (0)(x, k2) =
αS(k2)

2π

∫ 1

x

dzPgg(z)
x

z
g

(x

z
, k2

0

)

(24)

taken at scale k2
0 = 1GeV2. This scale was also used as a cutoff in the linear version of

the evolution equation (23). In the linear case this provided a very good description of
F2 data with a minimal number of physically motivated parameters, see [24]. The initial
integrated density at scale k2

0 was parametrised as

xg(x, k2
0) = N(1 − x)ρ , (25)

where N = 1.57 and ρ = 2.5.

Let us finally note that in this model only the linear part of the BK equation has
subleading corrections. We do not know yet how to include these corrections in the
nonlinear term. This would require the exact knowledge of the triple Pomeron vertex [41]
at NLLx accuracy, which is yet unknown beyond the LLx approximation.

4 Numerical analysis

4.1 The unintegrated and integrated gluon density

In this section we recall the method of solving Eq. (23) and we present the numerical
results for the unintegrated gluon distribution function f(x, k2) and the integrated gluon

7

Unintegrated gluon density obtained from the resummed small x evolution 
equation with non-linear term:

BFKL term with kinematical constraint

DGLAP with non-
singular splitting

non-linear term

Unintegrated parton density fitted to the inclusive structure function data
 (Kutak-Stasto, Kutak-Sapeta)

Nonlinear term responsible for taming the growth of the gluon density



Total charm production cross section

• For pQCD calculation using NLO 
code by Cacciari, Frixione, Greco, 
Nason.

• Charm quark mass 

• Comparison with RHIC and LHC 
data. Data are extrapolated with NLO 
QCD from measurements in the 
limited phase space region.

• All models describe the data  very 
well at high energies.

• Nuclear effects are very small for the 
total cross section

• kT factorization suitable for the 
description at high energy; 
underestimates the data at lower 
energy; need additional diagrams 
there to match to NLO pQCD

mc = 1.27 GeV

Expt.
p
s [TeV] � [mb]

PHENIX [31] 0.20 0.551+0.203
�0.231 (sys)

STAR [32] 0.20 0.797± 0.210 (stat)+0.208
�0.295 (sys)

ALICE [27] 2.76
4.8± 0.8 (stat)+1.0

�1.3 (sys)± 0.06 (BR)

±0.1(frag)± 0.1 (lum)+2.6
�0.4 (extrap)

ALICE [27] 7.00
8.5± 0.5 (stat)+1.0

�2.4 (sys)± 0.1 (BR)

±0.2(frag)± 0.3 (lum)+5.0
�0.4 (extrap)

ATLAS [28] 7.00
7.13± 0.28 (stat)+0.90

�0.66 (sys)

±0.78 (lum)+3.82
�1.90 (extrap)

LHCb [30] 7.00 6.100± 0.930

Table 1: Total cross-section for pp(pN) ! cc̄X in hadronic collisions, extrapolated based

on NLO QCD by the experimental collaborations from charmed hadron production mea-

surements in a limited phase space region.

2 Charm production cross section

The PeV energy range for atmospheric neutrinos corresponds to an incident energy E

p

⇠
30 PeV for pA fixed target interactions. The LHC center of mass energy

p
s = 7 TeV

is equivalent to a fixed target beam energy in pp collisions of E
b

= 26 PeV. The LHC

measurements of the charm production cross section [27–30] together with recent RHIC

[31, 32] and modern parton distribution functions (PDFs) have narrowed down some of the

uncertainty in the rate of charm production in the atmosphere. The experimental results

at high energy for the charm production cross-section in hadronic collisions are listed in

Table 1.

In Ref. [33], Nelson, Vogt and Frawley have investigated a range of factorization and

renormalization scales using the CT10 PDF’s [34] and the NLO order QCD calculation of

Nason, Dawson and Ellis [35, 36]. Using a charm quark mass central value of m
c

= 1.27

GeV based on lattice QCD determinations of the charm quark mass, as summarized in

Ref. [37], and a combination of fixed target, PHENIX, and STAR charm production cross-

sections, they find that M

F

/m

c

= 1.3–4.3 and µ

R

/m

c

= 1.7–1.5 with M

F

= 2.1m
c

and

µ

R

= 1.6m
c

as central values. We use these values of parameters as a guide to the range

of theoretical NLO charm cross sections expected at high energies.

In our calculation we use the NLO Fortran code of Cacciari et al. [38, 39] that includes

the total cross section [35] as well as the single [36] and double di↵erential [40] distributions

of charm (i.e., d�/dy and d2�/dydpT respectively). The cross sections shown in figure 1 for

– 3 –
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Figure 7. Total cc̄ and bb̄ cross sections as a function of the incident proton energy. The dif-

ferent curves correspond to: NLO perturbative (solid blue) obtained with nCTEQ15 parton

distributions, dipole model calculation based on the Block parametrization (dashed-magenta),

k

T

factorization with unintegrated PDF from linear evolution (dashed-dotted green), k
T

fac-

torization with unintegrated PDF from non-linear evolution for nucleon (short-dashed violet)

and k

T

factorization with unintegrated PDF from non-linear evolution for nitrogen (dashed

orange). Comparison is made with the results from previous NLO calculation, denoted by

BERSS (short-dashed black curve), ref. [11] and data points as in fig. 3.

The upper limit of the uncertainty band corresponds to the Block dipole withM

F

= 4m
c

while the lower one is the Soyez dipole with M

F

= 1m
c

. Our results which include

theoretical uncertainties are in agreement with the LHCb rapidity distributions at 7

TeV and at 13 TeV.

In refs. [15, 16], data are presented for transverse momentum and rapidity distri-

butions. Imposing a cut on transverse momentum, p
T

< 8 GeV where possible (see

below), we show d�/dy for 2  y  4.5 evaluated using perturbative NLO, dipole

model and k

T

factorization. We also show the transverse momentum distributions in

rapidity ranges y = 2 � 2.5, y = 3 � 3.5 (scaled by 10�2) and y = 4 � 4.5 (scaled by

10�4) where possible. All the calculations were performed by computing the di↵erential

distribution of charm quarks, multiplied by the fragmentation fraction for c ! D

0, and

finally a factor of two was included to account for antiparticles. The results are shown

in figs. 8, 9, 10 respectively. The highest rapidity bin from LHCb does not include the

p

T

to 8 GeV, but the distribution falls o↵ rapidly. The dipole model already includes

– 18 –



Nuclear corrections
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Figure 4. The ratio of the NLO pQCD charm (solid curves) and bottom (dashed curves) total

cross sections per nucleon with partons in nitrogen and partons in free nucleons for nCTEQ15

(red curves) and for the EPS09 (blue curves) nuclear corrections to the CT14 PDFs. Here, the

factorization and renormalization scales are set to be (M
F

,M

R

) = (2.1, 1.6)m
Q

for m
c

= 1.27

GeV and m

b

= 4.5 GeV.

for gluon momentum squared Q

2 and renormalization scale M

R

. The wave function

squared, for pair separation ~r and fractional momentum z for q = c and q = b, is

| q

g

(z,~r,M
R

, Q

2 = 0)|2 = ↵

s

(M
R

)

(2⇡)2
⇥�
z

2 + (1� z)2
�
m

2

q

K

2

1

(m
q

r) +m

2

q

K

2

0

(m
q

r)
⇤
, (2.3)

in terms of the modified Bessel functions K

0

and K

1

. The dipole cross section �

d

can be written in terms of the color singlet dipole �

d,em

applicable to electromagnetic

scattering [27, 32]

�

d

(x,~r) =
9

8
[�

d,em

(x, z~r) + �

d,em

(x, (1� z)~r)]� 1

8
�

d,em

(x,~r) . (2.4)

Using eqs. (2.3,2.4) in the expression given by eq. (2.2), the heavy quark rapidity

distribution in proton-proton scattering is given by [10]

d�(pp ! qq̄X)

dy

' x

1

g(x
1

,M

F

)�gp!qq̄X(x
2

,M

R

, Q

2 = 0) , (2.5)

where we use

x

1,2

=
2m

qp
s

e

±y

. (2.6)

– 11 –

E

p

�(pp ! cc̄X) [µb] �(pA ! cc̄X)/A [µb] [�
pA

/A]/[�
pp

]

M

F,R

/ m

T

M

F,R

/ m

c

M

F,R

/ m

T

M

F,R

/ m

c

M

F,R

/ m

T

M

F,R

/ m

c

102 1.51 1.87 1.64 1.99 1.09 1.06

103 3.84⇥ 101 4.72⇥ 101 4.03⇥ 101 4.92⇥ 101 1.05 1.04

104 2.52⇥ 102 3.06⇥ 102 2.52⇥ 102 3.03⇥ 102 1.00 0.99

105 8.58⇥ 102 1.03⇥ 103 8.22⇥ 102 9.77⇥ 102 0.96 0.95

106 2.25⇥ 103 2.63⇥ 103 2.10⇥ 103 2.43⇥ 103 0.93 0.92

107 5.36⇥ 103 5.92⇥ 103 4.90⇥ 103 5.35⇥ 103 0.91 0.90

108 1.21⇥ 104 1.23⇥ 104 1.08⇥ 104 1.09⇥ 104 0.89 0.89

109 2.67⇥ 104 2.44⇥ 104 2.35⇥ 104 2.11⇥ 104 0.88 0.86

1010 5.66⇥ 104 4.67⇥ 104 4.94⇥ 104 3.91⇥ 104 0.87 0.84

Table 1. The NLO pQCD total cross section per nucleon [µb] for charm pair production

as a function of incident energy [GeV] for scale factors (N
F

, N

R

) = (2.1, 1.6) (the central

values for charm production) for protons incident on isoscalar nucleons. The PDFs are for

free nucleons (nCTEQ15-01) and the target nucleons bound in nitrogen (nCTEQ15-14) using

the low-x grids. For these calculation, we use ⇤
QCD

= 226 MeV, N
F

= 3 and m

c

= 1.27

GeV.

bution, which is not very well constrained at present. The standard DGLAP evolution,

which is based on the resummation of large logarithms of scale, does not provide con-

straints on the small x region. Therefore, it is worthwhile to explore other approaches

which resum the potentially large logarithms ↵

s

ln 1/x. There are two approaches at

present, the dipole model and the k
T

factorization. The dipole model [25–31, 34, 35, 37–

45] is particularly convenient for including corrections due to parton saturation. Parton

saturation in this approach is taken into account as multiple rescatterings of the dipole

as it passes through the nucleus. The dynamics is encoded in the dipole cross section,

which can be either parametrized or obtained from the nonlinear evolution equation.

Below we shall explore improvements to the previous calculation based on the dipole

model [10], which include using more modern parametrizations for the dipole scattering

cross section. Another approach to evaluating the prompt neutrino flux is based on k

T

factorization [46–49]. In this approach the dynamics of the gluon evolution is encoded

in the unintegrated parton densities, which include information about the transverse

momentum dependence of the gluons in addition to the longitudinal components. We

shall be using the unified BFKL-DGLAP evolution approach to compute the evolution

– 9 –

Nuclear modifications to the 
total charm production cross 
section are small 5-15%
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Figure 13. The di↵erential cross section d�/dx

F

as a function of x
F

from the dipole models

for cc̄ production, evaluated with ↵

s

= 0.373 and µ

F

= 2m
c

using the CT14 LO PDF set.

The charm mass is used 1.4 GeV for the Soyez dipole and 1.27 GeV for the AAMQS and the

Block dipoles. The di↵erential cross section from ref. [11] is presented for comparison.
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Figure 14. Left: The di↵erential cross section d�/dx

F

as a function of x
F

for two energies

E = 106 GeV and E = 109 GeV from k

T

factorization, with linear evolution (solid upper blue),

and non-linear evolution (lower dashed magenta). Shown for comparison is the perturbative

di↵erential cross section from ref. [11]. Right: Comparison of the k

T

factorization with

nonlinear evolution for the proton case (dashed magenta) and the nitrogen (solid black).

equations for particle j and column depth X are

d�

j

(E,X)

dX

= ��

j

(E,X)

�

j

(E)
� �

j

(E,X)

�

dec

j

(E)
+
X

S(k ! j) , (3.1)

S(k ! j) =

Z 1

E

dE

0�k

(E 0
, X)

�

k

(E 0)

dn(k ! j;E 0
, E)

dE

, (3.2)

– 25 –

• Parton saturation effects affect the differential cross section more than 
the integrated cross section.

• Reduction of the cross section, at large energy of the charm quark.

• Nuclear effects in nitrogen are non-negligible at these energies.

Differential charm cross section in proton-nucleon collision as a function of the 
fraction of the incident beam energy carried by the charm quark.
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All approaches describe the LHCb data well within the error bands

Rapidity distributions
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Transverse momentum distributions

• NLO pQCD and kT factorization consistent with each other.

• Bands on NLO pQCD calculation correspond to scale variation.

• Two lines in kT factorization correspond to the saturation/no-saturation calculation.



Cosmic ray flux
Important ingredient for lepton fluxes: initial cosmic ray flux.

Parametrization by Gaisser (2012) with three populations and five nuclei groups: 
H,He,CNO,Fe,MgSi

Here

aK ¼
ZpKþ # ZpK#

ZpKþ þ ZpK#

and

Bþ
Kl ¼ BKl $ 1þ bd0aK

1þ bd0aKð1# lnðbÞ=lnðKK=KNÞÞ
:

Combining the expressions for l+ and l# from pions (Eq. (13))
and from kaons (Eqs. (15) and (16)), the muon charge ratio is

lþ

l# ¼ fpþ

1þ Bpl cosðhÞEl=!p
þ

1
2 ð1þ aKbd0ÞAKl=Apl
1þ Bþ

Kl cosðhÞEl=!K

" #

$ ð1# fpþ Þ
1þ Bpl cosðhÞEl=!p

þ
ðZNK#=ZNKÞAKl=Apl
1þ BKl cosðhÞEl=!K

! "#1

: ð17Þ

For the pion contribution, isospin symmetry allows the pion terms
in the numerator and denominator to be expressed in terms of fþp as
defined after Eq. (14) above. The kaon contribution does not have
the same symmetry. Numerically, however, the differences are at
the level of a few per cent, as discussed in the results section.

3. Primary spectrum of nucleons

What is relevant for calculating the inclusive spectrum of
leptons in the atmosphere is the spectrum of nucleons per GeV/
nucleon. This is because, to a good approximation, the production
of pions and kaons occurs at the level of collisions between individ-
ual nucleons in the colliding nuclei. To obtain the composition from
which the spectrum of nucleons can be derived we use the mea-
surements of CREAM [6,7], grouping their measurements into the
conventional five groups of nuclei, H, He, CNO, Mg–Si and Mn-Fe.

Direct measurements of primary nuclei extend only to
'100 TeV total energy. Because we want to calculate spectra of
muons and neutrinos up to a PeV, we need to extrapolate the direct
measurements to high energy in a manner that is consistent with
measurements of the all-particle spectrum by air shower experi-
ments in the knee region (several PeV) and beyond, as illustrated
in the left panel of Fig. 1. To do this we adopt the proposal of Hillas
[23] to assume three populations of cosmic rays. The first popula-
tion can be associated with acceleration by supernova remnants,

with the knee signaling the cutoff of this population. The second
population is a higher-energy galactic component of unknown
origin (‘‘Component B’’), while the highest energy population is as-
sumed to be of extra-galactic origin.

Following Peters [24] we assume throughout that the knee and
other features of the primary spectrum depend on magnetic
rigidity,

R ¼ pc
Ze

; ð18Þ

where Ze is the charge of a nucleus of total energy Etot = pc. The
motivation is that both acceleration and propagation in models that
involve collisionless diffusion in magnetized plasmas depend only
on rigidity. The rigidity determines the gyroradius of a particle in
a given magnetic field B according to

rL ¼ R=B: ð19Þ

Peters pointed out that if there is a characteristic rigidity, Rc

above which a particular acceleration process reaches a limit (for
example because the gyroradius is larger that the accelerator), then
the feature will show up in total energy first for protons, then for
helium and so forth for heavier nuclei according to

Ec
tot ¼ A$ EN;c ¼ Ze$ Rc: ð20Þ

Here EN is energy per nucleon, A is atomic mass and Ze the nuclear
charge. The first evidence for such a Peters cycle associated with the
knee of the cosmic-ray spectrum comes from the unfolding analysis
of measurements of the ratio of low-energy muons to electrons at
the sea level with the KASCADE detector [15].

In what follows we assume that each of the three components
(j) contains all five groups of nuclei and cuts off exponentially at
a characteristic rigidity Rc,j. Thus the all-particle spectrum is given
by

/iðEÞ ¼
P3

j¼1
ai;jE

#ci;j $ exp #
E

ZiRc;j

! "
: ð21Þ

The spectral indices for each group and the normalizations are given
explicitly in Table 1. The parameters for Population 1 are from Refs.
[6,7], which we assume can be extrapolated to a rigidity of 4 PV to
describe the knee. In Eq. (21) /i is dN/dlnE and ci is the integral
spectral index. The subscript i = 1, 5 runs over the standard five
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Fig. 1. Left: three-population model of the cosmic-ray spectrum from Eq. (21) compared to data [12–22]. The extra-galactic population in this model has a mixed
composition. Right: Corresponding fluxes of nucleons compared to an E#2.7 differential spectrum of nucleons and to the all nucleon flux implied by the Polygonato model
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Figure 3: The all-nucleon cosmic ray spectrum as a function of energy per nucleon for

the three component model of ref. [23] with a mixed extragalactic population (H3a) and

all proton extragalactic population (H3p), and for the broken power-law of eq. (3.7).

softening of the spectral shape occurs at around a few PeV energies, where the population

transitions from being dominantly galactic to extra-galactic, before the spectra hardens

again at energies around a few hundred PeV (see figure 3). When translated to the pro-

duction Z-moments, these e↵ects are visible at comparatively lower energies because of the

inelasticity of the high energy pp collision, which implies that only a small fraction (given

by hx
E

i ⇡ 0.1) of the incident proton energy goes into the produced cc̄. The nature of

the Z-moments, in turn, translates directly to the total prompt lepton flux (as shown in

figure 5a). The central Z-moments obtained using the H3p estimate will henceforth be our

benchmark result when determining the prompt flux and correspondingly the event-rates

at IC.

As discussed above, we use the charmed hadron spectral weights for the decay Z-moments.

These are evaluated using dn/dE from ref. [49, 50, 58].

Additional Z-moments are needed for the flux evaluation, in particular Z

pp

and Z

hh

along with �

h

. For Z
pp

, we have approximated the pA ! pX di↵erential cross section with

a scaling form
d�

dx

E

' �

pA

(E)(1 + n)(1� x

E

)n (3.8)

with �

pA

as described above and n = 0.51. With these choices, at E = 103 GeV for the

– 9 –



Development of air shower: cascade equations

Need to solve these equations simultaneously assuming non-zero initial proton flux.

1

�k

d�k!j(E,Ek)

dE

1

�k

d�k!j(E,Ek)

dE

Air shower

Production of prompt neutrinos:

p
production−→ c

fragmentation−→ M
decay−→ ν

where M=D±,D0,Ds,Λc

Use set of cascade equations in depth X

X =
∫ ∞

h
ρ(h′)dh′

dΦj

dX
= −Φj

λj
− Φj

λdec
j

+
∑

k

∫ ∞

E
dEk

Φk(Ek,X)
λ∗

k(Ek)
dnk→j(E;Ek)

dE

λj interaction length and λdec
j = γcτjρ(X) decay length

dnk→j

dE production or decay distribution

Prompt neutrinos, BNL, 23 April 2004 – p.21/39
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Development of air shower: cascade equations

Can solve equations numerically or semi-analytically 
(assuming factorization of X and E dependence) via Z-moment method

such as the charm quark mass and the factorization and renormalization scale dependence.
We compare our results to the earlier work on the prompt muons from charm including a
recent calculation [14] calculated using PYTHIA Monte Carlo program [18].

In the next section, we describe the framework for the calculation of the lepton fluxes.
In Section III, we focus on the charmed quark contribution. In Section IV, we present our
results for the fluxes and compare with other calculations. We conclude in Section V.

II. LEPTON FLUX CALCULATION

Particle fluxes are determined by solving the coupled differential equations that account
for production, decays and interactions of the particles. The general form of the cascade
equations describing the propagation of particle j through column depth X is given by
[19,20]

dφj

dX
= −

φj

λj

−
φj

λ(dec)
j

+
∑

k

S(k → j) (2.1)

where λj is the interaction length, λ(dec)
j ≃ γcτjρ(X) is the decay length, accounting for time

dilation factor γ and expressed in terms of g/cm2 units. The density of the atmosphere is
ρ(X) and

S(k → j) =
∫

∞

E
d Ek

φk(Ek, X)

λk(Ek)

dnk→j(E; Ek)

dE
. (2.2)

In Eq. (2.2), dn/dE refers to either the production distribution 1/σk·dσk→j /dE or decay

distribution 1/Γk·dΓk→j/dE (where λk → λ(dec)
k in Eq. (2.2)) as a function of the energy E

of the outgoing particle j.
It is possible to solve these equations numerically, however, it has been shown [14] that

the same results can be obtained with an analytic solution which was derived by noticing
that the energy dependence of the fluxes approximately factorizes from the X dependence.
Consequently, one can rewrite

S(k → j) ≃
φk(E, X)

λk(E)

∫

∞

E
d Ek

φk(Ek, 0)

φk(E, 0)

λk(E)

λk(Ek)

dnk→j(E; Ek)

dE
(2.3)

≡
φk(E, X)

λk(E)
Zkj(E) .

It is often convenient to write Zkj in terms of an integral over xE ≡ E/Ek, so

Zkj(E) =
∫ 1

0

dxE

xE

φk(E/xE , 0)

φk(E, 0)

λk(E)

λk(E/xE)

dnk→j(E/xE)

dxE

. (2.4)

In the limits where the flux has a single power law energy behavior, the interaction lengths
are energy independent and the differential distribution is scaling (energy independent),
the Z-moment Zkj(E) is independent of energy. In practice, the Z-moments have a weak
energy dependence because dn/dxE depends on Ek, the interaction lengths λ are not energy

2
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where
xE =

E

Ek

Then fluxes can be expressed via closed analytical expressions in terms of Z moments.

For example proton flux is:

sphere approximation where the density is

⇢(h) = ⇢0 exp(�h/h0) (3.1)

for ⇢0 = 2.03 ⇥ 10�3 g/cm3 and h0 = 6.4 km, the low energy and high energy lepton

fluxes have particularly simple forms, involving the spectrum weighted Z-moments. The

production moments are defined by

Z

ph

(E
h

) =

Z 1

xEmin

dx

E

x

E

�

0
p

(E
h

/x

E

)

�

0
p

(E
h

)

1

�

pA

(E
h

)
⇥A

d�

dx

E

(pN ! hX) . (3.2)

The all-nucleon cosmic ray flux as a function of atmospheric column depth X is

�

p

(E,X) ' �

0
p

(E) exp(�X/⇤
p

) = (dN/dE) exp(�X/⇤
p

) , (3.3)

with ⇤
p

= �

p

(E)/(1 � Z

pp

(E)). For the proton-air cross section, we use an approximate

parametrization of the EPOS 1.99 cross section [51] that is consistent with the high energy

results of the Pierre Auger Observatory [52].

For decays, the di↵erential cross section is replaced by the di↵erential decay distribu-

tion, and the cosmic ray flux is replaced by the charmed hadron flux. At high energies, we

evaluate the high energy decay Z-moment with a spectral weight of �0
p

(E/x

E

)/�0
p

(E) since

�

h

/ �

p

at high energies. The low energy decay Z-moment is evaluated using a spectral

weight of 1/x
E

·�0
p

(E/x

E

)/�0
p

(E) since the low energy charmed hadron flux is proportional

to E�

0
p

(E).

For low energy, the lepton ` = µ, ⌫

i

flux from h ! ` decays is approximated by

�

low

`

(h) = Z

low

h`

Z

ph

1� Z

pp

�

0
p

, (3.4)

while for high energy (see e.g. [20]),

�

high

`

(h) = Z

high

h`

Z

ph

1� Z

pp

ln(⇤
h

/⇤
p

)

1� ⇤
p

/⇤
h

�

0
p

. (3.5)

Each Z factor, ⇤ and �

0
p

has an energy dependence, suppressed in the notation above. The

resulting lepton flux from charmed hadrons h is

�

`

=
X

h

�

low

`

(h)�high

`

(h)

�

low

`

(h) + �

high

`

(h)
. (3.6)

The lepton fluxes from atmospheric charm depend on the cosmic ray flux directly

through �

0
p

(E) and in the evaluation of the energy dependent Z-moments.

3.1 Cosmic ray flux

The cosmic ray flux has been measured directly and indirectly over a wide energy range.

Direct measurements are available to energies of about ⇠ 100 TeV. At higher energies,

indirect measurements are made by air shower array experiments. While there are some

– 7 –

sphere approximation where the density is

⇢(h) = ⇢0 exp(�h/h0) (3.1)

for ⇢0 = 2.03 ⇥ 10�3 g/cm3 and h0 = 6.4 km, the low energy and high energy lepton

fluxes have particularly simple forms, involving the spectrum weighted Z-moments. The

production moments are defined by

Z

ph

(E
h

) =

Z 1

xEmin

dx

E

x

E

�

0
p

(E
h

/x

E

)

�

0
p

(E
h

)

1

�

pA

(E
h

)
⇥A

d�

dx

E

(pN ! hX) . (3.2)

The all-nucleon cosmic ray flux as a function of atmospheric column depth X is

�

p

(E,X) ' �

0
p

(E) exp(�X/⇤
p

) = (dN/dE) exp(�X/⇤
p

) , (3.3)

with ⇤
p

= �

p

(E)/(1 � Z

pp

(E)). For the proton-air cross section, we use an approximate

parametrization of the EPOS 1.99 cross section [51] that is consistent with the high energy

results of the Pierre Auger Observatory [52].

For decays, the di↵erential cross section is replaced by the di↵erential decay distribu-

tion, and the cosmic ray flux is replaced by the charmed hadron flux. At high energies, we

evaluate the high energy decay Z-moment with a spectral weight of �0
p

(E/x

E

)/�0
p

(E) since

�

h

/ �

p

at high energies. The low energy decay Z-moment is evaluated using a spectral

weight of 1/x
E

·�0
p

(E/x

E

)/�0
p

(E) since the low energy charmed hadron flux is proportional

to E�

0
p

(E).

For low energy, the lepton ` = µ, ⌫

i

flux from h ! ` decays is approximated by

�

low

`

(h) = Z

low

h`

Z

ph

1� Z

pp

�

0
p

, (3.4)

while for high energy (see e.g. [20]),
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Each Z factor, ⇤ and �
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has an energy dependence, suppressed in the notation above. The

resulting lepton flux from charmed hadrons h is
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The lepton fluxes from atmospheric charm depend on the cosmic ray flux directly

through �

0
p

(E) and in the evaluation of the energy dependent Z-moments.

3.1 Cosmic ray flux

The cosmic ray flux has been measured directly and indirectly over a wide energy range.

Direct measurements are available to energies of about ⇠ 100 TeV. At higher energies,

indirect measurements are made by air shower array experiments. While there are some
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Semi-analytical solutions to lepton fluxes

sphere approximation where the density is
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Interpolation:

Above formulae are good approximation to the exact solution of the  cascade equations.

Lepton fluxes from the decays of the hadrons. 
Characteristics of solution depends on the energy range and competition between decay and interactions.

Critical energy at which hadron decay probability is suppressed with 
respect to the interaction probability

E < Ecrit

E > Ecrit

Ecrit ' 3.7� 9.5⇥ 107 GeV

21



Neutrino fluxes

• Significant reduction  (factor 2-3) due to the updated cosmic ray spectrum  with respect to the broken power 
law.

• The reduction is in the region of interest, where prompt neutrino component should dominate over the 
atmospheric one.

• Black band: previous calculation. Bands correspond to the scale variation.
• The updated fragmentation function reduces flux by 20%.
• B hadron contribution increases flux by about 5-10%.
• Nuclear effects: 20-35%.
• Combined effects: reduction by 45% at highest energies.

⌫µ + ⌫̄µflux of
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Predictions and IceCube limit

23

• IceCube limit  on prompt neutrino flux (PoS(ICRC2015)1079).

• NLO perturbative and kT factorization within the limit.

• Dipole model calculation is in tension with the IceCube limit.

• Overall the flux is well below the astrophysical flux measured by IceCube.
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where the flux is somewhat smaller. The low energy deficit reflects the same deficit

of the cross section shown in fig. 6 since the k

T

factorization model applies to small x

physics and therefore applies to high energies. At the high energies shown, the linear

k

T

approach is about 7 times larger than the non-linear k
T

flux prediction, reflecting

the range of impact that small-x e↵ects can have on the high energy prompt flux.
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Figure 21. Comparison of the muon neutrino plus antineutrino fluxes using all the ap-

proaches: NLO perturbative QCD with nCTEQ15 (blue) and EPS09 (orange), dipole model

(magenta), k
T

factorization (green) with the other calculations (black): BERSS [11], ERS

[10], GMS [12] and GRRST [14].

Finally, in fig. 21, we compare the three approaches using the broken power law with

the BERSS [11], ERS [10], GMS [12] and GRRST [14] results. Relative to the BERSS

flux, the dipole model predicts a larger low energy flux, while the k

T

factorization

model based on the linear evolution predicts a larger high energy flux. On the other

hand the flux based on the k

T

factorization with nuclear corrections is consistent with

the lower end of the NLO pQCD calculation. Our new perturbative result lies below

the BERSS band for most of the energy range, due to a combination of the nuclear

shadowing and the rescaling of the fragmentation fractions to sum to unity. The total
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Summary and outlook
• Calculation of the prompt neutrino flux using NLO pQCD and latest PDFs as well as 

dipole and kT factorization. Charm cross section matched to LHC and RHIC data. 

• Consistent with LHCb data (rapidity and transverse momentum distributions) on 
forward charm production.

• Updated cosmic ray flux gives lower values (as compared with earlier ERS and BERSS 
evaluation) for the atmospheric neutrino flux.  

• Prompt neutrino component is rather small. Limit on prompt production from IceCube 
data constraints dipole calculation.

• Nuclear effects in the target. Further reduction of the flux by about 20-35%.  Estimate of 
nuclear corrections within the NLO pQCD consistent with the small x calculation.

• Small x resummation leads to enhancement, saturation to the reduction of the flux. 
Dipole model larger than other calculations at low energies, needs improvement.

• Other calculations also on the market: consistent but still large uncertainties. Largest 
uncertainties due to the QCD scale variation, PDF uncertainties and CR flux.

• Outstanding questions: fragmentation (forward production, hadronic-nuclear 
environment, differences between PYTHIA and fragmentation functions); intrinsic charm.
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Neutrino fluxes
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Comparison with other calculations:

GMS: Garzelli, Moch, Sigl

GRRST:  Gauld, Rojo, Rotolli,  Sarkar,  Talbert

Consistency within the error bands.



Impact of CR flux on Z moments
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Figure 4: (a) Production Z-moments for pN ⇥ M for M = D0 + D̄0 (as thick curves)

and M = D± (thin curves) for H3a (green dot-dashed curves), H3p (orange solid curves)

and broken power-law (blue short-dashed curves) cosmic ray fluxes. The range of variation

for the Z-moments is shown (orange shaded region) for the ZpD0 when the H3p cosmic ray

flux is used for computation, and the relative range of variation is identical for the other

curves.

(b) Ratio of central Z-moments for pN ⇥ D0 + D̄0 using the Gaisser H3a and H3p fluxes

to the broken power-law cosmic ray flux (from eq. (3.7)).

broken power-law, Zpp = 0.271 and �p = �p/(1 � Zpp) = 116 g/cm2. By comparison,

the scaling values in [49, 50] are Zpp = 0.263 and �p = 117 g/cm2. The change in the

cosmic ray spectrum with the broken power-law together with the energy dependence of

the cross section reduces our calculated Zpp to 0.231 and �p to 67 g/cm2 at E = 108 GeV.

Similar results are obtained for the H3a and H3p cosmic ray flux inputs. We remark that

in [20], energy dependent Z-moments evaluated using the PYTHIA Monte Carlo program

[59] are used, giving e.g. Zpp(103 GeV) ⇤ 0.5. These are also used in [18]. The low energy

flux is proportional to (1 � Zpp)�1, so this numerical factor is important to the overall

normalization.

For the charmed hadrons’ interaction lengths and interaction Z-moments, we use kaon-

proton interactions as representative. For all charmed hadrons, we use the same expres-

sions, based on kaons. We take

d⇥

dxE
⇤ A0.75⇥KN (E)(1 + n)(1� xE)

n (3.9)

with ⇥KN determined by the COMPAS group and summarized by the Particle Data Group

in [37]. We find that setting n=1 gives ZKK = 0.217 and �K = 162 g/cm2 for the broken

power-law at 103 GeV, reducing to ZKK = 0.176 and �K = 40 g/cm2 at 108 GeV. The

scaling values in [49, 50] are 0.211 and 175 g/cm2, respectively. The precise value of n for

meson scattering in eq. (3.9) a⇥ects only ⇤high
⌃ .
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sphere approximation where the density is

⌅(h) = ⌅0 exp(�h/h0) (3.1)

for ⌅0 = 2.03 ⇤ 10�3 g/cm3 and h0 = 6.4 km, the low energy and high energy lepton

fluxes have particularly simple forms, involving the spectrum weighted Z-moments. The

production moments are defined by

Zph(Eh) =

⇥ 1

xEmin

dxE
xE

⌃0
p(Eh/xE)

⌃0
p(Eh)

1

⇧pA(Eh)
⇤A

d⇧

dxE
(pN ⇧ hX) . (3.2)

The all-nucleon cosmic ray flux as a function of atmospheric column depth X is

⌃p(E,X) ⌃ ⌃0
p(E) exp(�X/�p) = (dN/dE) exp(�X/�p) , (3.3)

with �p = �p(E)/(1 � Zpp(E)). For the proton-air cross section, we use an approximate

parametrization of the EPOS 1.99 cross section [51] that is consistent with the high energy

results of the Pierre Auger Observatory [52].

For decays, the di⇥erential cross section is replaced by the di⇥erential decay distribu-

tion, and the cosmic ray flux is replaced by the charmed hadron flux. At high energies, we

evaluate the high energy decay Z-moment with a spectral weight of ⌃0
p(E/xE)/⌃0

p(E) since

⌃h ⌥ ⌃p at high energies. The low energy decay Z-moment is evaluated using a spectral

weight of 1/xE ·⌃0
p(E/xE)/⌃0

p(E) since the low energy charmed hadron flux is proportional

to E⌃0
p(E).

For low energy, the lepton ✏ = µ, ⇤i flux from h ⇧ ✏ decays is approximated by

⌃low
⇤ (h) = Z low

h⇤
Zph

1� Zpp
⌃0
p , (3.4)

while for high energy (see e.g. [20]),

⌃high
⇤ (h) = Zhigh

h⇤

Zph

1� Zpp

ln(�h/�p)

1� �p/�h
⌃0
p . (3.5)

Each Z factor, � and ⌃0
p has an energy dependence, suppressed in the notation above. The

resulting lepton flux from charmed hadrons h is

⌃⇤ =
�

h

⌃low
⇤ (h)⌃high

⇤ (h)

⌃low
⇤ (h) + ⌃high

⇤ (h)
. (3.6)

The lepton fluxes from atmospheric charm depend on the cosmic ray flux directly

through ⌃0
p(E) and in the evaluation of the energy dependent Z-moments.

3.1 Cosmic ray flux

The cosmic ray flux has been measured directly and indirectly over a wide energy range.

Direct measurements are available to energies of about ⌅ 100 TeV. At higher energies,

indirect measurements are made by air shower array experiments. While there are some

– 7 –

Z moments:

ZpD0

ZpD±

Ratio to the calculation with power law 

Noticeable dip of Z moments as a function of energy. The dip corresponds to the softening 
of cosmic ray flux due to the change of the population. The energy is reduced because of 
the inelasticity of the collisions.

xE =
E

hadron

E

beam

, hxEi ⇠ 0.1

BERSS

27



Differential charm cross section
Comparison of NLO pQCD, dipole model, and kT factorization

• NLO calculation and kT factorization calculation consistent with each other.

• Dipole calculation systematically above the other two : need for improvements in this model.
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Figure 15. The comparison of the di↵erential cross section d�/dx

F

as a function of x
F

from

NLO pQCD (Blue), the dipole model (Magenta) and the k

T

factorization with non-linear

evolution (Green) at energies of E = 106 GeV and E = 109 GeV. All calculations contain

nuclear corrections.

dn(k ! j;E 0
, E)

dE

=
1

�

kA

(E 0)
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The Z-moment method approximates the source term for k ! j with interaction length

�

k

S(k ! j) ' Z

kj

(E)
�
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(E,X)

�

k

(E)
, (3.5)
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kj
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(E 0)

�

0

k

(E)

�

k

(E)

�

k

(E 0)

dn(k ! j;E 0
, E)

dE

, (3.6)

for �
k

(E,X) = �

0

k

(E)f(X). The factorization of the X dependence in the flux is a good

approximation for the Earth’s atmosphere, where we approximate the target nucleon

density with an exponential atmosphere

⇢ = ⇢

0

exp(�h/h

0

) , (3.7)

where h

0

= 6.4 km and ⇢

0

h

0

= 1300 g/cm2. The column depth is then given by

X(`, ✓) =
R1
`

d`

0
⇢(h(`0, ✓)), where h(`, ✓) is the height at distance from the ground `

and zenith angle ✓. We shall be focusing on vertical fluxes, ✓ = 0.

Using the assumption of the exponential dependence of density on height in the

atmosphere, the approximate solutions can be conveniently written in terms of the

interaction lengths ⇤
k

= �

k

/(1 � Z

kk

), giving f(X) = exp (�X/⇤
k

). For particle k
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• Sizeable reduction of the flux due to the changes from linear to nonlinear evolution in kT factorization.

• Further reduction of the flux when nuclear effects in nitrogen are included.

where the flux is somewhat smaller. The low energy deficit reflects the same deficit

of the cross section shown in fig. 6 since the k

T

factorization model applies to small x

physics and therefore applies to high energies. At the high energies shown, the linear

k

T

approach is about 7 times larger than the non-linear k
T

flux prediction, reflecting

the range of impact that small-x e↵ects can have on the high energy prompt flux.

����
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�
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Figure 21. Comparison of the muon neutrino plus antineutrino fluxes using all the ap-

proaches: NLO perturbative QCD with nCTEQ15 (blue) and EPS09 (orange), dipole model

(magenta), k
T

factorization (green) with the other calculations (black): BERSS [11], ERS

[10], GMS [12] and GRRST [14].

Finally, in fig. 21, we compare the three approaches using the broken power law with

the BERSS [11], ERS [10], GMS [12] and GRRST [14] results. Relative to the BERSS

flux, the dipole model predicts a larger low energy flux, while the k

T

factorization

model based on the linear evolution predicts a larger high energy flux. On the other

hand the flux based on the k

T

factorization with nuclear corrections is consistent with

the lower end of the NLO pQCD calculation. Our new perturbative result lies below

the BERSS band for most of the energy range, due to a combination of the nuclear

shadowing and the rescaling of the fragmentation fractions to sum to unity. The total
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IceCube results
3

analysis focused on neutrinos above 100 TeV, at which
the expected atmospheric neutrino background falls to
the level of one event per year, allowing any harder as-
trophysical flux to be seen clearly. Here, following the
same techniques, we add a third year of data support-
ing this result and begin to probe the properties of the
observed astrophysical neutrino flux.

Neutrinos are detected in IceCube by observing the
Cherenkov light produced in ice by charged particles cre-
ated when neutrinos interact. These particles generally
travel distances too small to be resolved individually and
the particle shower is observed only in aggregate. In ⌫

µ

charged-current (CC) interactions, however, as well as
a minority of ⌫

⌧

CC, a high-energy muon is produced
that leaves a visible track (unless produced on the detec-
tor boundary heading outward). Although deposited en-
ergy resolution is similar for all events, angular resolution
for events containing visible muon tracks is much better
(. 1�, 50% CL) than for those that do not (⇠ 15�, 50%
CL) [12]. For equal neutrino fluxes of all flavors (1:1:1),
⌫
µ

CC events make up only 20% of interactions [13].
Backgrounds to astrophysical neutrino detection arise

entirely from cosmic ray air showers. Muons produced by
⇡ and K decays above IceCube enter the detector at 2.8
kHz. Neutrinos produced in the same interactions [14–17]
enter IceCube from above and below, and are seen at a
much lower rate due to the low neutrino interaction cross-
section. Because ⇡ and K mesons decay overwhelmingly
to muons rather than electrons, these neutrinos are pre-
dominantly ⌫

µ

and usually have track-type topologies in
the detector [13]. As the parent meson’s energy rises, its
lifetime increases, making it increasingly likely to interact
before decaying. Both the atmospheric muon and neu-
trino fluxes thus become suppressed at high energy, with
a spectrum one power steeper than the primary cosmic
rays that produced them [18]. At energies above ⇠ 100
TeV, an analogous flux of muons and neutrinos from the
decay of charmed mesons is expected to dominate, as the
shorter lifetime of these particles allows this flux to avoid
suppression from interaction before decay [19–25]. This
flux has not yet been observed, however, and both its
overall rate and cross-over energy with the ⇡/K flux are
at present poorly constrained [26]. As before [11], we es-
timate all atmospheric neutrino background rates using
measurements of the northern-hemisphere ⌫

µ

spectrum
[9].

Event selection identifies neutrino interactions in Ice-
Cube by rejecting those events with Cherenkov-radiating
particles, principally cosmic ray muons, entering from
outside the detector. As before, we used a simple anti-
coincidence muon veto in the outer layers of the detector
[11], requiring that fewer than 3 of the first 250 detected
photoelectrons (PE) be on the detector boundary. To en-
sure su�cient numbers of photons to reliably trigger this
veto, we additionally required at least 6000 PE overall,
corresponding to deposited energies of approximately 30
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FIG. 1. Arrival angles and deposited energies of the events.
Cosmic ray muon background would appear as low-energy
track events in the southern sky (bottom). Atmospheric neu-
trino backgrounds would appear primarily in the northern sky
(top), also at low energies and predominantly as tracks. The
attenuation of high energy neutrinos in the Earth is visible
in the top right of the figure. One event, a pair of coincident
unrelated cosmic ray muons, is excluded from this plot. A
tabular version of these data, including additional informa-
tion such as event times, can be found in the online supple-
ment [29].

TeV. This rejects all but one part in 105 of the cosmic ray
muon background above 6000 PE while providing a direc-
tion and topology-neutral neutrino sample [11]. We use a
data-driven method to estimate this background by using
one region of IceCube to tag muons and then measuring
their detection rate in a separate layer of PMTs equiva-
lent to our veto; this predicts a total muon background
in three years of 8.4±4.2 events. Rejection of events con-
taining entering muons also significantly reduces downgo-
ing atmospheric neutrinos (the southern hemisphere) by
detecting and vetoing muons produced in the neutrinos’
parent air showers [27, 28]. This southern-hemisphere
suppression is a distinctive and generic feature of any
neutrinos originating in cosmic ray interactions in the
atmosphere.
In the full 988-day sample, we detected 37 events

(Fig. 1) with these characteristics relative to an expected
background of 8.4 ± 4.2 cosmic ray muon events and
6.6+5.9

�1.6

atmospheric neutrinos. Nine were observed in
the third year. One of these (event 32) was produced by
a coincident pair of background muons from unrelated
air showers. This event cannot be reconstructed with
a single direction and energy and is excluded from the
remainder of this article where these quantities are re-
quired. This event, like event 28, had sub-threshold early
hits in the IceTop surface array and our veto region, and
is likely part of the expected muon background. Three
additional downgoing track events are ambiguous; the re-
mainder are uniformly distributed through the detector
and appear to be neutrino interactions.

988 day sample, 37 events observed (after selection with entering muon veto) with energies between 30-2000 TeV

upgoing

downgoing

IceCube Coll. Phys.Rev.Lett. 113 (2014) 101101; Observation of High-Energy Astrophysical Neutrinos in Three Years of IceCube Data 

New 4-year data, ICRC2015, arxiv:1510.05223. 
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Figure 1: Arrival angles and electromagnetic-equivalent deposited energies of the events. Track-like events
are indicated with crosses whereas shower-like events are shown as filled circles. The error bars show 68%
confidence intervals including statistical and systematic errors. Deposited energy as shown here is always a
lower limit on the primary neutrino energy.

ID Edep (TeV) Time (MJD) Decl. (deg.) R.A. (deg.) Ang. Err. (deg.) Topology
38 200.5+16.4

�16.4 56470.11038 13.98 93.34 . 1.2 Track
39 101.3+13.3

�11.6 56480.66179 �17.90 106.17 14.2 Shower
40 157.3+15.9

�16.7 56501.16410 �48.53 143.92 11.7 Shower
41 87.6+8.4

�10.0 56603.11169 3.28 66.09 11.1 Shower
42 76.3+10.3

�11.6 56613.25669 �25.28 42.54 20.7 Shower
43 46.5+5.9

�4.5 56628.56885 �21.98 206.63 . 1.3 Track
44 84.6+7.4

�7.9 56671.87788 0.04 336.71 . 1.2 Track
45 429.9+57.4

�49.1 56679.20447 �86.25 218.96 . 1.2 Track
46 158.0+15.3

�16.6 56688.07029 �22.35 150.47 7.6 Shower
47 74.3+8.3

�7.2 56704.60011 67.38 209.36 . 1.2 Track
48 104.7+13.5

�10.2 56705.94199 �33.15 213.05 8.1 Shower
49 59.9+8.3

�7.9 56722.40836 �26.28 203.20 21.8 Shower
50 22.2+2.3

�2.0 56737.20047 59.30 168.61 8.2 Shower
51 66.2+6.7

�6.1 56759.21596 53.96 88.61 6.5 Shower
52 158.1+16.3

�18.4 56763.54481 �53.96 252.84 7.8 Shower
53 27.6+2.6

�2.2 56767.06630 �37.73 239.02 . 1.2 Track
54 54.5+5.1

�6.3 56769.02960 5.98 170.51 11.6 Shower

Table 1: Properties of the events observed in the fourth year. A list of events #1-#37 can be found in [3].
The Edep column shows the electromagnetic-equivalent deposited energy of each event. “Ang. Err.” shows
the median angular error including systematic uncertainties.

48

1347 day sample, 54 events observed.


